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PREFACE 


This book is designed as an advanced text in the theoretical 
aspects of electrodynamics. As there are many excellent texts 
available in which electrostatics and magnetostatics are treated in 
great detail, these special subjects have been omitted entirely except 
insofar as they may be incìdental to the study of the general electro- 
magnetic field. The relativistic attitude is adopted from the be- 
ginning, and Maxwell’s field equations are deduced on the basis of 
the emission theory. In the authors’ opinion, this is the only logical 
approach to electromagnetic theory. No attempt has been made to 
include quantum electrodynamics or any of the special results of the 
quantum theory. 

Leigh Page 

Norman Ilsley Adams, Jr. 

Yale University 
January, 1940 
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CHAPTER 1 


THREE-DIMENSIONAL VECTOR ANALYSIS 


i. Introduction. — Elementary physical quantities may be 
divided into two groups, scalars and vectors. A scalar quantity has 
magnitude alone. Thus volume, density, and mass are scalars. A 
vector on the other hand is a quantity which has both magnitude and 
direction, such as displacement, velocity, acceleration, force. A 
vector is represented by a straight line drawn in the direction of the 
vector, the sense being indicated by an 
arrowhead. In addition, the length of 
the line is made proportional to the mag- 
nitude of the vector, so that the graphical 
representation is complete. A vector P 
is illustrated in Fig. i, the end A being 
called its origin and the end B its termi- 
nus. In printing, a vector is commonly 
denoted by a letter (or letters) in black 
face type. When it is desired to indi- 
cate the magnitude only of a vector, the 
latter is placed between vertical bars, or 
in the case of a vector symbolized by a single letter, that letter 
may be printed in italics. For example the magnitude of the vector 



B 


ulr dh* 

P X Q is |P X Ql and that of — is — , while the magnitude of 

P alone, is printed either as |P| or as P. The use of italics is simpler, 
of course, but it is usually feasible only in the case of single letters. 

Taking the negative of a vector reverses its sense, that is —P has 
the same magnitude as P but it points in the opposite direction. 

Multiplication of a vector by a positive scalar such as m increases 


the magnitude of the vector by the factor m without affecting Ìts 
direction. Multiplication by the negative scalar — m increases the 
magnitude by the factor m as before, but reverses the direction of the 
vector. Evidently ( — w/)P = ;;/(— P) = — (mP). 
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A unit vector is one whose magnitude is unity. It is often con- 
venient to express a vector as the product of its magnitude and a unit 
vector having the same direction. Thus if pi is a unit vector having 
the direction of P 3 P = Ppi, from which we have at once wP = mPpi 
and — mP — —mPpi = wP(- p^). The three unit vectors, z, j, k , 
parallel to the right-handed rectangular axes X , Y, Z respectively, 
are particularly useful. 

In scalar algebra there are certain fundamental laws of combina- 
tion, namely, 

(I) the commutative law of addition, 

ci “i~ b = b “b u, 

(II) the associative law of addition, 

{a + b) + c — a + ib + c ) 3 

(III) the commutative law of multiplication, 

ab = ba , 

(IV) the associative law of multiplication, 

(ab)c = a(bc ), 

(V) the distributive law of multiplication, 

(a + b)c = ac + bc. 

Not all of the above laws have general validity in vector analysis. 
We shall investigate their applicability in succeeding articles dealing 
with vector sums and products. 

2. Addition and Subtraction of Vectors. — The addition of two 
vectors P and Q is carried out graphically by placing the origin of Q 
at the terminus of P (Fig. 2) and constructing the closing vector R. 
This mle is based on the physical significance of the vectors. If P 
and Q are displacements, for example, the single displacement equiv- 
alent to P followed by Q obviously is R. Analytically, we write 

R = P + Q, (2-1) 

where R is the sum or resultant of P and Q. Since reversing the order 
of addition leads to the same resultant, the commutative law of addi- 
tion holds. We note that the magnitude of R is given by 

R 2 = p2 + Q2 + ^PQ cos a. 


(2-2) 
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To fìnd the sum R of several vectors S, T, TJ, obtain first the sum 
of S and T and then add U, (Fig. 3 ). The manner Ìn which the 
vectors are grouped is immaterial. For example 

’(S + T) + U = P + U = R 

and 

S + (T -j- U) = S + Q = R. 

Hence the associative law of addition is valid for vectors. 




Subtraction of Q from P is accomplished by adding — Q to P. 

The components of a vector are any vectors whose sum is the given 
vector. The components most commonly used are the three rec- 
tangular components parallel to the JV, K, Z axes, respectively. If 
P x , P y , P z are the projections of P on the axes, its rectangular com- 
ponents are iP Xì jP Vì kP z . However, for brevity, it is customary to 
refer to P x , P v , P z as the components since the subscripts indicate 
the appropriate directions. The vector P is completely determined 
by its components, for its magnitude is given by 

p2 = p* + p* + p* ( 2 _3) 

and its direction cosines relative to XYZ by 



Inasmuch as equal vectors have equal magnitudes and the same 
directions, it follows that their rectangular components are equal 
each to each. Consider the relation P + Q = R. Expressed in 
terms of rectangular components this is 

i(Px + Qx ) + j(Py + Qv) + k(P z + Qz) — iR x + jR v + kR z 
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since addition is commutative and associative. As the left-hand 
side and the right-hand side of the equation represent equal vectors, 

P x “f" Qx ~ R-x) By “f“ Qy — Ry) H“ Qz ~ Rz) ip - ) 

showing that the sums of the components equal the corresponding 
components of the sum. This result holds, of course, for any number 
of vectors. Note that any vector equation expresses, fundamentally, 
three scalar equations. 

3. Vector Repr e sentation. of Surfaces. — Consider a plane surface 
of any shape such as ABC (Fig. 4). As it has a magnitude equal to its 
area and a direction specified by its normal, we may represent it by 
a vector <r. It is necessary, however, to adopt a convention to 
determine the positive side of the surface, that is, to establish the 

positive sense of the normal. If 
A ABC is part of a closed surface we 

I cr draw the normal outward and 

there is no ambiguity. If, however, 
ABC is not part of a closed sur- 
face we can only make the positive 
sense of the normal depend on 
B the positive sense of describing the 

Fig. 4. periphery. The relationship chosen 

is such that when the positive 
sense of describing the periphery constitutes a clockwise motion to an 
observer the positive direction of the normal is away from him, that 
ìs, in the direction of advance of a right-handed screw rotated in the 
sense in which the periphery is described. 

If a surface is not plane it may be divided into elements small 
enough so that each may be treated as plane. The vector represent- 
ing the entire surface is then the sum o.f these elementary vectors. 

Surfaces are equal vectorially if they are represented by equal 
vectors. Evidently there are an infinite number of surfaces corre- 
sponding to any given represèntative vector. 

Let us next investigate the geometrical significance of the rectan- 
gular components of a vector representing a surface. Consider a plane 
surface ABC (Fig. 5) whose representative vector cr makes an angle y 
with the Z axis. Let A'B'C' be the projection of ABC on the 
XY plane. If we divide ABC into strips whose edges are parallel to 
a plane containing the Z axis and <r, their projections on the XY plane 
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have the same width but are reduced in length by the factor cos y. 
Clearly then 

A'B'C' = ABC cos y. 


But 


a z = cr cos y = ABC cos y. 


Therefore <r z is the projection of ABC on the XY plane or, of course, 
on any plane perpendicular to the Z axis. Note that the projection 
is negative when cos y is negative. Simìlarly, er x and <r y are the 
projections of ABC on planes perpendicular to the X and Y axes, 
respectively. These results apply to a curved surface as well as to a 


Z 



plane one, since the curved surface may be divided into a number of 
elementary surfaces which are effectively plane. 

In the case of a closed surface the projection on any plane is zero. 
Therefore <r x — <r y = cr 2 = o and cr = o. 

We observe that, in general, the area of a curved surface cannot 
l>e deduced from the rectangular components of its representative 
vector. However, the size of a plane surface or of a surface element 
dcr = id<r x + jd<r y + kd<r z is completely determined by its com- 
ponents. 

4. Vector Product of Two Vectors. — The vector or cross product 
P X Q of two vectors P and Q (Fig. 6) is, by definition, a vector of 
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magnitude PQ sin <x in the direction of the normal to the plane deter- 
mined by P and Q. Its sense is that of advance of a right-handed 
screw rotated from the first vector to the second through the angle a. 
between them, this angle being defined as the smaller angle between 
their positive directions. It is clear from the figure that the commu- 
tative law of multiplication does not hold, but instead an anti-com- 
mutative law expressed by 

QXP=-PXQj P X P = o. (4-1) 

The vector product is defined as above because it represents a 
quantity which often appears in physical relations. Geometrically, 
the magnitude |P X Q| = PQ sin ot gives the area of the parallelo- 
gram of which P and Q are the edges. We can make use of this fact 



Fio. 6. Fig - 7- 


to show that the distributive law of multiplication is valid for vector 
products. Thus, consider the prism (Fig. 7) whose edges are P, Q, 
p 4. q an d R. We know that the vector representing the total 
surface of the prism is zero. Hence, expressing this surface vector as 
the sum of the surface vectors of the faces of the prism, all with posi— 
tive normals drawn outward, 

Ì(P X Q) + è(Q XP)+RXQ + (P + Q)XR + RXP = o. 
This reduces at once to 

( P + q)XR = PXR + QXR, ( 4 -ì) 

which is the desired distributive law. 

If we form cross products of the unit vectors 1, 7, k we see that 

iXj-fc, j X k = z, k X f = jy 
i X i = j X j = k X k = o. 


(4-3) 
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Making use of (4—3) we are able to expand the vector product 
P X Q in terms of the rectangular components of the two vectors. 
Since the distributive law holds 

P X Q = (ÌP X + jPy + kP z ) X ( ÌQ X + jQy + kQ z ) 

= i X iP x Qcc + i X jP x Qv + i X kP x Qz 

+ j X ÌPyQx + j X jPyQv + 7 X 

+ k x 2 \p* 6>* + fe x /p.ft, + fe x /eP 2 e 2 . 

This reduces to 

P X Q = i KPyQz - PzQy) 

+ j(PzQx P xQz) + k(p xQy PyQx )• (4-4) 

Expressed as a determinant this becomes 

i j k 

P X Q = P. P*, P* , (4-5) 

Qy Qs 

the cofactors of i, j> k being the corresponding components of P X Q- 

Problem 40.. Using vector methods compute the area of a triangle whose 
vertices have the rectangular coordinates (o, o, o), (5, i> 3)> (4> 5> 4) respect- 
ively. Ans. 12.52.. 

Problem 4b. If P, Q, R represent the sides of a triangle, as in Fig. 2, and 
0/*> Oqi ar e the opposite angles, respectively, use the vector product to 
establish the relation P : Q : R = sin 6p : sin Oq : sin 6r. 

Problem 40. Suppose that the direction cosines of the rectangular axes 
X'Y'Z' relative to the rectangular set XYZ are /n, /12, /13; /21, /22, /23; /31, /32, 
/33 respectively. Show by means of (4-4) that /n = /22/33 — /23/32, /12 = /23/31“ 
/21/33, /13 = /21/32 — /22/31, etc. 

5. Scalar Product of Two Vectors. — The scalar or dot product of 
two vectors P and Q, written P Q, is a sealar quantity of magnitude 
PQ cos o! y where cx is the angle between P and Q, as in Fig. 6. As 
in the case of the veetor product the scaìar product represents a quan- 
tity of frequent occurrence in physical relations. 

From the definition of the scalar product it appears that 

Q-P=P Q, P P = P 2 , ( 5 - 1 ) 
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so that the commutative law of multiplication applies. To show 

that the distributive also holds, con- 
sider the vectors P, Q, P + Q, and 
R shown in Fig. 8. Since the scalar 
product has the magnitude of either 
vector multiplied by the projection 
of the other upon it, 

p.R _j_ Q.R = OA R-\~ AB R = OB R , 



Thus 


(P + Q) R = OB R. 

(P + Q) R = P R + Q R> 


(<- 2 ) 


which is the required relation. 

The unit vectors f, j\ k yield the scalar products 

ii = j-j = kk = i, 

ij=jk=k-i = o. 


( 5 ~ 3 ) 


With the aid of (5-2) and (5-3) we may expand P • Q in terms of rec- 
tangular components. Thus 

P Q = (iP x + jPy + kP z ) • (iQ x + jQv + kQ z ) 

= Ì • ÌPxQx + 1 'jP xQv + f * kP x Qz 
+ j • ÌPyQx + j 'jPyQv + j ' kPyQz 

+ k-iP z Qx + k‘jP z Qy + k kP z Q zy 

which gives . . 

P-Q = PxQx + P vQv ”b PxQz' (5—4) 

Problem $a. Using the scalar product deduce the relation ( 2 - 2 ). 

Problem ^b. If 6 is the angle between two vectors whose direction cosines 
are « 1 , 0i, Ti; « 2> i3 2> T2 respectively, show by means of (5-4) that cos d - 
ciiotz + j 8 iì 3 2 + T1T2 

6 . Triple Scalar Product. — This product is the scalar (P X Q) R- 
As the vector product PXQis necessarily formed before the scalar 
product Ìs taken, we may omit the parentheses without ambiguity 
and write simply P X Q-R- From (4-1) and (5-1) it is ciear as 
regards commutation of the vectors, that 

P x Q R = - Q X P R = R P X Q =- R Q X P. (6-1) 
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PXQ 


Let us investigate the result of interchanging the cross and the dot 
in the triple scalar product. If we 
construct a parallelopiped (Fig. 9) of 
which P, Q, R are the edges, it appears 
at once that, since P X Q gives the area 
of the base, P X Q-R is equal to the 
volume of the parallelopiped. But 
evidently Q XR-P = P‘Q XR also 
is equal to the volume. Hence 

PXQR = PQXR, (6-2) 



which shows that if the order of the vectors in a triple scalar product 
is not altered the cross and the dot may be interchanged without effect. 
This procedure is often useful in evaluating these products. 

Finally, to express P X Q*R in terms of the rectangular com- 
ponents of the vectors, we have 


P X Q = Ì(PyQz — PzQy) + j(P 'zQx PxQz) + h(P x Qy PyQx)> 


R = iR x + jR y + hR z . 


Using (5—3) it follows that 


P x Q R = (PyQz - PzQy)Rx 


+ ( PzQx - 
Px 

= Q* 

Rx 


Px 

Py 

Qv 

Ry 


Qz)Ry + (PxQy ~ PyQx)Rz 


Pz 
Qz ■ 
Rz 


(6-3) 


Note that the cofactors of the components of any one of the three 
vectors Ìn this determinant are the corresponding components of the 
vector product of the other two. 

Problem 6a. Show that if three vectors are coplanar, their triple scalar 
product is zero. 

Problem 6b . A force F acting at a distance r from the origin produces a 
torque about an axis through the origin. If the direction of the axis is given 
by the unit vector ax, prove that the magnitude of the torque is r X F • ai. 
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7. Triple Vector Product. — This product is the vector (P X Q) XR. 
The parentheses indicating that the vector product P X Q is to be 
formed first, cannot be omitted as in the case of the triple scalar 
product (6-1), since (P X Q) X R and P X (Q X R) are quite differ- 
ent. In other words, the associative law of multiplication does not 
hold. We observe from (4—1)3 however, that commutation of the 
vectors leads to the relations 


(P X Q) X R = — (Q X P) X R = — R X (P X Q) 

= R X (Q X P). (7-1) 

Since P X Q is perpendicular to the plane of P and Q, while 


PXQ 



(P X Q) X R is perpendicular 
to the plane of P X Q and R, 
it is evident that the triple vec- 
tor product must lie in the 
plane of P and Q, as shown in 
Fig. 10. In order to expand 
(P X Q) X R in terms of P 
and Q let us set 

R = dP + ÒQ + 1 (P X Q), (7-2) 

where the scalars a,b>c may be 
determined by finding the com- 
ponents of R parallel and per- 
pendicular to P X Q. Substi- 
product, we have 


(P X Q) X R = *(P X Q) X P + * 0 P X Q) X Q. (7-3) 

It remains, then, *to evaluate (P X Q) X P and (P X Q) X Q. 

Consider first (P X Q) X P. Since it, too, lies in the plane of 
P and Q we may write 


(P X Q) X P - mQ -f >*P. (7-4) 

Now, taking the vector product of P and (7-4), 

siPXQ = P X { (P X Q) X P} , 
and, equating magnitudes of the two sides of the equation, 

mPQ sin a — P Z Q sin a. 
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giving fyi = JP^ • On thc othcr hEnd. ? from (y 4)? 

mP- <3 + nP 2 = P- { (P X Q) X P} = o, 
giving 71 — — P-Q. Consequently 

(P X Q) X P = P 2 Q — P-QP> ( 7 ~ 5 ) 

and similarly „ , 

(P X Q) X Q = P QQ - < 2 2 P* ( 7 - 6 ) 

Combining these results with (7— 3 )> 

(P X Q) X R = (.aP 2 + bV Q)Q — (aP-Q + £{? 2 )P* ( 7 ~?) 

Returning to (7 -2 -) we see th at 

aP 2 + ^P • Q = R • P> 

<aP*Q + bQP — R*Q> 

so that (7—7) yields the fìnal result 

(P X Q) X R = R PQ - R* QP- ( 7 - 8 ) 

Using (7-1) this may be written also as 

R X (P X Q) = R QP - R PQ- ( 7 - 9 ) 

As an application of the triple vector product consider the vector 
expression (r X a) X (b X c). Evidently we may treat (b X c) as a 
single vector and expand according to ( 7 ~ ' 8 ) or we may regard (r X a) 
as a single vector and expand by ( 7 — 9) • Thus 

(r X a) X (b X c) = b X c ra - b X c-ar 

= r X a cb — r X a b c. 

Combining these, we find with the aid of (6—1) and (6—2), 

a b Xcr = r b Xca + r cXab +r a Xbc. 

Provided the'scalar a-b X c does not vanish, that is, a, b, c are not 
coplanar, the preceding equation may be put in the form 

r = r-a'a + r-b'b + r*c'c, (7“ 10 ) 

/ = b X C V = C X a c / a. a X b 
a a-b X c ’ a-bXc’ ab X c 


where 


(7-1 1) 
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Again we may start with (r X a') X (b' X c')> obtaining 
a' b' X c'r = r b' X c'a' + r c' X a'b' + r a' X b'c'. 

This reduces without difììculty to 

r = r a a' + r b b' + r *c c' (7—12) 

since 

b' X c' _ c' X a' a' X b' N 

a a'-b' X c' ’ a' b'Xc'’ C ~ a'-b' X c' ’ (? ’ 3) 

from (7—1 1). 

Evidently a-a' = b*b' = c-c' = 1, while a*b' = a c' = b-a' = 
b c' = c*a' = c*b' = o. On account of these relations the sets of 
vectors a, b, c and a', b', c' are said to be reciprocal to each other. 
Reciprocal vectors are useful in the study of dyadics, to be under- 
taken later. Equations (7—10) and (7— 11) signify that a given vector 
may be expressed in terms of any three non-coplanar vectors, the 
respective coefhcients of these vectors being the scalar products of 
the given vector and the vectors of the reciprocal set. 

Problem ?a. By expanding |rX (a X b) } X c deduce (7-12). 

8 . Transformation of Components of a Vector. — By definition 
a vector is a quantity whose properties are represented completely 
by a directed segment of a straight line. Let x 0 , jyo> z o be the coordi- 
nates of the origin and x ty y t , z t the coordinates of the terminus of 
the linear segment representative of the vector P. Then the rec- 
tangular components P Xì P yì P z of P parallel to the axes XYZ under 
consideration are given by the projections x t — xq , y t — yo and z t — z 0 
of the linear segment on the X 3 Y and Z axes. Consider a second 
set of axes X'Y'Z' parallel respectively to XYZ but with origin at 
a different point. The projections x t — - x 0 \ y t — y 0 ' and z t — z 0 
of the linear segment on the X ' , Y' and Z' axes are equal respectively 
to its projections on the X 3 Y and Z axes. Hence the magnitucìes of 
the rectangular components of a vector are unaltered by a translation of 
the axes. 

On the other hand a rotation of the axes changes the values of 
the components of a vector. Since translation has no effect on the 
magnitudes of these quantities we may take the origin of coordinates 
at the origin of the linear segment representative of the vector P 
without any loss of generality. Then the components of P parallel to 
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the axes XYZ are given simply by the coordinates x t , y tì z t of the 
terminus of the linear segment. Relative to a second set of axes, 
X'Y'Z ' , with the same origin as XYZ but differently oriented, the 
components of P are given by the coordinates x t , y% , z t of the 
tei'minus of the linear segment with respect to these axes. So when 
we pass from one set of axes to another differently oriented, the com- 
ponents of a vector must transform exactly as do the coordinates of 
a point. This condition is necessary in order that the components 
Px, Py , Pz parallel to X'Y'Z' shall give the same resultant vector 
as do the components P x , Py, Ps parallel to XYZ. 

If the direction cosines of the X' axis relative to XYZ are hi, /i 2 > 
/ 13 , etc., in accord with the table below, then the coordinates of a 



X 

Y 

z 

X' 

/11 

/ 12 

n 

Y' 

/21 

/22 

/ 23 

Z' 

/31 

/ 32 

/33 


point transform accorciing to the equations 


x' = l\\x + h 2 y + /l 3 2 > 
y' = h\ x + /22^ + /23^) 
z' = h\x + /32 y + 


x = l\\x' + / 2 iy + /312', 1 
y — l\ 2 x' + /22 y' + h2 z ' , 
z = l\ Z x' + hzy' + hz z ' y 


(8-1) 


and the components of a vector P transform according to the equi- 
valent equations 

P x ' = h\Px + hzPy + hzPz, Px = h\Px' + h\P v + h\P» , 

Py' = h\Px + h^Py + hzPz, Py = hzPx' + h%Py + h^P z > 1 ’( 8 — 2.) 

Pz' = h\Px + /32P y + hzPz, Pz = hzPx + hzPy + hzP s • 


Expressed as the vector sum of its components, 

p = iP x + jP y + kP z = i'P x ' + j'Py' + k'P z ' y (8-3) 

where i',/, k' are unit vectors parallel to the X' y Y\ Z' axes respec- 
tively. In fact, we can deduce the relations (8-2) immediately 
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from (8—3) merely by expressing i, j, k in terms of i', j' , k ' . As the 
direction cosines of i relative to i', j' , k' are hi, /21, /31, etc.. 


i — i'h\ j'h 21 + k'h\ì 
j = i'hz ~¥j'l 22 + ^/32» 

& = +yv 23 + ^43> 


(8-4) 


and therefore 


iP* + jPi/ + fePz = i'CAiP* + h%P y + /13P z) 

+J V (/2iP. + /22^^ + /23 Pz) + k'(JziPx + / 32 ^ 2 / + 43 P«)» 

Comparison with (8—3) gives P x 'j Py' ? P*' in terms of P xt P y-ì P Z' 

The direction cosines hi, /12? /i3 5 etc., can be expressed as partial 
derivatives of the one set of coordinates relative to the other by 
differentiating the relations (8—1). For instance 


/11 - 


Sx' dx 


/19, = 


dx' dy 


(8-5) 


As an example of the use of the transformations (8—2) let us find 
the components of the vector 

V = 1 T~ +^T" + k T~ 

ax ay dz 

along the X\ Y', and Z' axes. Here <ì> is any scalar function of the 
coordinates. Making use of (8—5) we have 

y t _ £5 _|_ £5 dz d<3? 

x dx dx' dy dx' dz dx' dx' 9 

and similar expressions hold for V y ' and V z ' . Hence 


. d& . 64 > d& d& d& d& 

l ~te +J ~^ + k te =t bs +j ìy + k 

a relation we shall find useful later. 

Again, if we take the scalar product of the vector 

r = ix + jy + kz = i'x' + j'y' -f- k'z' 

and the vector P given by (8—3) we find that 

r*P = xPx + yP v + 2 P z = x'P x ' + y'PJ H- z'P/. 


(8-6) 


( 8 - 7 ) 



SCALAR FUNCTIONS OF POSITION IN SPACE i$ 

9. Scalar Functions of Position in Space. — Many physical laws 
involve scalar functions of the coordinates, and often of the com- 
ponents of one or more constant vectors as well. Such a scalar func - 
tion of position in space associates with each point in a spacial region a 
definite scalar magnitude, the aggregate of these scalar magnitudes 
constituting a scalar field . For instance, the potential 

xA^ ~t~ yffjL 

4tt(x 2 + y 2 + z 2 )** 

due to an electric or magnetic dipole of moment A located at the 
origin constitutes a function of this type. Although A is a constant 
as regards the coordinates it may, of course, be a function of the 
time. 

Consider a scalar function <1? of the coordinates and of the com- 
ponents of any number of constant vectors Ai, * • - A n . At once the 
question arises whether any arbitrary function of x> y , 2, A\ Xì A\ Vi 
A\ z , • • • A nx > A ny , A nz can enter a physical law. In order to answer 
this question let us transform from the axes XYZ to a new set of 
axes X'Y'Z' with the same origin but oriented relative to XYZ in 
accord with the scheme on page 13. In general the transformation 
introduces into the function the direction cosines /n, / 12 , /13, etc., 
which determine the orientation of the new axes relative to the old. 
But the presence of these direction cosines makes the function depend 
not only on the coordinates and the components of the constant 
vectors Ax, • • • A n but also ort the particular orientation given to the 
axes X'Y'Z'. Now the use of axes is merely an artifice convenient 
for the description of physical phenomena and it is certain that the 
character of a law of nature can depend in no way upon the particular 
orientation given the axes. We conclude, then, that the only scalar 
functions of the coordinates and of the components of a number of 
constant vectors which can enter physical laws are those in which the 
direction cosines defining the relative orientatìon of the axes do not 
appear when we pass from one set of axes to another differently 
oriented. Such a function will be called a pj'oper scalar function of 
the coordinates and of the components of the constant vectors 
Ai, • - • A n? or a scalar invariant. 

Since the direction cosines /u, /12, /13, etc., do not appear in a 
proper scalar function when we transform from the axes XYZ to 
X'Y'Z' , such a scalar is the same function of x ' 3 y' , z' , A\ x? A\ yì 
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A r lz , ■ ■ • A r nx , A f nyj A' nz whatever the orientation of X'Y'Z' relative 
to XYZ may be. In the particular case where X' coincides with 
X , Y' with Y, and Z' with Z, x' , y' , z' , A\ x , A\ y , A\ z , • • • A’nx, 
A r n y, A r nz are identical with x, y, z, A lx , A ly , A lz , • • • A nx , A ny , A nz . 
Hence it follows that for any orientation of X'Y'Z' relative to XYZ, 
a proper function «ì>j when expressed in terms of the primed coordi- 
nates and primed vector components, must be the same function of 
these quantities as it is of the unprimed coordinates and unprimed 
vector components. 

For example, we find that if we transform by means of (8— i) 
and (8-2), 

/{■*’+ y + 2 } — /{ (/ix + /12 + hz)x' 

+ ( 4 i + hz + /23 )y f + /31 + hz + 43)2'}. 

This function, therefore, is not a proper function, and cannot occur 
in a physical law. On the other hand 

/{ (p? + y 2 + 2 2 ), ( xA x + yA y -\- zA z ), (A x 2 + A 2 + A 2 ) } 

=j{(x' 2 +y' 2 +z' 2 ), (x'A x '+y'A y '+z'A z '), (A x ' 2 +A y ' 2 +A z ' 2 ) } 

is a scalar invariant and therefore a proper function of x, y, z, A x , 
A. y , A. z . 

Evidently the arguments which can appear in a proper function 
are limited by the condition that none of them may depend upon the 
particular orientation given to the axes. Now the number of inde- 
pendent variables appearing in a function of the coordinates and 
of the components of the constant vectors Ai, • • • A n is at most 
3(72 + 1), namely, x, A lx , • • - A nx , y, A ly , • A ny , z, A lz , • A nz . 
Let us change these variables to the set 


x,y,A lz , 3, 

r 2 , A^ , Az , • • • A n , 72 + 1, 

r-Ai, r ♦ A 2 , • ♦ • r-A „, n, 

Ai • A 2 , • • • Ai • A w , n — 1, 


where r = ix + jy + kz. Provided appropriate conventions 
are a dopted for d etermining the signs of such radicals as 

2 = ‘V / r 2 — x 2 — y 2 , these 3(72 + 1) variables are equivalent to the 
original group, for x, y, r specify the coordinates; A lz , r-Ai, A^ 
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fix Ai relative to the Z axis and r; and the remaining %(n — 1) vari- 
ables fix the vectors A2, • • • A n relative to r and Ai. But the three 
variables in the first row cannot appear in a proper function, for their 
values depend upon the orientation of the axes XYZ. Consequently 
the most general proper scalar function of the coordinates and of the 
components of the n constant vectors Ai, • • • A n can be a function 
of only the 2 > n independent arguments listed in the last three rows 
of the table. These may appear explicitly, or implicitly in expres- 
sions formed from them, such as A 4 **Ay or r X Aj-Ay. It should be 
noted that the only arguments permitted are those specifying the 
magnitudes and relattve orientations of the vectors r, A x , • • • A^. 

Problem Qa. Express A2-A3 in terms of the arguments listed in the last 
three rows of the table. 


Ans. A2 • A3 = ot^oizr 2 + (azfiz + «3/32)r-Ai + fizfizAi? + T2'y'3j 


where 


oi 2 m 


t-AìAi 2 — r -AiAi-A2 


n Ai-A 2 A — r-Àir-A2 

~ 1-77 = 7=2 3 


‘AA-? — r-Ai AA1 2 — r^Ai 

T2 = etc. 


10. Vector Functions of Position in Space. — If each component 
of a vector is a function of the coordinates the vector is called a vector 
function of posilion in space. The components of such a vector may 
in addition be functions of the components of one or more constant 
vectors A l5 • • • A n . A vector function of position associates a definite 
vector with each point of a spacial region, the aggregate of these 
vectors constituting a vector field. The simplest vector function of 
the coordinates is the position vector r = ix + jy + hz of the point 
x,y, z relative to the origin of the axes XYZ. This function associates 
with every point a vector having the magnitude and direction of the 
line drawn from the origin to the point in question. The electric 
intensity 

3 x(xA x +■ yX v +^ z Af) r A% 


47 rr" 


+4 


3y(xA x + yAy + zA z ) — r*A y 


47 rr‘ 


+ k 


yz(xA x + yA v + zA z ) — r 2 A z 
47rr 5 
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in the field due to an electric dipole of moment A located at the 
origin is a vector function of the coordinates and of the components 
of the constant vector A. 


Just as in the case of a scalar function, there are certain restric- 
tions on the arguments which may appear in the components 
V X , Vy, V z of a vector function V entering a physical law. We shall 
suppose that V XÌ V y > V j are functions of the components of certain 
constant vectors Aj 3 • • • A n as well as of the coordinates. Then if 
we transform to a set of axes X'Y'Z' oriented relative to XYZ in 


accord with the scheme on page 13, the components V x \ V y ' , V z ' of V 
relative to the new axes will in general be functions of the direction 
cosines 1 X1 , / 12 , I 13 , etc., as well as of y', z' , A' lx , A\ y , A' lg , ••• 
X nx , A ny , A nz . As, however, no physical quantity can depend 
upon the particular orientation of the axes employed in its descrip- 
tion, only those vector functions can occur in physical laws whose 
components relative to X'Y'Z', obtained by transforming from XYZ 
in accord with (8—1) and (8—2,), do not involve the direction cosines 
of the new axes relative to the old. Followìng the same reasoning as 
that employed in the case of a scalar function, we conclude that 
V x , V y , V z must be the same three functions of x' y' z' A\ A\ 
lz} ’ * * A nx , A ny , A ng as V x , V y , V j are of x, y , z, A lx , A ly , A lz , 
X nx , A ny , A nz , respectively. A vector function whose compo- 
nents satisfy this condition we shall call a proper vector Junction. 

A simple example of a vector function which does not satisfy 
these conditions is the two-dimensional vector whose components 
relative to XY are V x = y, V y = x. If the X'Y' axes make an angle 
7 with the XY axes, / n = / 22 = cos 7 and / 12 = - / 21 = s in 7, and 
we find from (8-1) and (8-2) that 


V x ' = x' sin 27 + y' cos 27, 

V y = x' cos 27 — y' sin 27. 

Consequently V x and V v are not the components of a proper vector 
On the other handj if V x = y,-V y =^ x, then V x ' = y \ V y ' = - x '\ 

showing that these functions are the components of a proper two- 
dimensional vector. 

Next we shall find the most general form of a proper vector func- 
tion V of the coordinates and of the components of the constant 
vectors A 1} • • • A n . As in (8—7) we have 

V x 'x' + Vy'y' + V /z' = V x x + V v y + V z z. 
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Therefore, as V is a proper vector function, the scalar product V • r is 
the same function of x', y', z' , A' lx , A\ y , A' lz , • • • as of x, y, z, 
A.ix, A ly , A lz , • • *. Hence it is a proper scalar function. In similar 
fashion it is shown that V-Ai and V*r X Ai are also proper scalar 
functions. 

Now, since r, Aj and r X Ai are three non-coplanar vectors, we 
can write V in the form 

V = ax + £Ai + Y r X Ai (10-1) 

as shown in article 7. Therefore 

Vr = ar 2 + / 3 r-Ai, 

V-Ai = ar-Ai + pA\ 2 , 

V- r X Ai = tO-W - ■^TÀi 2 ), 

and 

A\ 2 V-r — r-AiV-Ai r 2 VAi — r-AiV-r 

rW-FÀI 2 ■’ ^ = rW-lAT’ 

V • r X Ai 

y = r~rz — =+ 2 - 

r 2 A i 2 — r-Ai 

Since r 2 , A i 2 and r-Ai are proper scalars, it follows that a, 0 , y must 
be proper scalar functions and therefore can contain only those inde- 
pendent arguments listed in the last three rows of the table in article 9. 
Consequently the most general proper vector function of the coordi- 
nates and of the components of the constant vectors Ai, • • - A n must 
be expressible in the form (10— 1), where the coefficients a, 0 , y are 
three proper scalar functions. 

Of course we can choose others of the constant vectors A2, - • • A n 
in place of either or both r and Ai in obtaining the most general 
expression for the proper vector V. For instance we may write 

V = Xr + n A 2 + vr X A 2 , (10—2) 

or 

V = £Ai + TjPi.<2 + ^Ai X A 2 , (10—3) 

where X, n, v and £, t\, % are proper scalar functions; but these two 
forms or any others to which we may be led are reducible to the form 
(10-1). Obviously the two constant vectors appearing in (10-3) 
must not be collinear. 
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Finally we must consider the result of combining two proper 
vector functions P and Q of the coordinates and of the components of 
any number of constant vectors Ai, etc. It is easily shown that the 
scalar product P • Q is a proper scalar function and that the vector 
product P X Q is a proper vector function. To prove this express 
each of the two vectors both in terms of its components along XYZ 
and in terms of its components along X'Y'Z' , as in (8-3). Then, if 
the scalar product is formed. 


P*Qv + PyQy + PzQz = Px'Qx' + Py'Qv + Pz'Qz- (10-4) 

As P and Q are proper vector functions, P x ' y P y ' y P/ and Q x ' y Q y ' y Q z ' 
are the same functions of y' y 2', A\ xy A' lyy A' lz , etc., as P Xy P yy P z 
and Q X y Q v j Qz 3 ,re of x y y, 2, A lxy A lyy A lzy etc., respectively. There- 
fore the same is true of the two sides of (10-4), showing that the 
scalar product is a proper scalar function. 

Forming the vector product of P and Q, 


KPyQz - PzQv) + j(P z Q x - PxQz) + k(P x Q y - P y Q x ) 

= i'QPy'Q' - P Z 'Qy') + j'QPz'Qx - Px'Qz') + k'(P x 'Q y ' 


Py'Qx'). 


Hence, as P and Q are proper vectors, P V 'Q Z ' — P z 'Q y ' is the same 
function of the primed quantities as P y Q z — P z Q y is of the unprimed 
quantities, and the same statement holds for the other corresponding 
components. Thus the vector product is a proper vector function. 


Problem ioa. Reduce the two-dimensional vector V x — y y V y — — ^ to 
the form (10-1). Ans. V — r X k. 

Problem lob . Reduce Ai X A2 to the form (10-1). 


Ans. 


oc — 


-Ai X A2 
AA-p — ri-Ai 


2 > 


/? =- 


r -Air-Ai X A 2 
PAJ - r-Ai 2 


r -AiAi-Ag — r-A2^/i 2 

^ PAx 2 — r-Ai 2 

Problem ioc. What is the most general vector function of position in 
space the components of which are not functions of the components of any 
constant vectors? Ans. J(r) r. 

Problem lod. Express the vector function representing the electric intens- 
ity in the field of an electric dipole of moment A in the form (10-1). 


3 r 'A 1 

— — 

4 irr 3 


Ans. 
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11. Differentiatioa and Integration of a Vector. — Consider a 
point P whose position vector referred to the origin of a set of fixed 
axes is 

r = ix + jy + kz , 


and whose coordinates x, y, z are functions of a parameter t. As t 
varies, P moves along some curved path such as that shown Ìn Fig. 1 1. 


Z 



Y 


Fig. 11. 


Let Pi and P2 be two successive positions of P, corresponding to a 
change A t in t. Then the displacement of P in the interval At is 

r 2 — r^ = Ar = iAx + jAy + kAz. 


The direction of this vector element approaches that of the tangent 
to the curve as P 2 is made to approach P 1. Hence, dividing by A t 
and passing to the limit, the derivative of r with respect to t, namely. 


dr 

dt 


. dx . dy dz 

1 Jt +J d7 + k 7t 


(il-l) 


is a vector having at every point along the curve the direction of the 
tangent to the curve. 

Proceeding in the same way we obtain the second derivative 


d 2 r ,d 2 x , ,d 2 y t d 2 z 
dt 2 ~ l dt 2 +J dt 2 + dt 2 ’ 


(n-a) 


and so on. 



11 


THREE-DIMENSIONAL VECTOR ANALYSIS 


Usually the moving point P discussed above is a point in space 
and t represents the time, in which case (n— i) gives the velocity v 
of the point, and (u— 2) gives its acceleration f = dv/dt. 

In dealing with vector derivatives it is necessary to distinguish 
carefully between the derivative of the magnitude of a vector and the 
magnitude of the derivative of the vector. Thus, 


d_ 

dt 

is not the same as 


r = 




dx I _ I/ dx \ 2 / dy \ 2 / dz^ 
dt\ ^ \dt ) \dt ) \dt) 3 


and there is a similar distinction in the case of the second derivative. 

Proceeding in the same way we see that the derivative of any 
vector function Q with respect to a parameter t is given by 


dQ _ . dQ x dQ y dQ z 
dt ~ dt 3 dt ^ dt' 


(11-3) 


Next consider the differentation of products involving vectors. 
Evidently 


d_ 

dt 


(mQ) — m 


dQ 

dt 


, m constant. 


d_ 

dt 


(rnQ) 



Q constant. 


(1 1-4) 


since mQ is a vector whose rectangular components are mQ x , mQ y 
and mQ z . On the other hand if m and Q both are functions of 


^ QnQ) = z— (mQ x ) + / ~ QnQ y ) + k - (mQ z ) 


= (*Qx + jQy + kQ z ) -f- m 



+ k 


d&\ 

dt ) 
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Expanding, differentiating and collecting terms in the same manner, 
we find that 


and 


d dJ? dQ 

7/ ( p -Q) = ^-Q+P-^, 


(ix-6) 


J( Px Q)=f XQ+ p xf 


(ii“7) 


Thus differentiation of products of vectors proceeds according to the 
same rules as differentiation of products of scalars. In (11— 7) the 
order of the vectors must not be altered, of course, without proper 
change of sign. 

The derivative of a vector of constant magnìtude but variable 
direction has a direction perpendicular to that of the vector itself. 
As an example of this, return to the case of the point P moving along 
the curved path (Fig. 11) with velocity v = drjdt. If d\ represents 
an element of distance measured along the curve and ti is a unit 
vector tangent to the curve at P we may write 

d\ 

V = — ti = oti. (1 1—8) 

Here ti has the constant magnitude unity, but varies in direction as 
P moves along the curve. Then 


dt 


dv dti 

h tl + v ~di 


The change inti as P moves from P\ to is shown in Fig. 12, where 
P is the radius of curvature. Evidently the direction of Ati is toward 
the center of curvature C. From similar triangles its magnitude is 
&\/ P> since | ti | = | ti + Ati | = 1. dhus, if pi is a unit vector 
directed toward the center of curvature, Ati = (AX/p)pi. Dividing 
by A t and passing to the limit 


so that 


dt 1 1 d\ v 

dt ~ p dt Pl ~ p Pl5 


f 




P 


(11-9) 
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The second term on the right of (i 1—9) is the well-known centripetal 
acceleration . 



Fig. 12. 


Finally, if a vector is a function of several variables such as 
y> its partial derivatives with respect to these variables have the 
same signifìcance as in the case of a scalar function, being calculated 
in each instance with all independent variables except the one in 
question held constant. 

Vector integration is the inverse of differentiation as in scalar 
analysis. . It is usually performed by expressing the vector or vectors 
Ìnvolved in terms of their components, and, as in the scalar case, it 
may be regarded as a process of summation. Thus, consider the 
integral of V through the volume r, 


Now 


Jvd-r = ij V x d-r +jj V y dr + kf V z dT. ( 11 - 10 ) 

J v*dT = 2^,-At,- 


where V xi is the value of V x in the ith element of volume Ar* and the 
summation is taken over all elements of volume in r. There are 

similar expressions for / V ydr and / V z dr. Hence 

Vdr = iZv xi An -b jE V yi A Ti + kEv zi A n 

% 1 i 

= + jVyi + kv zi )A Ti 

z 

= SViAr^. 


/■ 
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Problem iia. Show that 

^XQ-R)=fxQ.R+Pxf 
Problem nb. Show that 
|{(PXQ)XR} = 


R+P X Q 


JR 

dt 


f 


Xq)xR+(px XR + (PXQ)X —• 

Problem iic. If d\ is an element of a closed curve in space show that 



d\ = o, where^^ indicates integration completely around the curve. 

12. The Gradient. — Let 3> (x, y, 2) be a proper scalar function of 
the coordinates, according to the definition given in article 9. If C 
is a constant, 

$>(x>y 3 z) = C (12-1) 

represents a surface at every point of which the function has the 
value C. By assigning toCa succession of values we obtain a family 
of equi-valued surfaces. Confining ourselves to single-valued func- 
tions, it is clear that no two of these surfaces can intersect. 

Now let us investigate the change in <ì> as we move from the 
point Pi(x, y, z) on the equi-valued surface C to any nearby poìnt 
Pzix ~b dx, y + dy , 2 + dz ), which may be on the surface C ', or not, 
as we choose. If the distance from to P 2 is d \ , the displacement 
involved can be represented by d\ = i dx + j dy + k dz. The 
change in <I> is, then, 


where F is defined by 


d3> , d<T> , d<T> 

dx + — dy + — dz = F • d\ 
dx dy dz 

(12-a) 

. d<ì> . d<T> d<T> 

F = 2 — — h j h k 

dx dy dz 

(12-3) 


In article 8 it is shown that changing from the axes XYZ to a 
new set X'Y'Z' gives 


„ . d$> d<I> 

F — l b J — h k 


dx 


Qy 


dz 


d ( T> ., dd> d$ 
~r , +7 ~t~, 4 - k — ■ 

dx dy dz 


Now, since «T> is the same function of x\ y ' , z' and the components 
X x ' j X y ' , A z ' , etc., of any constant vectors involved, as it is of x, y, z. 
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A Xy A y , A z , etc., each component of F, referred to X'Y'Z ' , is the same 
function of x' , y\ z' , A x > Ay , AJ , etc., as it is of x, y, z, A Xì A Vì A z , etc., 
when referred to XYZ. Hence F is a proper vector function. 

We see that the vector F has the 
direction of the normal to C at the 
point P i. For suppose P2 hes in C, so 
that d\ is tangent to the surface. Then 
d& = F-afX. = o, showing that F is 
perpendicular to whatever orienta- 
tion the latter may have in the tangent 
plane. To determine the magnitude of 
F, on the other hand, choose P2 in 
such a way (Fig. 13) that d\ makes the 
angle 6 with the normal to C, that is, with F. Then = F -d\ = 
F cos 6 d\, giving 

d3> 

F cos 6 = — • (12-4) 

o \ 



Thus, the component of F in any direction equals the space rate of 
increase of in that direction. If 6 = o, so that d\ becomes an 
element dn of the normal, we have 


F = 


35 > 
dn 9 


(12-5) 


the maximum space rate of increase of <I>. 

Because F coincides with the maximum space rate of increase of 
3>, both in direction and in magnitude, it is called the gradient of <I>. 
The gradient is particularly important in the study of static electric 
and magnetic fields. 

The gradient of $> is usually symbolized by V<l>, where V (read del) 
is an operator defined from (12—3) as 


V = 




(12-6) 


On changing axes the form of this operator remains unchanged as 
shown in (8-6), that is, 


V' 


dx 


7 +/ 


d 

dy' 



Hence we may call V a proper vecior operator. 


(12-^7) 
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Evidently we may write (12-4) in the form 


Xi • V3? = 


d\ 9 


(12-8) 


where Xi is a unit vector in the direction of d\. Similarly (12—5) 
becomes 

where n.i is a unit vector along the normal. 

Troblem I2a. Find the gradient of <ì> = A/'sfx? + y 2 z 2 where A is 
a constant. 


Ans. 


= — 


A 

(x 2 + y 2 + z 2 )' % 


(ix + Jy + kz). 


13* The Divergence. — Since the operator V defìned in the pre- 
ceding article has the formal properties of a vector we may form its 
product with any vector according to the usual rules. Let 


y> z ) = 2) -\- jVyix, y, z) + kV s (x y y> z ) 

be a proper vector function of the coordinates. If we form the 
scalar product 


V-V 


àV* dVy dK 

dx dy dz 




we obtain a proper scalar function called the divergence of V. That 
it is a proper scalar follows from the fact that on changing to a new 
set of axes. 


V-V = 


dV x ' dV^ avi 

dx' + dy' + dz' 


(13-2) 


by (12—7) and (8—3). Then, since V x \ V } /, V / are the same functions, 
respectively, of x' y y' y z' and the components A x ' y A v ' , A z ' y etc., of any 
constant vectors involved, as V xy V yy V z are o f x y y y z, A Xy A yy A Zy etc., 
(13-2) is the same function of the primed quantities as (13-1) is of 
the unprimed quantities. 
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The physical signifìcance of the divergence is best understood by 

considering a common case in which V = pv represents the current 

per unit cross-section of some material of 

density p moving through space with veloc- 

ity v. For example, take p to be density of 

electric charge, so that pv is electric current 

per unit area. Now let us calculate the 

rate at which charge passes out of a small 

volume At — AxAyAz (Fig. 14). Consider 

first the two faces perpendicular to the 

X axis. As the outward flux through the 

left-hand face is — pv x AyAz, and that through the right-hand face is 

* 

pv x + (pVxìAx^AyAz, 
the net outward flux through this pair of faces is 

Q 1 Q 

H —pv x + pv x + ~ (pv x )AxìAyAz = — (pv x ) AxAyAz. 



7 

Azj 

J 


/Ax Ay 

£ 

7 


Fig. 14. 


Calculating the outward flux through the other two pairs of faces 
and adding, the total outward flux is 

AxAyAz = V • pvAxAyAz. (13-3) 


d d d 

— (pV X ) + — ( PVy ) + — (pv z ) 

. dx dy dz 




We see then that V • pv represents the rate per unit volume at which 
charge diverges from the region Ar. 

Assuming that charge is indestructible, (13-3) must be exactly 


equal to the rate of diminution of charge in Àr, namely, 
Thus 

op 

V • pv + — = °, 

ot 


dp 

dt 


AxAyAz. 


( 13 - 4 ) 


a relation, known as the equation of contìnuity^ which is inherent in 
Maxwell’s electromagnetic equations. The bar or vinculum over the 
product pv indicates that Y as a diff 'erential operator acts on both 
P and v. 

As implied in the preceding paragraph it is necessary to specify 
the quantities which are to be differentiated when more than one 
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function of the coordinates follows the operator V. I f no vinculum 
(or parentheses) appears in such a case we shall understand that V 
acts differentially only on the quantity immediately following it. 
If a vinculum does appear, on the other hand, all quantities under it 
are to be differentiated after the vector expansion has been per- 
formed. Thus 


V ■ pv = v* Vp = 

V • vp = pV • v = 
while, as in (13-4), 

d 


dp dp dp 

T" + T“ 4 - V s — , 

dx dy dz 

( dv* , àv y dt/A 

P dy dz ) 9 


V- pv= — (, pv x ) + — (po tf ) + — - (po«) = v-Vp + pV • v. 
dx dy dz 


Similarly in evaluating expressions such as V*P X Q or VPQ 
on ly deri vativ es o f P Xì P v and P z are taken, while in the case of 
V *P X Q or V *PQ, the components of both P and Q are differentiated. 

Problem ija . Show by actual transformation that on changing axes 

àv* , àVy dv* = àv x ' dVy'_ ar/ m 

dx dy dz dx' dy' dz' 

Problem ijb. Find the equation of continuity for an incompressible fluid. 

Ans. V-v = o. 


Problem ijc. Show that V-PXQ = V-PXQ — V-QXP. 


Problem ijd. Show that V-PQ = QV-P + P-VQ. 


14. The Curl. — If V (at, y, z) is a proper vector function of the 
coordinates we may form the vector product of V and V so as to obtain 
another proper vector function known as the curl or rotation of V. 
This is 


V X V 




— ) + k ('Vm 

dx / \ dx 



i j k 

j)_ _d_ d_ 

dx dy dz 

v* y„ v t 


(14-1) 
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It is seen at once that this is a proper vector function, for, trans- 
forming to a new set of axes as in the case of (13— i) and (13—2), the 
form of V X V remains the same. So each of its components, when 

referred to the axes X'Y' Z ' , is the same func- 
tion of all primed quantities as it is of the cor- 
responding unprimed quantities when referred 
to XYZ. 

The designation rotation is due to an appli- 
cation of (14— 1) to mechanics. Suppose a 
rigid body rotates with angular velocity co 
about a fixed point O (Fig. 15) which we will 
take as origin of a set of rectangular axes. 
The linear velocity of any point P having a 
v = coXp = coX(r — a) = co X r. Taking 



-P 


position vector r ìs 
the curl of both sides of this equation 


VXv = VX(coXr) = V ■ rco — V • cor 


(14-2) 



V X v = coV ♦ r 

— co-Vr. 

Now 

( dx 

, ày 


coV • r = co l — 

+ + 


\dx 

dy 

and 




from (7—9), where the vinculum indicates, as in the preceding article, 
that V acts differentially on both following vectors. However, in 
this case co is not a function of the coordinates so that (14—2.) reduces to 


dz\ 

àk) 


_ 5 r , dr dr 

<*> ■ vr — co x ” -+- coy — + Wjs — = I0) x + Ju>y + fecOjB = co, 

so that, finally, 

VXv = 3» — co = 2co. (14-3) 

Thus, the curl or rotation of the linear velocity is twice the angular 
velocity. 

Problem i^a. Show by actual transformation that 

!òv._ +J (àv. _ av.\ (av v _ av.\ 

\ay dz ) + 3 \ dz dx ) + * \ dx d y ) 


dy dz / ■ ' \ dz dx / ' " \ dx dy 

_ t (2% - + r (*LL - a JLl\ + w (av u ' _ avy\ 

\ dy dz' ) \ dz' òx' ) + \ èx' dy' ) 
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Problem I4b . Establish the identity V X (P X Q) = V- QP — V*PQ 
by actual expansion. 


15. Successive Applications of V. — It is possible to form scalar 
and vector products in which the operator V appears more than once. 
For example, the divergence of the gradient of a proper scalar func- 
tion is 


_ „ /.a* , .a* , . a'S'N a 2 # , a 2 * , a 2 $ 

\ dx dy dz / dx 2 dy 2 dz 2 ** 


As the same result is obtained by allowing the scalar product 


V-V 




(15- 2 ) 


to act on <3? as an operator, we may think of V • V, which is called the 
Laplacian , as a proper scalar operator. This allows us to write 


V-VV 


a 2 v a 2 v d 2 v 

dx 2 dy 2 dz 2 5 


C 1 5~3) 


an expression which appears in the analysis of wave motion. 
Proceeding in a similar manner the curl of V«I> is 


V X V<3> = V X 


(i— + ‘ — 
\ dx ^ dy 



o. 


(15-4) 


As before the result may be obtained by regarding V X V as an opera- 
tor. Since the vector product of any vector by itself vanishes, we 
have V X V<f> = o at once. 

A proper vector function of position in space whose curl vanishes 
in a region r is said to be irrotational in that region. Evidently the 
gradient of any proper scalar function is an irrotational vector. 

Again, we may take the divergence of the curl of any proper vector 
function V. Thus 

v-v xv = vxv-v = o, (15-5) 


since the dot and cross may be interchanged in a triple scalar product. 

A proper vector function whose divergence vanishes in a region r 
is said to be solenoìdal in that region. Thus the curl of any proper 
vector function is a solenoidal vector. 

Finally, there remains to be considered the curl of the curl of V. 
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As this is a triple vector product it may be expanded in the usual 
manner and we have 

V X (V X V) = VV-V — V-VV. (15-6) 

The left-hand side of this equation is usually written V X V X V 
without parentheses, since (V X V) X V, with which it might be 
confused, is identically zero and has no importance. 

Products in which V appears more than twice require discussion 
only to the extent of pointing out that, since the order in which 
partial derivati ves are taken is immaterial, V and V • V are commuta- 
tive. Thus 

V (V • V «ì>) = V*V(V 3 >), 

v-(v-vv) = v-v(v-v), (15-7) 

V X (V-VV) = V-V(V X V). 

The parentheses have been fetained for the sake of clarity, although 
they are not essential as no real ambiguity can arise through their 
omission. 


Problem i$a . Establish the identities (15— 5) and (15—6) by actual 
expansion. 



Fig. 16. 


16. Line and Surface Integrals. Let V be a proper vector func- 
tion of the coordinates. The integral of the tangential component of 
V along any curve X (Fig. 16) is called the line integral of V. Thus, 

if d\ = i dx + j dy + k dz is a vector element of the curve, the line 
integral of V from A to B is 



B 

V-d\ 



{V, x dx + y y dy -\- V z dz). 


C 1 6 1 ) 
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The path of integration may, of course 3 be a closed curve, in which 

case the line integral, written as <j> V‘d\, becomes a ìoop integral. 

In general, the value of the line integral depends not only on the 
end points A and B but also on the exact path followed in the integra- 

tion, and in the case of a closed path / v does not vanish. 

However, if V is the gradient of some scalar function so that 


then 


d<3> d<& 

V~ = — V = — 

dx dy 


V ' = 


d<ì> 

dz 


f B rr r B (à$ 7 , d$ _ , d& , \ 

-/a. \ àx òy dz J 


-f 


d<5? = 


(16-2) 


In this case the value of the line integral depends on the end points 
alone, and, provided <£ is single-valued. 


/ 


V d\ = o. 


Conversely, suppose the line integral 
of V around every closed path vanishes. 
Then for any path ACBD (Fig, 17) 


/ Vd\ = f Vd\ + / V 

A acb Abda 


d\ 



Fig. 17. 


= / V‘d\ - f V d\ = o, 
Aacb Aadb 


and 

f V-d\ = f V- 

J a e.n Aadb 


d\. 


ACIÌ •'ADB 

Since the integral from A to B is independent of the path it can depend 
only on the end points and we must have 

.b 

V • d\ = — c T\t = / d<b, (16-4) 


f. 


I',i = f d<\\ 

a 
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where 3? is some single-valued function of the coordinates. Further- 
more, as = (V4>)*<iXj this reduces to 

B 

(V - V3>)*</X = o. (16-5) 

Now, as the points A and B are arbitrary, the line integral of (V — V3>) 
must vanish for every possible path, even for one of infinitesimal 
length. Hence (16-5) can be true only if (V — V3>) itself vanishes 
everywhere. Thus 

V = V3>, (16-6) 

which shows that when the line integral of V around every closed path 
is zero, V must be the gradient of some scalar function. 

A common line integral is the electromotive force 

S = f E *^X, 



which is the work done by an electric field E on a unit positive charge 
moving through the field from A to B. In general the electro- 

motive force depends on the path 
chosen, but, if the field is electro- 
static, E is the gradient of a scalar 
potential and S is then equal to 
the potential dijf erence of the end 
points, regardless of the path 
followed. 

Next let us consider the in- 
tegral of the normal component 
of a proper vector function V 
over a surface <r (Fig. 18). This 
is known as the surface integral 
Thus, if dcr — idc x jdc y + kd<r z is a vector element of the 
surface (Art. 3), the surface integral of V over <7 is 

J'\d<y = jf (y xd( 7 x + V yda-y + V z d<rf). (i 6—7) 

The foregoing integral is also called the flux of V through the 



Fig. 18. 


of V. 
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surface c r. For suppose that V = pv gives the quantity of material 
of density p passing through unit cross-section in unit time as in 
article 13. Then V -d<r is the rate of passage of material through the 

element of area d<y and / V d<x is the total flux through cr. If p is 

<r 

charge density, pv is current density and the integral then gives the 
total current through the surface. 

17. Gauss’ Theorem. — This theorem states that the volume 
integral of the divergence of a finite, continuous and single-valued 
vector function V of position in space, taken over any volume t, is 
equal to the surface integral of V taken over the closed surfaces bound- 
ing the volume r, that is. 



V 'Vdr 



V -d<r 9 


(17- 1 ) 


where dr — dx dy dz is an element of the volume r, and the vector 
element of surface d<r has the direction of the outward-drawn normal 
in accord with the convention of article 3. This theorem implies 
that, if the integrand has the form of the divergence of a vector, the 
value of a volume integral depends only on the values of the vector 
over the surfaces bounding the volume, and not at all on the values 
of the vector at points in the interior. 

We shall prove Gauss’ theorem first for a simply connected region 
inside which the derivatives of V as well as the function itself are 
continuous. We have 

f v - ydr = fff i^ dx dy dz 

+ fff% dx dy dz + fff d S dx dy dz - 


Consider the first integral on the right. Integrating with respect 
to x , that is, along a strip of cross-section dy dz extending from P 1 
to P 2 (Fig. 19), 



dx dy dz 



r x (x 2 , y 3 z ) 


VJ&i *)}dy dz y 



36 


THREE-DIMENSIONAL VECTOR ANALYSIS 


where xi, y, z are the coordinates of P x and x 2 , y, z those of P 2 . 
Now at Pi, da x — — dy dz, while at P 2 , da x — dy dz. So 



dx dy dz 




"y y, z)dcr x . 


where the first surface integral is taken over the right-hand part of 
the surface <r and the second over the left-hand part. Therefore 



dx dy dz 



P x da x. 



X 


where the surface integral is evaluated over the entire surface. 
Similarly 

fff 

and 


/// 


dV< 


z 


dz 


-/■ 


dx dy dz = / V z da z . 


Adding these three equations we get Gauss’ theorem 

V -V^r = ( V x da x +■ V y da v -f- V z da z ) = j'v-du. 

If the volume r is bounded by two surfaces a\ and a 2 , as in Fig. 20, 
we can divide it into two simply connected regions r\ and r 2 by means 
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of the surface ABCT). Applying Gauss’ theorem to each of these 
regions and adding, we find that the volume integral over r is equal 
to the sum of two surface integrals. But the portion of the one sur- 
face integral over ABCD is annulled by that of the other, since the 
outward drawn normal in the first is opposite to that in the second. 
Hence we are left with the 
sum of the surface integrals 
over o i and the positive 
normal in each being that 
directed outward from the 
volume r. Evidently this 
device may be applied to a 
volume bounded by any finite 
number of surfaces, in which 
case the surface integral must D 

be evaluated over all the sur- Fig. ao. 

faces bounding the volume. 

Finally, if the derivatives of V are discontinuous across a surface 
o' lying inside the simply connected region r (Fig. 21), we may 
divide r into two parts, ri and r 2 , separated by the surface o' . 
Applying Gauss’ theorem to ri we obtain the sum of a surface integral 

over o and one over o ' . Simi- 
larly the volume integral over 
r 2 is equal to a surface inte- 
gral over o'. Provided V is 
continuous across o' the one 
integral over this surface is the 
negative of the other, since the 
outward drawn normals in the 
Fig. ai. two cases have opposite direc- 

tions. Hence the volume inte- 
gral over the entire region r = n r 2 is equal to the surface 
integral over o. 

Since Gauss’ theorem holds for a vector function V the deriv- 
atives of which are discontinuous over a surface lying in the region 
of integration, we are at liberty to apply it to a region divided 
into subregions in each of which V is represented by a different 
function, provided the functions employed in two adjoining sub- 
regions give identical values of V on the surface separating them. 
Such an instance occurs in the electric field of a sphere of radius a 





38 


THREE-DIMENSIONAL VECTOR ANALYSIS 


with a charge q uniformly distributed throughout its volume. For 
r ^ a y the electric intensity is (q/^.Tra z )r y while for r ^ a it is {jq / <\irr z )r . 
In fact, whenever we speak of a point charge or a surface charge, we 
shall understand a small sphere or a thin layer inside which the 
charge density is large but finite. Hence the field will be everywhere 
finite and continuous, so that Gauss’ theorem can be applied to the 
electric intensity. 

As noted in article 1 6, the product V is called the flux'of the 
vector V through the surface element d&. If E represents the electric 
intensity, E da is the electric Jìux y and if H represents the magnetic 
intensity, H-^<r is the magnetic Jìux through dar. 

A useful corollary of Gauss' theorem known as Green’s theorem 
states that 



• Vv — vV 'Vu)dr 



v — vV u) * dt. r. 


(17-2) 


where u and v are finite, continuous and single-valued scalar functions 
of the coordinates having derivatives possessing the same properties. 
To prove Green's theorem we start with the identities 

V ■ u V v = V u • V v + uV ■ V v y 


V-vVu = Vv-Vu + vV 'Vu. 


Subtracting, integrating over the volume t and converting the integral 
on the left into a surface integral by Gauss’ theorem, we have Green’s 
theorem. 

Other corollaries of Gauss’ theorem, which hold for vector func- 
tions to which Gauss’ theorem is applicable, are the following: 


J~ V <fv/r = &d<T, 

(17-3) 

J V-U Vdr = J Vtr -d<r. 

(17-4) 

Jv X \dr = - J V X d<r. 

07 - 5 ) 


In the first, <ì> may be any scalar function, such as TJ-V. 
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To prove the fìrst relation. 


J* V$dr = i J'vi^dr + 
= i j 3>z-dcr + • 

= J &d<r\ 


o prove the second. 


J V-U Vdr = i J V ■'GVJt + 




VJS'dtr + 


VU • dcr ; 


.nd to prove the third. 


/ 


V X Wr 


dr -f- 


_,/Y5£_55Y, r+ ... 

J T \ dy d z / 

= i { y' v iyjr ~f v + 

= «■ f c - w + • • • 

** y <r 

J V X <*r. 


18. Stokes’ Theorem. — This theorem states that the surface 
ategral of the curl of a finite, continuons and single-valued vector 
unction V of position in space, taken over any surface a , is equal to 
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the line integral of V along the closed curve or curves bounding the 
surface <r, that is, 

J~V XV d<T =yv d\, (18-1) 


where ^X. is a vector element of the periphery taken in the sense of 
rotation of a right-handed screw advancing from the negative to the 
positive side of the surface, in accord with the convention of article 3* 
This theorem implies that, if the integrand has the form of the curl 
of a vector, the value of the surface integral depends only upon the 
values of the vector along the periphery, and therefore that the 
integral has the same value over all surfaces having the same 
periphery. 

We shall prove Stokes’ theorem first for a simply connected 
surface on which the derivatives of V as well as the function itself 
are continuous. Since 


V X V 


-■( 


BV, _ dVy\ . ( dVjc _ dV z \ , t (dVy dV x \ 
dy dz ) J V dz dx ) 


+ k 


(dVy_ 

\ dx 


dy ) 5 


it follows that 

/"'*■/( 


dV* 

dz 


d<r 


v 


£*■) 






Let P\Pz (Fig. 2 ,2) be the trace of the surface <r on a plane parallel 
to the YZ coordinate plane at a distance x from the origin. We will 
integrate the first integral on the right of the equation above along a 
strip of the surface extending from P\ to P 2 lying between planes 
parallel to the YZ coordinate plane at distances x and x + dx from 
the origin. The figure is drawn so that both y and 2 increase as we 
proceed from P 1 to P 2 . The Y component of dcr is positive, and 
therefore dar y = dz dx, but the Z component is negative and so 
d<r z = — dy dx. Therefore 




BV» 

dy 



dx. 
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But, as x remains constant for integration along the strip P1P2, 



X 


Fig. 11 . 


where *, y 1, are the coordinates of P 1 and a;, y 2 , z 2 those of P 2 - 
At Pi the sense in which the periphery is described is into the paper, 
whereas at P 2 it is out from the paper. So at Pi, d\ x = — dx and at 
P 2 , d\ x = dx. Therefore 



dV* 

ày 


dcr z W V x (x, jy 2 , Z2)d\ x 4 " V x(*v, yi 3 zi)d\ a 


where the first line integral is taken over the right-hand portion of 
the periphery and the second over the left-hand portion. Conse- 
quently 
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the line integral being taken all the way around the periphery. 
Similarly 



and 


f(~ 

Ja \ dy 


dK òV z 

dtf x - w(7 - 


dx 


.)-/ 


V z d\ z . 


Addìng these three equations we obtain Stokes’ theorem 


1 


V X V-dcr 




+ V yd\y + V z d\ z ) = 


/ v 


dk. 


If the surface <r is bounded by two curves Xi and X2, as in Fig. 2,3, 
we can divide it into two simply connected surfaces <ri and <r 2 by the 

Xi 



curves AB and CD. Applying Stokes’ theorem to each of these 
surfaces and adding, we find that the surface integral over <r is equal 
to the sum of two line integrals. But the portions of the one line 
integral over AB and CD are annulled by those of the other, since 
these curves are described in opposite senses in the two cases. .Hence 
we are left with the sum of the line integrals over Xi and X 2 , both 
being described in the positive sense relative to the surface. Evi- 
dently this device may be applied to a surface bounded by any finite 
number of closed curves. Stokes’ theorem holds in any such case, 
provided the line integral is evaluated over all the curves bound- 
ing the surface <r in the positive sense relative to the adjacent 
surface. 
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Finally, if the derivatives of V are discontinuous over a curve X' 
lying on the surface <r (Fig. 24) we may divide <r into two parts, <ri 
and <r2, separated by the curve X'. Applying Stokes’ theorem to <ri 
we obtain the sum of a line integral over X and one over X'. Simi- 
larly the surface integral over <T2 is equal to a line integral over X'. 
Provided V is continuous across X' the one integral along this curve 
is the negative of the other, since they are described in opposite 
senses. Hence the surface integral 
over the entire surface <r — <ri + 0-2 
is equal to the line integral over X. 

Since Stokes’ theorem holds for 
a vector function V the derivatives 
of which are discontinuous, we are 
at liberty to apply it to a region 
divided into subregions in each of 
whichVis represented by adifferent 
function, provided the functions 
employed in two adjoining sub- 
regions give identical values of V on the surface separating them. Such 
an instance occurs in the magnetic fìeld of a straight current i of cross- 
sectional radius a. For r ^ a y the magnetic intensity is 2 i X r/47r a 2 c y 
while for r ^ a it is 2 i X r/47r r 2 c. In fact whenever we speak of a 
linear current we shall understand a tube of small cross-section inside 
which the current density is large but fìnite. Hence the fìeld will be 
everywhere finite and continuous, so that Stokes’ theorem can be 
applied to the magnetic intensity. 

The product V-<iX may be called the vectorjnotive force of the 
vector V along the line element d\. If E repre.sents the electric 
intensity, E*</X is the electrojnotive jorce y and if H represents the mag- 
netic intensity, H-c/X is the magnetojnotive force y along d\. 

It should be noticed that when the surface to which Stokes’ law 
is applied is a closed surface, the length of the periphery is zero, and 
hence 

V X V -d<r = o. 

If V X V vanishes everywhere in a spacial region, V can be 
expressed as the gradient of a scalar function of position in space in 
that region. For under these circumstances the line integral of V 
around every closed curve vanishes, and hence V is the gradient of 



X 



Fig. 24 . 
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some scalar function 3 as was shown in article 1 6. Now an irrotational 
vector is, by definition, one whose curl vanishes in the region under 
consideration. So every irrotational vector is the gradient of some 
scalar function of position in space. 

Two corollaries of Stokes’ theorem, which hold for vector functions 
to which this theorem is applicable, are sometimes useful. The first 
states that 


^VX.A= / V-Vda - / VV-d<r. 


(18-a) 


To prove this we have 


fj) V X d\ — z (j) (V yd\ z — V z d\y') *4* * * • 

= i{f Vyk-JX - (f> VJ-dxÌ + 


= I'j fv X (hVyì-da- -/vx UV z )-da \ + ••• 

= */ {(77 + © - 1? d °» - *£ d A + 


= tf V.W. da\ + 

= J V ■ V d<s — VV -da. 


The second corollary states that 


/ 


VX(UXA) 


/ 


V X VU-^cr 4 - 


/ v ' 


UV x d<r, (1 8-3) 


where V, in each of the surface integrals, operates as a diflferential 
operator on the entire quantity under the vinculum. In proving this 
we note first that 

/ v X (U x d\) =/u V-d\ -fxs vdx. 
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Now 


and 


Hence 


/ 


uv<*x = ij> u x y-dk h 

= ij V X VU x -d<r + 


-/ 


d* X v-vu, 


yv 


Ydk = 


U- Vf-iA. + • • • 

i / v x (itnvwo- + ••• 

/ 


+ 


- / i*r X VU V. 


/ 


VX(CXA) = 


/iirX {V-VU - VU V} 

•S<T 

y { (<i<r X V) X UJ X V. 


But, if we expand the triple vector product inside the braces, 

{ (d<r X V) x UJ XV = V X vu-iio- + V UV x d<T, 
which proves the corollary. 

19. Orthogonal Curvilinear Coordinates. — Frequently we need 
to express the gradient, divergence or curl in other than rectangular 
coordinates. Let us take as coordinate surfaces any three orthogonal 
families, u(x, y, z) = const., v(x, y, z) = const., w(x, y, 2) = const., 
and introduce the unit vectors ui, v x , w h in the directions of increas- 
ing u, v, w respectively, u, v , w being so ordered that Ui, Vj, Wi consti- 
tute a right-handed set. Although Ui, v 1} w^ are unit vectors, it 
must be borne in mind that their directions may change as we pass 
from point to point. Let us designate by a u , a v and a w the three 
functions of u, v , w which represent the distances along the normals 
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to the three coordinate surfaces per unit increment in the coordinates 
u , v and w, respectively. Then a vector element of distance is given 
in terms of du 3 dv, dw by 

d\ — VL\a u du + Vi a v dv + Wi a w dw, (19—1) 

a vector element of area by 

d<r = Ui a v a w dv dw + Vi a w a u dw du + Wi<s '. u a v du dv, (19—2) 

and an element of volume by 


dr = a u a v a w du dv dw. (1: 9 — 3) 

A vector P may be expressed in terms of its components P u , P v , P w 
in the directions of increasing u, v, w respectively by 


Evidently 

and 


P = U xPu + Vi P v + Wi P w . 
P* Q = PuQu + PvQv + PwQwì 


P X Q = 


Ui 

Vi 

Wi 

Pu 

Pv 

P w 

Qu 

Qv 

Q W 


(19-4) 

09 - 5 ) 

(19-6) 


The differential operator V becomes in the new coordinates 

d d d 

V = ui — — + V! — 7 - + wi — , (19-7) 


a u du a v dv a w dw 

and the gradient of a scalar function &(u, v, w ) is 

d<£ d<3> 

V<i» = Ui — b Vi — — + Wi 


a u du 


a v dv 


a w dzv 


(1 9-8) 


The expansion of the divergence and of the curl of a vector function 

V(«, v, w) = UiV u ( u, v, w) + Vi V v (u, v, w) + w x V w (u, v, w) (i 9-9) 

can be obtained by taking the scalar and the vector products of (19-7) 
and (19-9), but in carrying out the indicated differentiation the 
derivatives of the unit vectors Ui, Vi, Wi must not be overlooked, since 
the derivative of a vector of constant magnitude but variable direc- 
tion is not zero. However, we shall employ a simpler method making 
use of Gauss’ theorem and of Stokes’ theorem. 



ORTHOGONAL CURVILINEAR COORDINATES 


47 


Xo obtain the divergence we apply Gauss’ theorem to an elemen- 
tary rectangular parallelopiped A r bounded by surfaces over which 
«, v and w are constant. Then 


V-VAr 



V-dicr. 


The net outward flux of V through the two faces for which u is 
constant is 

r - d 

V u a v a w AvAw -f- — (JV u a v a w )AuAvAw — V u O"ìA w AvAw 


— ~ {a v a w V u )AuAvAw, 


and similar expressions hold for the two remaining pairs of surfaces. 
Hence Gauss’ theorem gives 

V* Vaua^awAuAvAw 


- [du + dv ( a ^ V ^ + 

and the divergence of V is 

vv = — T— 1 4~ (*va m Fu) + 4 (a w a u V„) + ~ (a u a v V w ) j • 
a u a v a w [ du dv dw j 


AuAvAw 


(19-10) 


To obtain the u component of the curl we apply Stokes' theorem 
to an elementary rectangle Aa u in a surface u = const., the edges of 
the rectangle being lines along which either v or w is constant. Then 

|VXV|„A = £y-Jk. 

Now the line integral of V along the two edges for which v is constant is 

Q Q 

"f* ~ ( AvAw V w a w Aw = — (a w J^w) AvAw 

OV Qv y 

and along the two edges for which w is constant 


| V v a v Av + (V v a v ) AwAv V u^A&j = — (a v V v ) AvAw. 

Hence Stokes’ theorem gives 

| V X V \uai}a w AvAw = ' — (a w V w ) — — ( a v V v ) 1 AvAw. 

ov dw J 
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In similar manner the other components are obtained. 
the three components of the curl are 


| V X V 


W 


_ 1 J 

’ d 

a^a-w 1 

[ dv 

1 

\± 

a w a u 

[ dw 

1 

\± 


[ òu 


(a w Pw) . (a 

dw 


*V v ) } , 


- — (a„V u ) 
av 


}■ 


Altogether 




Since the Laplacian is the divergence of the gradient, its expansion 
in curvilinear coordinates is obtained by substituting the components 
of (19—8) in (19—10). Thus 


V-V$> 


1 


&ZL&V&W 






(19-12) 


The functions a Ui a v , a w are determined most easily from the 
expression for the square of the linear element, 

d \ 2 = a u du 2 -+• a 2 dv 2 + a w 2 dw 2 . (19—13) 


In spherical coordinates, for instance, 

d \ 2 = dr 2 + r 2 dd 2 + r 2 sin 2 dd<f > 2 (19— 14) 

and therefore a r = 1, a e = r, a+ = r sin 0, while in cylindrical 
coordinates 

d \ 2 = dr 2 + r 2 d<t > 2 + dz 2 ( 1 9 — 15) 

and a r = 1, a^ = r, a z = 1 . 

Other orthogonal curvilinear coordinates will be introduced as 
occasion arises. 


JProblem ipa. Find the Laplacian of <ì> in spherical coordinates. 

Problem ipb. Find the three components of the curl of V in spherical 
coordinates. 


20. The Potential Operator. — We shall now defìne an operator 
which is as important in integration as the vector operator V is in 
differentiation. This operator is called the potential , and is symbol- 
ized by the abbreviation Pot. 
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Let u(x 2 , J^2, 22) be a finite, continuous and single-valued function 
of the coor dinates y 2 , 22 of a point P 2 (Fig. 25) , and let n 2 be the 

distance ^/(x 2 ^i) 2 + (jy 2 JVi ) 2 H~ (22 — 21) 2 of the point P2 

from another point P 1 whose coordinates are yi, Zj. Furthermore 
let « either vanish identically for all r 12 > p, or become equal to 
<f>) /r 12ì where 6 and <f> designate polar angle and azimuth respec- 
tively and n > o. We shall assume the second alternative in our 



Fig. 25. 



subsequent treatment, since the results obtained for it hold a fortiori 
for the first. 

We define Pot* u at P\ by f 


Pot* u 



4^12 


dT^y 


( 20 - 1 ) 


where dr 2 is the volume element dx 2 dy 2 dz 2ì and the integral is taken 
over the region lying between a small sphere of radius r and a large 
sphere of radius R>> p surrounding P lm Then we define the potential 
of u at Pi by 

1 1 


Pot u = 


Pot* u. 


r —* 0 
R — * 00 


(2O-2) 


Evidently both Pot* u and Pot u are functions of x u y X y z x . 


t The factor is inserted in the denominator to make this quantity agree Ìn 
numerical coefficient with the electromagnetic potentials to be introduced later. 
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To show that Pot «, as so defined, exists, we can divide the region 
of integration between the spheres r and R into three parts by describ- 
ing a small fixed sphere of radius a > r and a large fixed sphere of 
radìus A^ where R > A > p } about P\. Then 


Jr 4^12 


z 2 ) 




y2? ^2) 

47TT12 

J «(^2,^2, 22) 


4**ri2 

+ 


^7" 2 

.22 


dr* 


4^12 


For brevity put «1 for the value of « at the point Pi. Then, as u 
is continuous at Pi, we can choose a small enough sò that the first 
integral does not differ in absolute value from 


u 1 



<^r 2 

47rri2 


ju\(a 2 — r 2 ) 


by more than a previously assigned small quantity e, for any r < a. 
The second integral obviously converges. The third becomes 

f /(«>*) -77+1 

» 2tt 


47 r(n 


~ fff jf /(*.+> sinW- 

Hence, if we put 4^ for the integral with respect to 6 and on the 
right, 


Pot* u = i«i(<a: 2 — r 2 ) + f 


«C* 2 > J 2 > 22) 


4^12 




+ — * (_i 

W - 2 \^ n “ 2 P n “ 2 / 


to any desired degree of precision, and evidently a definite limit is 
approached as r— >0 and R — > 00 , provided n > 2. Hence the po- 
tential of u exists if n > 2. However, as the first and second deriva- 
tives’ 'of 1 /r” 2 are of the order of 1/rif 1 and 1 /rif 2 , respectively, it 
follows that the potential of the first derivative of u exists if n > 1 
and of the second derivative if n > o. 

In the case of a vector function V(# 2 , 72 > z 2 ) we have 


Pot V = i Pot +/ Pot V v + Pot V 9 . 


(20-3) 
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If V s , V y , V z satisfy the conditions required in the case of u, their 
potentials exist and therefore the potential of V exists. Evidently 
PotV is a vector function of x\, y\, Z\. It is known as a vector potential 
in contradistinction to the scalar potential (20-2) . 

Since ri2 is a permissible argument of a proper scalar or vector 
function, it follows that the potential of a proper scalar function is a 
proper scalar function, and the potential of a proper vector function 
is a proper vector function, of the coordinates and of the components 
of any constant vectors which may appear. 

21. Commutation of Pot and V. — We shall now show that, if u 
and its first derivatives are finite, continuous and single-valued func- 
tions of the coordinates such that their potentials exist. 


where 


and 


Vi Pot u — Pot Vo«, 


V! = 


V 2 = 


. d , . d , t d 

2 -j— J -J— k , 

dxi dy 1 dz-i 

d d d 

i 1 -j h k 

dx% dy^ dZ2 


(21-1) 


It must be borne in mind that u is a function of x 2 , jy 2 , z 2 but not of 
x\ y yi, Zi, whereas Pot u is a function of x ly yi, zi but not of x 2 , y 2 , z 2 . 


r 



Let Pi (Fig. 26) be the point X\,y\, Z\ and P\ the point + &x ly 
yi, Z\. If the potential at P\ is indicated by { Pot u } Xlt Vlt Zl and 
that at P\ by {Pot u} Xy+ & Xu Vu Sl , 

pot u _ I ^ U 1 xy±Axu Vu zi ~ { 1*°* u } x ìt y lt (21—2) 

dx\ ° L Ax\ 

Axi —*• 0 
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Now suppose that we. associated with the volume element dr 2 at P 2 , 
not the value u(x2, y 2 > 2 2 ) of u at P 2, but the value u(#2 + &X2> y 2 , z 2 ) 
of u at P2', where Ax 2 = P2.P1' is taken equal to Ax\ = PiPi'. 
This represents a translation of the distribution of u to the left 
through a distance Av 2 . But a shift of the distribution of u to the 
left by the amount Ax 2 evidently gives the same potential at P\ as 
the original distribution of u gives at the point P\' at an equai dis- 
tance Axi to the right of P±. Therefore 

{Eot u(X2, y%, 2 2 ) } xi+Axi, Vi, Si = { Pot u(x 2 + Ax 2 , y 2 , 2> 2 ) }*i, y x , z x 

= {Pot U(x 2 ,y 2 , Z2)}*i, y x , z x + Pot | Ax 2 + * * *. 

L OX 2 J j/x» *1 


Since Aati = Ax 2 , we 
Ax± — > o. 


Similarly 


and 


get on substituting in (21-2) and letting 


d 


Pot u = 

_ 

Pot 

dxi 

dx 2 

d n 

du 

Pot u = 

Pot 

àyi 

dy 2 

d 


Pot u = 

Pot 

dzi 

dz 2 


Multiplying these three equations by 1, j, k respectively and adding, 
we have (21— 1). 

If the second derivatives of u as well as the first satisfy the condi- 
tions for the existence of the potential, 


Pot u = 


d du 

Pot = Pot 


d 2 u 

dx <> 2 


dxi* dxi dx 2 

and consequently . Vj Pot a = Pot 

V 2 -V 2 u. (21—3) 

Similar relations hold for vector functions satisfying the neces- 
sary conditions. Thus 


Vi-Pot V = 


- j - Pot r x + - j - Pot v v + ~ Pot K 
ox 1 oy 1 oz 1 


p . dP x òV v dV z 

= Pot b Pot b Pot — 

ox 2 oy 2 oz 2 

= Pot V 2 -V, 


(21-4) 
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Vi X Pot V = 



Pot V z - 


d 

dzi 


Pot V 


■') 




• • • 


= I Pot 


(òTm 



= Pot V 2 X V. 
In like fashion we may show that 


Vi-Vi Pot V = Pot V 2 - V 2 V, 
ViVi-PotV = Pot V 2 V 2 • V, 


Vi X Vi X Pot V = Pot V 2 XV 2 X V. 


(21-5) 


e»-o 

(21-7) 

(21-8) 


22. Poisson’s Theorem. — This theorem states that, if u and its 
first and second derivatives are finite, continuous and single-valued 
functions of the coordinates and u either vanishes identically for 
^12 > P or becomes equal to /( 6 , 0 )/r ” 2 where n > 2, then 


V r Vi Pot u = — U\y 


(22-1) 


where u\ is the value of «(tf 2 , y2, z 2 ) at the point x\, y u Z\. 

Although it is sometimes convenient to deal with functions which 
are discontinuous across certain surfaces, it is never necessary to do 
so, since we can always replace such a surface of discontinuity by a 
thin layer in which the function and its derivatives change rapidly 
but continuously from their values on the one side to those on the 
other. Thus if u is the charge density of an electrified body, we may 
suppose that u decreases rapidly but continuously as we pass through 
the surface of the body from the vaiue which exists in the interior to 
a value effectly zero outside. Even in the case of a surface charge, 
such as exists on a conductor in an electrostatic field, we may suppose 
the charge to reside in a thin layer instead of on a mathematical sur- 
face, such that when we pass through the surface of the conductor 
the charge density increases rapidly but continuously from zero to a 
finite maximum value, and then decreases rapidly but continuously 
to the value zero outside the conductor. Indeed, this concept of a 
surface charge is undoubtedly more in accord with reality than that 
of a charge spread over a mathematical surface. Although we shall 
frequently employ the phrase “ point charge,” we shall generally 
understand thereby a charge concentrated in a small but finite region 
in such a way that the charge density is everywhere finite and con- 
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tinuous. By these devices we are able to avoid many analytical 
complications in the development of the general theory, while still 
reserving the right to introduce surfaces of discontinuity into specific 
problems where it is clear that their use does not vitiate the calcula- 
tion. 

As 

Vi-ViPot w-VfVxl' 

L Jr 4^12 

r — + 0 
R — ► oo 


we might be tempted to diflFerentiate under the sign of integration, 
treating the limits of the integral as constants. However, that pro- 
cedure, which would yield zero in view of the fact that Vi*Vx(i/r 12 ) 
— o, is not legitimate since the lower limit is a function of yi, Z\. 
In fact we shall see later that it is permissible to differentiate Pot u 
once under the sign of integration without regard to the limits, but 
not twice. The correct evaluation of the second derivative will lead 
us to Poisson's theorem. 

At present, however, we shall employ another method making use 
of the commutation property of V and Pot, and of Green’s theorem. 
We have from (21—3) 


V1-V1 Pot« = Pot V 2 -V 2 « 


By Green’s theorem (17—2) 


t 

= Pot*V 2 -V 2 «. 

1 — ► 0 

R—> 00 


( 22 - 2 .) 



I 

— v 2 -v 2 « — «v 2 *v 2 

7"12 




I 

— V 2 « — 
r 12 



• dcr 2 . 


As, however, V 2 -V 2 (i/ri 2 ) is identically zero. 


/ R 

V 2 • V 2 udr 2 

4^12 


= / — - — V 2 U'dv 2 — / V 2 \——)‘d<r 2 . (22-3) 

47T r 12 4 7 T \r 12 / 


The region over which the volume integral is taken is that included 
between a small sphere cf radius r about the point Pi,whose coordi- 
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nates are x 1} y u z u and a large sphere of radius R. Therefore the 
surface integrals must be evaluated over each of these spheres. 
Now let R be taken large enough so that u> if it does not vanish 
identically over the outer surface, is equal to /(0, <j>)/r 12 , where n > o. 

dti 

Hence the normal component of V 2 u is —nf{ 6 , <j>) /r 1 £ 1 . More- 

< 5^12 

over the normal component of V 2 (i/r 12 ) is — i /r 12 . Consequently 
the sum of the two surface Ìntegrals over the sphere R is 


~r f 

4irR n Uq x/q 


f(d , 4 >) sin dd 6 d 4 >. 


which approaches zero as R increases without limit, provided n > o. 

Over the small sphere the normal component of V 2 (i/r 12 ) is i/rf 2 
since the positive normal to the surface is inward. Let x be the angle 
which r 12 makes with the value (V 2 u) i of V 2 u at P u Then we can 
choose r small enough so that the sum of the two surface integrals 
over the sphere r does not differ in absolute value from 



= — | V 2 u |i 



\r cos x sin x dx — Ui ——ui 


by more than a previously as- 
signed small quantity e. Passing 
to the limit, 

Pot V 2 • V 2 u = —u i, (22-4) 

a relation which is valid provided 
n > o. If, however, n > 2, Pot u 
exists, and we obtain Poisson’s 
theorem (22-1) by combining 
(22-4) with (22-2). 

Now let us consider the dif- 
ferentiation of Pot u under the 
sign of integration. Let P x (Fig. 
27) be the point whose coordi- 
nates are x l3 y 1, zi, and P[ a 
point whose coordinates are 



A.vi, y 1, Zi. First we describe a 
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flxed sphere of radius a about P\ so small that we can replace the 
continuous function u by u\ at all points inside this sphere without 
appreciable error. About P\ and P\ we have the two spheres r 
and r' of the same radius, small enough so that they lie entirely 
inside a. Next we describe a fixed sphere A > p about P\> outside of 
which lie the two spheres R and R' of the same radius described 
about P\ and P \' . Then 


u)xi, y\, Z\ 


/ d 

: 


dr s 


T 4^*12 


+ 


/ 


4^12 


dr^ + 


/ R 

U 


(*2» > 22) 

47rri2 


dr 2. 


As the spheres a and A are fixed, we can differentiate the second 
integral under the sign of integration. Hence 


(Pot ^-,>(/ 4-/^1 

A^i L J r > A.7rr 12 <J r A'Kr\2,\ 


dx\ " ' * J_ Ax\ l J r > 4^12 «/ r 47rri2 

Axi — »0 

.u4. 


+ 

.22' 


" (- 


+ 

Axi — ► 0 


f - 

J a 47 r &vi Vri2/ 

i* 1 | f R j' _ f j 

L 4^12 -/4 47 rri 2 2 . 


— ) u{x 2 ,y 2 , Z 2 )dT 2 
12 / 

22 


47 rri 2 

where r \ 2 is the radius vector drawn from P\. Now 


/ 


a 


dr 2 
/*12 


= 27 r(a 2 — r 2 ). 


(22-5) 


To get the corresponding integral about P\', we recall that the 
potential in the usual units due to a spherical shell of mass m and 
radius b at a point distant p from its center is m/b if p ^ b and m/ p Ìf 
p ^ b. Now the integral under consideration is equai to the integral 
throughout the volume bounded by a less that through the volume 
bounded by r'. Consequently, expressing the first as the sum of the 
integral over the region bounded by the sphere of radius Aati about P\ 
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and the integral over the region between this sphere and the sphere of 
radius a. 


f a dT 2 = 

J r ' 7 "l 2 


jtirAxi 2 + 


a 

*/Axi 


47rri2 2 ^i2 

*"i2 



/ 9 7 / 

471^x2^! 2 
^12 


= -^TrÀATi 2 -f- 2,71- (<2 s 


Aa;i ) — iirr 


/2 


Hence, as r’ = r. 


’ r dr, r 

Jr' 4^12 ./■ - 




4^12 


= — -g-À^i . 


The expression in the last brace on the right of (22-5) is easily 
found to be of the order of Ax\/ A n ~ x , and therefore the last term is 
negligible if A is taken sufficiently large, provided n > 1. 

Now, proceeding to the limit Ax\ — >0, r— >o, R— >00 in (22-5), 
in any order whatsoever, 

£1 (Pot u) ££(£) u(x2 > y *> z2)dT2 - ( 22 ~ 6) 


By taking a sufficiently small and A sufficiently large at the start, 
we can ensure that the difference 


J a 47T 3^1 V*i2/ 

a— * 0 
A -+ 00 


U (x 2 » JV 2 j 2 2 ) dr 2 




d 


47T dx\ 



u(x2,y2,Z2)dr 2 


is less than any previously assigned small quantity e. 
may write 


d 


dx\ 


(Pot 



00 

JL JL 

4 tt dx\ 



u{x 2 , y 2 , z 2 )dr 2 , 


Hence we 


(22-7) 


which shows that we may differentiate Pot u once under the sign of 
integration without regard to the limits. 

Now we shall proceed to the second derivative. Indicating by an 
asterisk that the integral extends only from the sphere r to the sphere 
R, we obtain by differentiation 
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dxi 


(Pot u ) 


-«■/ 

%S r 


x 2 — Xi 

~3~ ^ T 2 


r 4^12 


+ / u{x 2 ì y 2ì z 2 )dr 2 + / 

j a 4 x a*i Vi 2 / J A 


R 


X 2 — X\ , 

T *(*2, J2, Z2)^T2, 

4^12 


and 

a J a 

a#i 
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(22-8) 


We notice that {(#2 — < #i)A'i2 8 \dr 2 is just the X component of 
the force at P ± due to attracting matter of unit density filling the 
volume dr 2 . As the force due to a spherical shell of such matter is 
zero for an interior point, and the same as if the matter were con- 
centrated at its geometrical center for an exterior point. 


and 




dr 2 — — ^rrAx\. 


The expression in the second brace on the right of (22-8) is of the 
order of Ax\/ A n , and therefore the last term is negligible if A is taken 
sufficiently large, provided n > o. 

Hence, prcceeding to the limit Aati — » o 5 r — * o, R — » 00 in (22-8), 
in any order whatsoever, 

) u(x 2 ,y 2ì z 2 )dr 2 . (22-9) 


a*i j 


(Pot u) = — -i-«i + 


/ A 

47T 


a#i j 



59 


POISSON’S AND LAPLACE’S EQUATIONS 
As in (22—7) we may write this 

-£- 2 (Pot u) =-ì Ul + £ ~ ~ (A) u(x 2 , y 2 , Z 2 )dr 2 , (aar-io) 

which shows that we may not differentiate Pot u twice under the sign 
of integration without regard to the limits. 

Adding to (22—10) similar expressions for the second derivatives 
with respect to y and z, we get Poisson’s theorem 

Vx-Vi Pot u —— u\ , (22-11) 

since Vi* Vi(i/ri2) vanishes identically. 

If each component of a vector function V of the coordinates satis- 
fies the conditions imposed on the scalar function u just considered, 
Poisson’s theorem evidently holds for V, that is, 

Vi*Vi Pot V =— Vi. (22—12) 

Hereafter we shall drop the subscripts appearing in the equations 
expressing the results of this and of the previous article. However, 
it must be remembered that V appearing before Pot represents Vi, 
whereas V following Pot represents V 2 . In fact, when V commutes 
with Pot it changes from Vi to V 2 or vice versa. Both Pot u and 
V • V Pot u are functions of x Xi y u z x , and hence it follows of necessity 
that the u appearing on the right of (22-11) is the value of u at 
■tfij y\ì that is, a function of ,_y 1} In future we shall generally 
omit the subscripts on the coordinates x , y, z, save in those cases 
where both sets of coordinates àppear explicitly. 

23. Poisson’s and Laplace’s Equations. — An important equa- 
tion of theoretical physics, known as Poisson y s equation , is 

V-VO =— p, (23—1) 

where p is a finite, continuous and single-valued function of the coordi- 
nates which either vanishes or becomes equal to /(0, <f> ) /r n , where 
n > 2, for all r > p. 

By means of Poisson’s theorem we can solve Poisson’s equation 
for <i>. For, if we take the potential of each side, 

Pot V-VO =— Pot p. 

Using (21—3) this becomes 

V -V Pot = — Pot p. 
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and, applying Poisson’s theorem (22,-1), 

<£ = Pot p. (23- 2) 

Similarly if 

V • VV -- w, (23-3) 

where w is a vector function of the coordinates whose components 
satisfy the conditions stated above for p, we get the solution 

V = Pot w. (23-4) 

If p = o everywhere inside a volume r, Poisson’s equation (23-1) 
reduces to Laplacè* s equation 


V • V< 3 ? = o (2.3—5) 

inside this region. If <ì> is given over the surface a bounding r, a 
solution of this equation which satisfies the boundary conditions is 
unique. For let <ì>x be one such solution and <3>2 another distinct 
solution, if such exist. Then <£ 0 = <$2 — $1 satisfies Laplace's 
equation. Integrating the identity 

V $0 * V $0 = V • <J> 0 V 4 >o ~ <I 5 o V • V <I>o 


over r we get 


= V • 4> 0 V3>o 

j" V #0 • V 3>o^ r = j" V • <ì>oV <J> 0 ^ T 

— j* <ì>o ‘ èxj 


by Gauss theorem. But $2 — <I>i and hence <ì> 0 = o everywhere 
on <7. Consequently 

V <ì>o * V <Ì>o<^r = o. 



Now the volume integral of the square of a vector can vanish only if 
the vector vanishes ìdentically everywhere ìn the region of integration. 
Hence V<ì>o = o everywhere in r, and <i> 0 = C, a constant. But 
4 >o = ^>2 — 3 >i vanishes everywhere on <r. Consequently C = o and 
<Ì2 = <ì>i everywhere in r. 

If the dependent variable is a vector function, Laplace’s equation 
becomes 


V • W = o. 
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This is equivalent to three scalar equations in which the dependent 
variables are F'xy Vy and V z . Consequently a solution which satisfies 
assigned boundary conditions over the surface <j bounding t is unique. 

If Laplace’s equation holds over all space, (23-2) shows that 
$ = o is the only possible solution. So in any physical problem 
Laplace’s equation can hold only in a limited region or regions. 

24. Resolution of a Vector Function into Irrotational and Sole- 
noidal Parts. — Let V and its first and second derivatives be finite, 
continuous, single-valued functions of the coordinates. Then 

VXVXV = VV-V~V-W, 

and, provided V vanishes identically for all r > p or becomes equal 
to f {6 , <t>)/r n where n > o, 

Pot V • W = Pot VV • V — Pot V X V XV. 

Under the same conditions Pot V • W = —V, in accord with (22-4). 
Hence 


V = — Pot VV • V + Pot V X V X V. (24-1) 

The first term on the right is irrotational and the second solenoidal. 
This relation shows us that any well-behaved vector function, which 
vanishes, however slowly, at infinity, can be expressed as the sum of 
an irrotational and a solenoidal vector function, and is completely 
determined by its divergence and its curl. 

If V is entirely irrotational and vanishes more rapidly than i/r at 
infinity, 

V = - V Pot V • V, (24-2) 

and hence V can be expressed as the gradient of a scalar potential 
function, as proved otherwise in article 18. 

If V is entirely solenoidal and vanishes more rapidly than i/r at 
infinity, 

V = V X Pot V X V, (24-3) 

and therefore V can be expressed as the curl of a vector potential 
function. 

While a vector function V may be both irrotational and sole- 
noidal in a limited region, it cannot possess both properties every- 
where, for then (2,4-1) would require that it be zero throughout space. 



62 


THREE-DIMENSIONAL VECTOR ANALYSIS 


Problem 240. . If V is a constant vector parallel to the X àxis, show that it 
can be expressed either as V<I> or V X A, and find *!> and A. 

Ans . 4 > — Vx 4 - const; A = £(V X r) + V«, where « is an arbitrary 
function of the coordinates. 

25. Dyadics or Tensors. — Many physical laws are represented. 
analytically by equating one vector to the product of another vector 
by a scalar. Such a law is the second law of motion, F = ?ni, where 
F is the force acting on the mass m and f the resulting acceleration- 
On the contrary, the law relating the electric displacement D to the 
electric intensity E in a homogeneous anisotropic medium, while 
linear, is not so simple, for each component of displacement is in 
general a linear function of all three components of electric intensity- 
Here we must write 

D x = &llDx “ 1 “ a 12 ^y + a 13 E z , 

D y — a2i-E x + a22&y + a 2zE z , 

D z — a^\E x + a^zEy + a^zEz. 


It is obviously desirable to express this law in vector form. We can 
do so if we replace E x by z-E, E y by j- E, E z by fe-E, multiply the 
three equations by i, j , k respectively, and add. Then we have 


\ anii + a^ij + ai^ik 


D = 


+^21 ji + a^^jj + a^zjk 



(25-1) 


“I” ^32^7 + ^33^^ J 


where the dot on the right-hand side indicates that the scalar product 
is to be taken between the second unit vector in each term inside the 
braces and E. 

The operator 

= a-nii + a^ij + aiz ik 

+ a^iji + a^^jj + a^zjk (25— a) 

+ a% 1 ki + a^kj + a^zkk 


is known as a dyadic , or tensor of second rank. In tensor language a 
vector is called a tensor offìrst rank , and a scalar a tensor of zero rank. 
Equation (25—1) may now be written 


D = ¥ E, 
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whìch expresses D as a linear vector junction of E. In àddition to the 
product ^-E of W and E we may form the product E* 1 i r by taking the 
scalar product of E by the first unit vector in each term of M*. In the 
first, E is said to be a postfactor to in the second, a prefactor. Note 
that the vector E-^ is not in general equal to the vector ^P-E. 

If aij = aji in (25—2) the dyadic is said to be symmetric , whereas 
if aij = — aji (and therefore au = o) the dyadic is skew-symmetric. 
If P is a vector, evidently P*^ = ^-P if is symmetric, and 
P-xjjr = — <P*P if is skew-symmetric. 

Clearly each term in the dyadic ^ is formed by the juxtaposition 
of two vectors, such as and 1, or j and a^ii, in the term a^\ji. 
If a and 1 are any two vectors, the undetermined product al is called a 
dyady the vector a being known as the antecedent and 1 as the conse- 
quent. If either antecedent or consequent is expressed as the sum 
of two or more vectors, the distributive law holds, for 

(a + b)l-P = (al + bl) * P. 

On the contrary, the commutative law does not hold in general for 
the two vectors constituting a dyad, since 

al -P 5 ^ la-P 

unless a has the same direction as 1. 

Evidently a dyadic is just a sum of dyads obeying the commu- 
tative and associative laws of addition. We shall now show that any 
dyadic may be expressed as the sum of three dyads. For let 

= al + bm + cn + do. 

If 1, m, n are not coplanar, we may put o = /1 + + hn so that 

^ = (a +/d)l + (b + ^d)m + (c + n, 

whereas, if 1, m, n are coplanar, we have n = p\ + qm. and 

SP = (a + ^>c)l + (b + ?c)m + do. 

Hence, the most general form of a dyadic is 

= al + bm + cn. ( 2 5~3) 

Furthermore, if the antecedents or consequents of the dyads 
constituting a dyadic are coplanar, the dyadic may be reducèd to the 
sum of two dyads, and if they are collinear, to a single dyad. The 
first is called a planar dyadic and the second a linear dyadic. 
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If the vector P is perpendicular to the plane of the consequents 
of a planar dyadic then ^ • P — o. Conversely if ^ • P — o for 
some vector P, ¥ must be at least planar with its consequents at 
right angles to P. 

If a dyadic is given in the form (25—3), it may at once be put in 
the nonian form (25-2,) by expressing each of the vectors a, b, c, 1, m, n 
in terms of its components. For let a = ia x + ja y + ka z , etc. Then 

a\\ = a x ix + b x m x + c x n x , 

#12 = &xiy + b x m y + c x n y , 

^21 = ftybx + b y m x + c y n x , 

etc. The scalars a z j appearing in the form (25—2) are called the 
elements of the dyadic. 

Let W be a dyadic with elements a%j as in (25-2), and $ a dyadic 
with elements bij. Then, if NP = $, each element of is equal to the 
corresponding element of $. To prove this, take the scalar product 
of each dyadic with i. We have then 

'Pi = a\ii + a 2 \J + azik, 

$•1 = b\\i + b 2 \j + bz\k. 

As these two vectors are equal, a\\ = b\\, a 2 \ = b 2l , a 3l — b 31 . 
Multiplication by j and k shows the remaining corresponding elements 
to be equal. 

Let the dyadic X with elements c^- be the sum of the dyadics 
and # with elements aij and bij respectively. Then Cij — acj + bij. 
For we have 

Xz = V i + $z 

and similar relations with j and k replacing i. Writing these in 
terms of the elements of the dyadics involved, the desired relations 
are obtained at once. 

The antecedents and consequents of a dyadic 'P appearing in a 
physical law may be either constant vectors or proper vector func- 
tions of position in space. Then if P is a proper vector, <P*P and 
P ^ are proper vectors. 

To find the transformation for the elements of a dyadic when we 
pass from one set of rectangular axes XYZ to another set X'Y'Z' 
differently oriented, we note that P SP Q represents the same scalar 
relative to either set of axes, whatever the vectors P and Q may be. 
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Letting P and Q represent successively the unit vectors i', j', k', the 
elements a\j of the dyadic when referred to AT'Y'Z' can be immedi- 
ately determined in terms of the elements a^ referred to XYZ. Thus, 
using the notation of (8—4), 

#21 = j' W i'— (j/21 -f- j/22 ■+■ k/23) ’ (j/11 + j/12 + k/is) 

= 2 z^ia ij/i j • 

13 

Since the distributive law holds for the product of a dyadic by a 
vector, this process is equivalent to substituting for i, j, k in the 
nonian form (2.5—2) their values in terms of i', j', k' as given by (8—4) 
and collecting like terms. 

We shall now prove two important integral theorems for dyadics 
which follow from Gauss* theorem. Let be the dyadic (25—3) with 
antecedents and consequents which are functions of the coordinates, 
and dcr a vector element of area. Then 


dcr-SP = la**/<r + mb -dcr + nO'dar, 
and, if we integrate over any closed surface c r, 

dv- s & = J la 'do’ + • * ■ = J V -BÌdr +•••=* J V -MWr ( 25 — 4 ) 
by (17-4). Next, if r = ix + jy + kz, 

J r X (da'^S) = / r X la da + • • • = Jv ar X Idr + • • • 

= / r X (V-sd)dr + • • • + / a-Vr Xl^r + • • •. 
d d d 

Now, as a-V = a x — — h a y — — f- a z — and r X 1 = i(y/» — z/j) + 

dx dy dz 

j(z/ x — x/ z ) + k( x/ y — y/ x ), it follows that 

a* Vr X 1 = i(ayi z a s ij) + j(a z l x a x l z ) + k(a x iy ay/j/) 

= a X 1. 

Therefore 

J* r X (dcr-SP) = J r X (V -tydr + J (aXl + bXm + cX n)dr. 
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The integrand of .the last term is the vector formed by taking 
tke.sum of the vector products of the antecedent and the conse- 
quent in . each dyad comprised in the dyadic This vector is 

called the vector of the dyadic and is designated by Since 

(P + Q) X R = P X R + Q X R, its value is independent of the 
form in which the dyadic is expressed. So fìnally we have 


/ 


r X (d<r-W) 


-/ 


r X (V-^)dr + 


/*• 


dr. 


(25-5) 


Evidently if SP is symmetric, 'F* = o and the last term in (2,5—5) 
vanishes. We shall have occasion to make an important application 
of these two theorems in the study of electromagnetic stresses. 

26. Conjugate Dyadics. — If 


= al + bm + cn 


the conjugate of ^ is defìned as the dyadic 

M'c = la + mb + nc 

obtained by interchanging the antecedents and the consequents of 'JS'. 
Evidently !>•'<& = *P C -P and 'P-P = P •\I r c where P is any vector. 

Inspection of (25-2) shows that if a dyadic is symmetric it is 
equal to its conjugate, and if it is skew-symmetric it is equal to the 
negative of its conjugate. Consequently if ^ is symmetric, 
P * SP = MLP where P is any vector. Conversely, if P-*|> = 
where P is any vector, then SP is symmetric. For suppose 'F to be 
expressed in the nonian form (25—2) and let P = i. Then 


z-'S' = a xl i + a 12 j + a 13 k , 

SP-i = a^i + a 2 iJ + &3ik> 

showing that a 12 = a 21ì a 31 = <313, and similarly for the other pairs 
of elements. Hence, as ay = ay^ the dyadic is symmetric. 

If V is skew-symmetric, P-'S? = — ^ P where P is any vector. 
Conversely, if P-M* = — '$! -P where P is any vector, then 'P is skew- 
symmetric. For, if P = z’, we get, just as in the last paragraph, 
a xl = — a lx = o, «12 = — ^21, ^31 = ~ ^13, or in general a £ j = — ay, 
&i% ~~ O. 

Since P- 1 $ r = 'P-P is a relation between vectors which is indepen- 
dent of the orientation of the axes, a symmetric dyadic remains 
symmetric if we refer it to a new set of rectangular axes oriented 



NORMAL FORM OF DYADIC 


67 


differently from the original set. The same statement holdsi for a 
skew-symmetric dyadic. The symmetry properties of dyadics, 
therefore, are unaffected by a rotation of the axes. 

Any dyadic can be expressed as the sum of a symmetric and 
of a skew-symmetric part by writing it in the form 

’*' = §(«' + 9 C ) + £(9 - (26-1) 

where J( 1 ®' + is symmetric since 

(’S' + 'ìf c ) c = ’*'„ + W, = + ¥ = ¥ + 

and JOP — ’S'c) is skew-symmetric since 

(V - y c ) c = v c - w, = - ’*' = - (’S' - «c). 

27. Normal Form of Dyadic. — First we shall show that any three 
non-coplanar vectors may be chosen as antecedents or as consequentsi 
of a dyadic. Suppose that the dyadic is 

= al + bm + cn, 


and that we wish to express it in terms of the consequents p, q, r. 
Provided these three vectors are not coplanar, we can write 

1 = 4p + / 2 q + / 3 r, 


m = mip + m 2 (l + w 3 r. 


and therefore 
where 


n = n ip + n 2 q + n z v y 

y = e p + fq + gr, 

e = /^a + wfb + n^Cy 
f = / 2 a :+.wab. : + n 2 c y 


; = 4a +; + »3‘c. 

Similarly, if we wish.to .use p; qy:.r,for antecedents, 

" ‘yty ='-pii"+ qy + rw, 

where 

ti = a±l + b\vsx + rin. 


(27-1) 




v = a 2 \ + b 2 xo. + 
w = *z 3 l + b z m + c z n, 

the subscripts signifying components along p, q, r as before. 
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Now we shall prove that any dyadic may be put in the novtti al ’J ottti 

M* = + bjijz + ckik 2i (2,7-j) 

where i u j u k x and 12,7*2, k 2 are, in general, two difìferently oriented 
right-handed sets of orthogonal unit vectors. We can see at once 
from the nonian form (25-2) of the dyadic that it would be expected 
that the dyadic could be put in this form by suitably orienting the 
two sets of unit vectors. For suppose that we express the antecedent 
unit vectors in (25—2) in terms of unit vectors 1*1, 7*1, k\ of undeter- 
mined orientation, and the consequent unit vectors in terms of tinit 
vectors i 2 , j 2 , k 2 of undetermined orientation. l'he resulting forin 
Df the dyadic will contain nine elements which are functions of the 
iirection cosines of z'i, 7*1, k\ and of z*2, 7*2, k 2 . Equating the six 
these elements not on the principal diagonal to zero, we have just 
:he right number of equations to determine the directions of i\,ji, k\ 
md 1*2,72, k 2 , since each of these sets of unit vectors has three degrecs 
Df freedom. 

The detailed proof makes use of a xmit vector a of variahle direc- 
:ion laid ofF from the origin. As a takes on all possible directions, 
ts terminus describes a unit sphere around the origin. A second 
^ector p, also laid off from the origin, is defined by the equation 

0 = ¥*a. 


Vs a varies in direction, 0 varies in magnitude as well as in directinn. 
'Jevertheless, since all the elements of the dyadic 'F are supposcd to 
>e finite, 0 never becomes infinite. Hence there must be some direc 
ion of a for which the magnitude of 0 assumes a maximum value, <»r 
.t least a value as great as any other. Let the fixed unit vector * 2 
>e the value of a for which 0 assumes this stationarv value a. Now 
onsider all values of a lying in the plane perpendicular to i 2 . Lct 
he fixed unit vector j 2 be the value of a in this plane for which 0 
ssumes its greatest stationary value b. Finally let k 2 be a fixecì 
nit vector perpendicular to i 2 and/2 in the sense that makes 1*2,72, kt 2 
right-handed set. Then we can write SP in the form 


^ — ©*2 + f^2 + gk 2 , 
nd 


0 = ei 2 a + f 7 * 2 *a + g/z 2 *a. 

*ut, 0 = a when a = i 2 . Therefore e = a. Similarly f = b. So 

^ — ai 2 + b j 2 + gk 2 . (27-4) 
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All that remains is to prove that the three vectors a, b, g are 
orthogonal. As 

P = ( ai *2 + b j 2 + gk^) • a. 


and 


d& — (az*2 + b/ 2 + gkz) • da, 

P’^P = P ' az*2 • da + p • b/ 2 • da + p-gft 2 -ia. 


As p has the stationary value a when a = i 2 , {3-^0 =0, and we 
have 


a-b/ 2 da + a • gk 2 • = o. 


since ^a must be perpendicular to z* 2 . Now da may have any direc- 
tion parallel to the plane of j 2 and k 2 . If it is taken parallel to j 2 we 
get a-b = o, whereas if it is taken parallel to k 2 we find a-g = o. 

Next restrict a to thej 2 k 2 plane. Then, since (3 has the stationary 
value b when a = j 2 , 

b*g k 2 -dcL = o, 
which requires that b • g = o. 

As a, b, g are orthogonal, we may select a right-handed set of 
orthogonal unit vectors 1*1,7*!, by putting a = ai ly b = òj u g = ck ly 
where c equals g or -g according as a, b, g are right-handed or left- 
handed. Then (27—4) reduces to (27—3). 

28. Normal Form of Symmetric Dyadic. — We have seen in 
article 27 that any dyadic can be put in the normal form 

^ = eiii 2 +fjd2 + gk ift 2 , (28-1) 

where i lì j 1 , k^ and i 2ì j 2 , k 2 are two right-handed sets of orthogonal 
unit vectors. We shall now show that if is symmetric, (28—1) 
reduces to the yet simpler normal form 


^ — aiiii + bjdi + ck fk^. (28—2) 

That it would be expected that the dyadic could be put in this form 
is evident from the considerations advanced in article 27 immediately 
following equation (27-3). For, since a symmetric dyadic is equal to 
its conjugate, the process described there results in only three equa- 
tions of condition, which can be satisfied by a single set of suitably 
orìented orthogonal unit vectors. 
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To give a detailed proof for the case where e,f, g in (28-1) are all 
difFerent, we note that, since is equal to its conjugate. 


^ = eiih +/>‘1/2 + gkik-2 = ei 2 h +//2/1 + gk 2 k x . (28-3) 

Without loss of 'generality we may assume e > f > g. Putting as 

before _ 

P = ^a, (28-4) 


where a is a unit vector of variable direction, we know that / 3 2 
assumès its greatest stationary value e 2 when a = 1*2- But / 8 2 = e 2 
from the second form of (28-3) only when a=±i*i. Therefore 
1*2 = =b 1*1. Consequently j\ and k\, since they are perpendicular to 
2*1, are also perpendicular to i 2 . 

Next restrict a to the plane perpendicular to i 2 . When a is so 
restricted, / 3 2 assumes its greatest stationary value / 2 for a = j 2 . 
But / 3 2 = / 2 only when a, restricted to the plane perpendicular to z*!, 
is equal to ±7*1. Hence j 2 =±7*1. Consequently we may put 
ei 2 = ai\,jj<2. — &ji) gk 2 = cki , where a equals e or — e accordingly 
as 1*2 equals 2*1 or — 2‘ l5 etc., thus obtaining (28—2). 

This proof fails if two of the coefficients e,f, g in (28-1) are equal, 
for then one of the stationary values of / 3 2 exists for more than a 
single pair of opposite directions of a. However, this case can be 
included in the treatment given if it is considered as the limiting case 
reached when one of the originally different coefficients e, f, g is 
allowed to approach another in value. 

The directions of the unit vectors 2*1,7*!, *i which give a symmetric 
dyadic ^ its normal form (28-2) are known as the principal axes of 
the dyadic. It remains, now, to determine the directions of the 
principal axes and the magnitudes of the coefficients a, b, c when the 
dyadic is given in the nonian form (25-2) relative to an arbitrary 
set of unit vectors 2, 7, k. Putting (28-2) in (28-4) we see that (3 
has the direction of a only when a is parallel to one of the principal 
axes, 2*1, 7*1 or k\, and that then (3 is equal in magnitude to a, b , or c 
respectively. So the determination of the directions of the principal 
axes reduces to the solution of the equation 

^•a = /Sa (28-5) 

where / 3 , as usual, represents the magnitude of the vector p. Desig- 
nating by 1 , m, n the direction cosines of a relative to the unit vectors 
i,j, k with respect to which is given by (25—2), 

a = li + mj + nk. 
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and the three scalar equations to which the vector equation (28— <) is 
equivalent are 

( a n /3)/ + ai 2 m + <331 n = o, 

tf i2 i + ( a 22 — $)m + a 2z n = o, ■ (28-6) 

a zil + a 2 zm + (/z 33 — /3 )n = o, 

where we have made use of the relation a^ = a#. 

Eliminating /, m , w we have 

a n /3 #12 #31 

^12 #22 — 0 #23 

^31 #23 #33 ““ 0 

Since we know that the dyadic can be put in the form (28-2), this 

cubic ìn 0 must have three real roots equal respectively to a , b and c. 

Using each of these roots in turn in (28-6) and making use as well of 

the relation l + m + n 2 = 1, we find the direction cosines of the 

1 j • « unit vectors i, j, k in terms of which the 

dyadic ìs expressed by (25-2). 

We have already noted that if the unit vector a in (28-4) is laid 
oflF from the origin, its terminus describes a unit sphere with center 
at the origin. Now we shall show that if the vector p is laid off from 
the origin as well, its terminus describes an ellipsoid with semi-axes 
a, b , c parallel to the principal axes of the dyadic. For let 

a — 4 * 1 + miji + n{k\, 

P = h* + jiy + ki z, 

where 1*1, 71, ki are parallel to the principal axes of and l\, m u 

are the direction cosines of a relative to these axes. Then, puttine 
(28-2) in (28-4) we get r 6 

x ~ a h* y = bm\, z = cni, 
and remembering that /i 2 + + n* = 1, 

tf 2 y 2 2 2 

-2 + 72 + ? = 1- (28-8) 

Consequently the effect of the symmetric dyadic 'P operating on the 
umt vector a of variable direction is to distort the unit sphere 
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described by the terminus of the latter into an ellipsoid with semi- 
axes a , b, c along the principal axes of the dyadic. 

Problem 28a. Reduce the symmetric dyadic 

^ = 6ii 4" o ij — f- oik 
+ Oji + 34 jj + I Ijk 

+ oki + ìikj + 41 kk 

to normal form and find the direction cosines of the principal axes. 

Ans . ¥ = 6*1*1 + 50/1/1 + 25*1*1. l,m, n = i, o, o; o, dh|-, =Ff; o, d=f, 

. 4 
=±=3-- 

Problem 28b. Reduce the symmetric dyadic 

NP = 53** + 6*/ + 12** 

+ 6/1 + 58// + 18/* 

+ 12** + 18 */ + 85** 

to normal form and find the direction cosines of the principal axes. 

Ans. ^ — 981*1*1 + 49/1/1 + 49*1*1. I, m, n — f, f, f for *i;others not 
determined because two coefficients are equal. 

29. Normal Form of Skew-Symmetric Dyadic. — Let 

^ = oii + a 12 ij — a 3i ik 

— a 12 ji “ 1 ” °jj + a 2 ^jk 

+ a 3lki — a 2 2,kj + okk (29—1) 

be a skew-symmetric dyadic, satisfyìng the condition a^j '= — aji. 
Then, if P is any vector, 

'F’P = Ì(Py a 12 — Pz a Zl) + j(Pz a 2 Z — P x a 12) + k(P x a 3 i — P y a 23), 
and if X is the vector 

X = ia 23 + ja 3 i + kai 2 


whose components are the three independent elements of 'P, it appears 
that 


ijr.p = P X X, 
P ¥ = \ X P. 


(29-2) 


The direction of X is called the axis of the skew-symmetric dyadic 
V. If, now, the unit vector 1/ is given the direction of X, we can 
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wrìte X — Xi'i, where X = 3 2 + «3i 2 + «i2 2 - Choosing unit 

vectors 7*1 and fei in any directions at right angles to z’i so as to con- 
stitute a right-handed rectangular set, we can in any event write 

^ = oi'iz'i + a 12 hji — a'zihki 

~ a i 2 j\i\ + 07 * 17*1 + a 2 zjiki 

+ a z\k\i\ — a 2 zk\ji + ok\k\ 

for the dyadic referred to the new axes. But, on account of (29-2), 

<1**11 = — ai 2 jl + < 231*1 = o, 

giving d\2 = <331 = o. Furthermore 

^ 7*1 = — «23*1 = Xfei 

giving <323 = X. So fìnally ^ reduces to 

T = XC/jfti - *i 7 i) (29-3) 

relative to the new axes. This is the normal form of a skew- 
symmetric dyadic. We see from (29-2) that operating with a 
skew-symmetric dyadic 'P on a vector P is equivalent to taking the 
cross product of P by the vector X formed from the elements of the 
dyadic. It is worthy of note that a skew-symmetric dyadic is always 
planar, as indicated by (29-3). 

Problem 2pa. Reduce the skew-symmetric dyadic 

= o i/ + 'iìj — 6ik 
- iji + ojj + 3 jk 
+ 6ki — 3 kj + okk 

to normal form and find the direction of its axis. 

Ans. = 7 ( 7 i*i — ArJi), /1 = | / + %j + fAr. 

Problem 2pb. Prove that the vector X defined in this article is half the 
vector of the dyadic as defined in article 25. 

Problem 2gc. Let be the dyadic 

^ = {ii + cos 4> (JJ + kk ) } + {sin <f> ( kj — jk)}, 

the first part of which is symmetric and the second skew-symmetric. Show 
that ^-P, where P is any vector, is a vector obtained from P by a rotation 
through an angle <f> about i. This dyadic is called a versor. 
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30. The Unit Dyadic. — The symmetric dyadic 

I = ii + jj + kk 

is known as the unit dyadic^ since, if P is any vector, 

I-P = ii-P +jj-'P + fcfc-P = 

P I = P*ii + T?-jj + P-fefe = p. 

Let us refer the unit dyadic to a set of axes X r lf r Z r with unit 
vectors i', /, k r parallel to the three axes respectively. Then 

I = a'ni'i' + a'\2 i'j' + a'izi'k' 

+ * 2 l j'Ì' + **j'f + <*23 j'k' 

+ a'sik'i' + a^k'j' + a%fk r k! . 

But, since I • i r = i' from (30-2), we have a' n = 1, #21 = <231 = o, 
etc. So the unit dyadic takes the form 

I = i'i' + j'f + k'k' (30-3) 

when referred to the axes X'Y'Z' . 

Next let us choose any three non-coplanar vectors a, b, c as 
consequents of I. We have then 

I = ea + fb + gc. 

Form the scalar product of I by b X c. Then, asI*bXc = bXc, 

I*b X c = ea b X c = b X c, 

and consequently 

= b X c 
6 a*b X c 

Similarly 

= c X a 
” a*b X c* 


( 3 0-1 ) 

(30-2) 


a X b 

S a*b X c 

We see, therefore, that e, f , g are the set of vectors reciprocal to the set 
a, b, c. Hence the antecedents and consequents of the unit dyadic 
may be taken as any pair of mutually reciprocal sets of vectors. 
Using the notation of article 7, 

I = aa' + bb' + cc' = a'a + b'b + c'c. (30-4) 
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31 . Products of Dyadics. — If M* and $ are the two dyadics 

= al + bm -j- cn, 

$ = e p + fq + gr. 


we defìne the scalar product by 

M?-# = (al + bm 4- cn) • (ep 4- fq 4- gr) 
= (l-e)ap + (l-f)aq + (I*g)ar 
+ (m-e)bp + (m • f )bq + (mg)br 


+ (n-e)cp + (n-f)cq + (n-g)cr. 


Evidently *&•$ is a dyadic itself. The commutative law does not 
hold for this product, since clearly in general. However 

the associative law holds since (MP*$) -X = M*- ($-X). If the dyadics 
are expressed in nonian form, so that 

M? = a X1 H + ^12 ij + a 13 Ìk 
+ a 2lji + a 22 jj + #23 Jk 
+ a 31 ki + #32 kj + a 33 kk 9 
$ = b 1X H + b 12 ij + b 13 ik 
+ b 21 ji + b 22 jj + b 23 jk 


then 


+ b 31 ki + b 32 kj + b 33 kk y 

= ci\U + c 12 ij + c 13 ik 
+ c 21 ji + c 22 jj + c 23 jk 


where 


+ c 31 ki + c 32 kj + c 33 kk f 


C ij — ^f a ikb]cj' 

K 


This law of multiplication is identical with that for matrices. 

Evidently the dyadic I acts as unity when multiplied by another 
dyadic as well as when multiplied by a vector, since 


qr-I = I. qr= qr. 
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32. Reciprocal Dyadics. — Suppose we wish to solve the equatìon 

P = ( 3 2 " 1 ) 

for the vector Q. As we have seen we can always put the dyadic in 
the normal form 

= aiiiz + bjij^ + ckik^ (32—2) 

by a suitable orientation of the two sets of unit vectors 2*1, ji, fei and 
1*2, /2? ^2- Hence 

P = haQ X 2 + j\bQ V 2 + k\cQ Z 2 , 

where <2x2, Qy 2 , Qz 2 , are the components of Q along i 2 , 7*2, ^2- So, 
if P x \y Pyu Pzi are the components of P along h, Ji, fei, 

Pal = aQx 2 ì Pyl bQy 2 ì Pz\ cQz 2 ì 

and 

Q = 1*2 " ^xi + Ja 7 + ^2 ~ Pzi 

a o c 

= 1*2*1 + ^ j^jl + " ^2^1^ ‘ P - 

The dyadic 

¥ _1 ■ - 1*2*1 + 7Ì2A + - ft 2 fel ( 3 ^- 3 ) 

a 0 c 

is known as the reciprocal of *?, and the solution of (32,-1) for Q is 

Q=^-Lp. (3^-4) 

Evidently 1 = 1 = I. In fact, by virtue of this 

relation, we obtain (32-4) from (32-1) at once by taking the scalar 
product of both sides of the equation by ^ -1 . We may define recip- 
rocal dyadics, then, as two dyadics whose product is equal to I. 

If 

T = al + bm + cn ( 32-5 ) 

is any dyadic, its reciprocal is 

= l'a' + m'b' + n'c', (32-6) 

where a', b', c' are reciprocal to a, b, c and l', m', n' to 1 , m, n. For, 
as shown in article 7, 11' = m-m' = n-n' = 1, l-m' = l-n' = o, 
etc., and hence 


by (30-4)* 


= aa' + bb' + cc' = I 
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If is given in nonian form, we can write 
^ == i(a n i + a 12 j + aisk) + j{a 2 \i + a 22 j + a 22 k) 

+ k(a 31 i + a 32 j + a 33 k ), (32—7) 

which has the form (32-5) with a = 1, b = j, c = k, 1 =a n i + a 12 j 

+ a 13 k y m = a 21 i + a 22 j + a 23 k 3 n — #311 + a 32 j + a 33 k. Hence 
a' = 1, b' = j, c' = k and 

Y X n iA 11 +7*^12 + kA . 13 

l m X n | a\ 9 

/ _ 11 X 1 _ iA 21 + jA 22 + kA 23 

l m X n \ a \ 9 

__ Ì X m _ ÌA31 + JA32 + kAzz 
1 -m X n \a\ 5 

where | a \ is the determinant of the a^j s and Aij is the cofactor of 
aij in the determinant. Hence 

* _1 = fTì ^ 11 " + +21Ù' + 

+ A 12 ji + A 22 jj + A 32 jk 

+ A 13 ki + A 23 kj + A zz kk}. (32-8) 

Let ^ be a symmetric dyadic. Then P- *P*P w here P is any 
vector. Consequently 

(^r.p).ijr- 1 = (p.ijr) .^-1 = p = p). 

Hence, as ^P is an arbitrary vector, 1 ìs symmetric. We conclude 
that the reciprocal of a symmetric dyadic is itself symmetric, and 
similarly that the reciprocal of a skew-symmetric dyadic is skew- 
symmetric. 

Problem 32a. Find the reciprocal of 

¥ = 6 ii + oij + oik 

+ 0/7 + 3477 + i'Uk 
+0A:/ + 1 ikj + ^ikk 

and check your answer by showing that 'F ^/~ l = I. 
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THE PRINCIPLE OF RELATIVITY 

33. Equivalent Particle-Observers. — An event is a phenomenon 
occurring at a particular point in space at a particular time. On 
analysis all physical measurements are found to consist of a record 
of coincidences of two or more events. In order to specify quanti- 
tatively the space interval and the time interval between two separate 
events by means of a record of coincidences it is customary to employ 
rigid material measuring rods and isochronous material clocks. The 
concepts of rigidity and of isochronism, however, require careful 
definition, for no material rods or clocks possess these properties by 
inherent right. For instance, a glass rod and a steel rod relatively at 
rest, which agree in length when compared at one place and time, 
will not in general be of the same length when compared at another 
place or time if there has been a change in temperature or in the 
strength of the electric or magnetic fields in which they lie. Again, 
earth time and moon time show slight discrepancies, and even the 
rates of two atomic clocks relatively at rest will not in general main- 
tain their initial ratio if the electromagnetic field in which they are 
located has changed. In fact, the measurement of distance by a 
material rod or of time by a material clock sufFers from the same 
uncertainty as the measurement of temperature by an expansion 
thermometer. Here it was long ago recognized that two thermom- 
eters employing difFerent thermometric substances do not give 
concordant readings at other than the fixed points. The attendant 
confusion was not resolved until the invention by Kelvin of the thermo- 
dynamic scale. Although no laboratory technician would attempt to 
construct the innumerable reversible heat engines required to realize 
this ideal scale, he is able by indirect methods to compare with it the 
scale of the constant pressure or the constant volume gas thermometer 
which he uses in practice, and thereby to determine whether or not 
the volume or the pressure of a given gas increases linearly with the 
temperature. In the measurement of distance and of time we need 
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an ideal criterion analogous to Kelvin’s thermodynamic scale of 
temperature by which to judge whether the number of placements end 
to end of a given material measuring rod and the number of oscilla- 
tions of a given material clock are directly proportional to the space 
intervals and the time intervals, respectively, between pairs of 
events; in other words, a criterion of rigidity and isochronism. In 
the absence of such a criterion the original formulation of the rela- 
tivity theory was based on undefined concepts of space and time 
intervals which could not be identified unambiguously with actual 
observations. Recently Milne 1 has shown how to supply the 
desired criterion by erecting the space-time structure on the founda- 
tion of a constant light-signal velocity. We shall present a modified 
form of his treatment. 

Our fundamental concern is with relative motion, including rela- 
tive rest as a special case. The concept of motion involves two essen- 
tial entities: a moving-element , and an observer or group oj observers 
relative to whom the motion of the moving-element takes place. A 
moving-element is characterized by a point, whether in a material 
body or not, which can be continuously identified as one and the same. 
An observer, in order to describe the motion of a moving-element, 
must possess a means of measuring the distance of the moving-element 
from himself and a means of measuring the lapse of time. In order 
to emphasize the fact that a single observer’s measurements are con- 
fined to the single point occupied by himself, we shall designate such 
an observer a pai~ticle-observer. Each observer is supposed to possess 
a temporal intuition, that is to say, if two events E\ and E% occur at 
himself, he can judge without ambiguity whether E 2 takes place 
before Ex, simultaneously with E Xì or after E\. We shall provide 
each particle-observer with a device for assigning numbers ri, r 2 , • • • 
to events occurring at himself in such a way that, if event E 2 occurs 
simultaneously with E\ , the numbers r 2 and t\ assigned to the respec- 
tive events are the same, whereas, if £ 2 occurs after E\, then r 2 > t\, 
and vice versa. This device, which may be quite arbitrary in all other 
characteristics than the one specified, we shall call a clock , and we 
shall name r the local time of the particle-observer under consideration. 

Next we shall adopt certain conventions which will enable a 
particle-observer P to employ light-signals, timed by his clock, in 
such a way as to describe quantitatively the motion of any moving- 
element M. Let P dispatch a light-signal to M at time t\. On 
1 E. A. Milne, Relativity , Gravitation and World Structure , Oxford, 1935. 
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arrival at M the signal is immediately sent back toward P , whom it 
reaches at time T3. Chocsing an arbitrary constant c (a constant 
whose value, once chosen, remains the same for subsequent repetitions 
of the experiment) we define the distance r 2 of M from P when the 
signal reaches M by 

r 2 = ic(r s — ri), (33- 1 ) 

and we define P’ s value of the time at which the signal reaches M by 

h = è( r 3 ■+■ n). (33- 2 ) 

Since — — = — = c, the constant c represents the velocity of 

h — r i r 3 h 

the light-signal in terms of the conventions adopted for measuring 
distance and time at a remote point. 

It should be noted that both r 2 and t 2 are computed by P from 
coincidences occurring at himself. The first represents P' s estima- 
tion of the distance of M and the second P’s estimation of the time 
when the signal reaches M. We shall call t 2 the extended ti?ne of P 
at M. If a second particle-observer is located at M , the local time of 
the second observer when the signal reaches him may be quite dif- 
ferent from P’s extended time t 2 , and his estimation of the distance of 
P may not agree at all with r 2 . The notation used designates local 
time measured at a particle-observer by the Greek letter t, the com- 
puted time of an event at a distant point being indicated by the Italic 
letter t. 

Evidently each one of two particle-observers P and P' constitutes 
a moving-element in the experience of the other. Thus P, acting as 
observer, may describe the motion of P', or P', as observer, may 
describe the motion of P. We shall designate by letters without 
primes local times measured by P or quantities computed therefrom, 
and by corresponding letters with primes local times measured by P' 
or quantities computed from these times. We attribute to light- 
signals dispatched from one particle-observer to another the following 
property: If two light-signals are sent jrom one particle-observer to 
another , the light-signal which is dispatched later from the one will be 
received later by the other. This fundamental principle underlies all 
the theory to be developed. In effect, it is equivalent to limiting 
our consideration to particle-observers with relative velocities less 
than the velocity of light. 

Now suppose that a light-signal is dispatched from P toward 
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P' at time ri and is received by the latter at time r 2 '. Let a second 
light-signal be dispatched from P' toward P at a time ri' earlier than 
r 2 ' and be received by P at a time r 2 later than r x , the time ri' being 
so chosen that r 2 ' — t \ ' = r 2 — ri. Then we say that ri and ri' are 
corresponding times. Evidently 
this condition can always be ful- 
filled, for, if r 2 ' — ri' > r 2 — ri, 
the light-signal from P' can be 
replaced by one sent a little later, 
which will increase both rj' and 
r 2 by virtue of the principle 
stated in the last paragraph, 
making r 2 ' — t\ smaller and 
r 2 — ri larger. The pairof light- 
signals under discussion is illus- 
trated schematically by the lower 
solid lines in Fig. 28, the time 
being plotted vertically and the 
separation of P and P' horizon- 
tally. The curves PP and P'P' are known as the world-lines of P 
and P' respectively. 

The statement that ri and t\ are corresponding times does not in 
general imply that r 2 and r 2 ' are corresponding times also, for, if the 
signals received by P' and P at the times r 2 ' and r 2 are immediately 
returned and reach P and P' again at the times r 3 and r 3 ' respec- 
tively, the fact that r 2 ' — ri' and r 2 — ri are equal does not insure 
the equality of r 3 ' — r 2 ' and r 3 — r 2 . Only in the case of equivalence, 
to be considered next, are r 2 and r 2 ' necessarily corresponding times 
when ri and ri' are. In conformity with our present notation we 
shall always designate corresponding times by identical subscripts. 

In addition to the pair of light-signals dispatched from P and P' 
at the corresponding times r\ and ri', consider now another pair 
dispatched at the corresponding times ri + Ari and ri' -f- At\' 
respectively, as represented by the broken lines on the figure. Desig- 
nating the times at which these signals reach P' and P by r 2 ' + Ar 2 ' 
and r 2 + Ar 2 , 

(r 2 ' + Ar 2 ') — (ri' + Ari') = (r 2 + Ar 2 ) — (ri + Ari). 

But, as r 2 ' — ri' = r 2 — t\, it follows that A r 2 ' — At\' = A r 2 — Ari. 
Now, if At\' = Ari, and hence A r 2 ' = Ar 2 , whatcver At\ may be , we 
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say that the clocks oj P' and P ave equìvalent, ov that the two pavticle — 
obsevvevs are equivalent. If, in addition, the clocks of the two particle— 
observers are set so that rj = ri, and therefore all corresponding 
times are identical, the clocks of the two observers are said to be 
synchronous. In future we shall deal primarily with particle-observers 
who are equivalent, and, when we are concerned with two particle- 
observers alone, we shall generally suppose their equivalent clocks to 
have been synchronized. 

It follows from the definition of equivalence that all pairs of corre— 
sponding times at two equivalent particle-observers differ by the 
same amount, and that any pair of times which are the same amount 
earlier or later than a pair of corresponding times are themselves 
corresponding. Conversely, if all pairs of corresponding times difFer 
by the same amount, the particle-observers are equivalent. If the 
clocks of two particle-observers are synchronous, corresponding times 
are identical. Hence synchronism implies equivalence, although 
equivalence may exist without synchronism. 

Let P and P' (Fig. 28) be equivalent but not necessarily syn- 
chronous. If r± and r/ are corresponding times, r 2 and r 2 are also, 
since r 2 — rj = r 2 — r\. Furthermore, the times r 3 and r 3 ' at 
which the signals dispatched from P' and P at r 2 ' and r 2 are received 
are corresponding times, for t 3 ' — r 2 ' = r 3 — r 2 since r 2 and r 2 ' are 
corresponding times. Consequently r 3 ' — rj = r 3 — t\. In the 
case under discussion we may say that the second pair of signals 
interlocks with the first, the signal dispatched from P at the time r\ 
beìng received by P' at the time r 2 ' and immediately returned to P 
whom it reaches at the time r 3 . Evidently r 2 is some function of r\ , 
which could be obtained empirically by observing the values of r^ 
corresponding to different values of r\. Now, if ri becomes r 2 , r^ 
becomes r 3 . So r 3 must be the same function of r 2 as r 2 is of r\. 

If we are given the law of motion of P' relative to P, that is, if 
we know r 2 as a function of P’s extended time t 2 at P' , we can 
express r 3 as a function of ri by (33-1) and (33-2). Let this func- 
tional relation be 

r 3 = P{r 1) . 

Since we must have 

T 3 =/( T 2), T 2 =/( T l), ( 33 - 3 ) 

it follows that our problem is to find the function / such that 

/!/(r 0} =r(n). 


(33-4) 
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Not only are the relatìons (33-3) necessary for equivalence; they 
are also sufficient. For all we need do is to assign the values 
ti k, T2 + k, t 3 + k, • • ■ to the times ri', r 2 ', r 3 ' , • • • at which 
the various signals in Fig. 28 are dispatched from P', where k is a 
constant. Then the clocks of the two particle-observers are equiva- 
lent. If k = o they are synchronous as well. On the other hand, if 
( 33 “ 3 ) is not satisfied t 2 ' is not in general the time at P' corresponding 
to r 2 at P when r 1' and r\ correspond, and hence the assignment of 
the values rj + k, r 2 k, • • • to the times t/, r 2 ' , • • • fails to make 
corresponding times at the two particle-observers differ by the same 
amount and therefore fails to make their clocks equivalent. The 
effect of satisfying (33-3) is to insure that r 2 ' corresponds to r 2 when 
r\ corresponds to ri, by requiring t 2 to become t 3 when ti becomes r 2 . 

Consider two equivalent particle-observers P and P' . From 
(33—1) the distance of P' from P at time r 2 is 

r 2 = i c{t 3 — rj), (33-5) 

whereas the distance r 2 -of P and P' at the corresponding time r 2 is 

r 3 = ic(r 3 ' — n'). ( 33 — 6 ) 

But r 3 ' — r 1' = t 3 — ti as the observers are equivalent. Hence 
r 2 — r 2ì that is, the two distances are the same at corresponding times. 
As regards the velocity v 2 of P' relative to P, taken as positive if the 
two particle-observers are separating and negative if they are 
approaching, we find from (33-1) and (33— 2) 


dr 3 

dr\ 


~ — 2 __ 

V 2 ~ dt’ 2 ~ C dra 

dr\ 


— I 


+ I 


whereas the velocity v 2 ' of P relative to P' is 

dr 3 ' 

j 

2 


drd 


v 2 


dto' 


— c 


dr\' 

dn' 


— I 


dr 1 


/ 4 - I 


(33-7) 


(33-8) 


As the two particle-observers are equivalent, dr 3 ' — dr 3 if dr\' = dr \. 
Therefore v 2 ' — v 2ì that is, the two velocìties are the same at correspond- 
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ing times. Evidently the conclusions reached here hold also for 
accelerations or for higher derivatives with respect to the time. 
dr 2 

is necessarily positive, we see from (33—7) that v 2 can never 


As 


dr 1 


dr< 


have an absolute magnitude greater than c. For, as — — increases 

W UT\ 

from oto oo, p 2 increases monotonically from — c to c. If we solve 

equation (33 — V) for we get 

dr\ 

drs I £2 


dr 1 


— R - EÈ 
@2 C 


(33-9) 


a relation we shall find useful later. 

From (33—2) it is seen that 

t 2 ' — Ti' = tz' — ti') = J(r 3 — r 1) = t 2 — Ti 

for a pair of equivalent particle-observers P' and P. As the extended 
times t 2 ' at P' and t 2 at P differ from the corresponding times t\' and 
r 1 respectively by the same amount, they have the characteristics of 
a pair of corresponding times. If P' and P are synchronous, t 2 — t 2 . 
In this case, then, r 2 ' , v 2 ' , etc., are the same functions of the extended 
time t 2 ' of P' as r 2 , v 2 , etc., are of the extended time t 2 of P. 

So far we have confined our attention to the motion of a moving- 
element relative to a single particle-observer. The next step is to 
refer motion to an assemblage of equivalent particle-observers. In 
fact, in a space of more than one dimension, motion cannot be com- 
pletely defined by reference to one observer alone, for, in addition to 
motion along the line joining the moving-element to the observer, an 
angular motion about the observer may take place. We have 
recourse, then, to a reference system , which is defined as a dense 
assemblage of equivalent particle-observers filling all space, such that 
each particle-observer is at rest relative to and synchronous with 
every other. The specification of the motion of a moving-element 
relative to a reference system constitutes a complete definition of its 
motion. 

In order to show that all the particle-observers of a group are 
equivalent each to each we proceed as follows. First we show that any 
two particle-observers P' and P" of the group satisfy the conditions for 
equivalence with a specified particle-observer P and we provide them 
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with clocks equivalent to the clock of P. Next we show that P rf 
satisfies the conditions for equivalence with P' 3 and finally we prove 
that the same clock which makes P" equivalent to P also makes him 
equivalent to P'. If the motion of P" relative to both P and P' is 
of the same type as that of P' relative to P (i.e., rest, constant veloc- 
ity, constant acceleration, etc.), and the conditions (33-3) for equiva- 
lence of P' with P are satisfied, it is evident that the conditions for 
equivalence of P" with both P and P' are also satisfied, and all that 
remains is to investigate whether the same clock at P" is equivalent 
to both the clock at P and that at P'. 

If two reference systems having the same geometry can be associ- 
ated with two equivalent particle-observers P and P' respectively, 
the reference systems are said to be equivalent. Furthermore, if we 
may take as P and P' any pair of particle-observers in the two refer- 
ence systems, the two reference systems are homogeneously equivalent. 
In this case each particle-observer in the one reference system is 
equivalent to every particle-observer in the other. 

34 * The Principle of Relativity. — The prìnciple of relativity 
asserts that no preferred reference system exists in an effectively 
empty world such as we are concerned with in the study of electro- 
magnetism. It follows that the laws of physics must be identically 
the same, and the constants appearing in these laws must have the 
same values, when they are determined relative to two different refer- 
ence systems which have the same intrinsic properties. Now the sole 
function of a reference system is to locate events in space and time. 
Therefore two reference systems, associated with equivalent par- 
ticle-observers, which have the same spacial geometry and the same 
constant light velocity, possess identical intrinsic properties. Such 
reference systems we have called equivalent. So the laws of nature in 
general, and the laws of electromagnetism in particular, must be the 
same when referred to equivalent reference systems. We shall see that 
this criterion enables us to deduce the rather complex set of field 
equations perfected by Maxwell, from very simple premises without 
recourse to experiment. In a very fundamental way we shall be able 
to explain why a current gives rise to a magnetic field, why a changing 
magnetic flux induces an electromotive force, why a moving charge is 
deflected at right-angles to its direction of motion by a magnetic field, 
and so forth. 

The association of a pair of equivalent reference systems with a 
pair of equivalent particle-observers is necessary not only to insure 
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the identity of the two reference systems with respect to the under- 
lying constant light-signal velocity, but also to make the distance and 
time scales of the two systems the same. For the specifìcation of the 
light-signal velocity determines nothing further than the ratio of the 
distance scale to the time scale. If we alter these two scales in the 
same ratio, we change neither the geometry nor the light velocity of 
a reference system. When, however, two reference systems are associ- 
ated with equivalent particle-observers, the scale of the one system is 
exactly specified in terms of that of the other. Only in this event are 
we justified in asserting that the values of the constants appearing in 
physical laws, as well as the form of these laws, must be the same rela- 
tive to the two systems. 

As a space of one dimension has no geometry, it is much simpler to 
treat than a space of three dimensions. Consequently we shall con- 
sider it first, confining our attention in the next five articles to equiva- 
lent part i cle-observ ers and equivalent reference systems in relative 
motion in a space of one dimension. Later, when we investigate three- 
dimensional reference systems, we shall limit our discussion to those 
systems which have Euclidean geometry. For we know that the 
reference system used Ìn the laboratory Ìs Euclidean within the limits 
of error of the most precise measurements and that the velocity of 
light in this system is constant. Our objective is to discover the 
existence of other equivalent Euclidean reference systems with the 
same constant light velocity. Then we can formulate laws of elec- 
trodynamics which have the same form and contain the same con- 
stants relative to each and every one of the group of Euclidean refer- 
ence systems under consideration. 

35- One-Dimensional Reference System. — Let P' be a particle- 
observer at rest relative to a second particle-observer P. Then the 
distance r 2 of P r from P is equal to the constant r 3 and (33-1) leads us 
to the equation 

ir 

r 3 — r l H 

c 

This equation can be split into the two equations 

, r , r 

r 3 = T 2 ~\ , T 2 = T\ — 1 — , 

C c 

showing that P and P are equivalent. W r e shall provide them with 


(35-1) 


( 35 - 2 ) 
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synchronous clocks, so that corresponding times are id.enti.cal. Then 
we may write (35-2) in the form 

V f* 

r 3 = T 3 ' H- - , t 2 ' = n H- -• (35-3) 

The solution (35~ 2 ) ( 35 — 0 is unique under the conditions that 
the function/(r) appearing in (33-3) is analytic and that r 3 ^ r 2 ^ ri; 
conditions demanded by the physical nature of the problem. To show 
this, put r = log x, r/c = log n . Then (35-1) becomes 

= Ai, (35-4) 

and 1V3 and x 2 can be developed as power series in #2 and x±, respec- 
tively, that is, 

#3 = &o -*f" ci\X2, H - a 2 x?f 4~ * * * 3 
X2 — &o “h &\X\ -j- a%x i 2 

Since #3 vanishes with x± y and at 2 lies between x\ and xq, the coefficient 
a 0 must be identically zero. Eliminating x 2 we fìnd 

Xz = a\(ci\X\ -J- azx/ 2, -b • • •) +• a 2 (a\X\ + a 2 x± + • • *) 2 + • - • 

= a\ 2 x\ + a±a 2 {i + &\)x \ 2 + • • *, 

which must be identical with (35-4). Therefore a± = n, a 2 = o, • • • , 
which shows that the only solution is that given by (35—2). 

Since P and P' are synchronous, corresponding times r c and r/ are 
identical. Furthermore the distance r 2 of P from P' as computed by 
P' is equal to the distance r 2 = r of P' from P as computed by P. 
Therefore P is at rest relative to P'. 

The extended time t 2 of the event r 2 ' (Fig. a8) as calculated by P is 

— §(^3 + ti) = r 2 ' (35“5) 

from (35-3). Consequently the extended time of the one particle - 
observer at the other coincides with the local time of the other. 

Next we shall introduce a third particle-observer P" at rest rela- 
tive to P. Since we have shown that particle-observers relatively 
at rest are equivalent, it follows that P" is equivalent to P. Let us 
provide P" with a clock synchronous with that of P. We shali prove, 
first, that P" is at rest relative to P' and therefore is equivalent to 
P'y and, second, that his clock is synchronous with that of P' . AIso 
we shall obtain the addition law for distances measured by particle- 
observers relatively at rest. 
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Let us designate by r p > and rp>> respectively the distances of P' 
and P" from P as computed by P, by rp' and r P >> respectively the dis- 
tances of P and P" from P' as computed by P', and so forth. As 
shown above rp' = r P >. Now consider the interlocking signals 
n — > rz' and n" — > t 5 of Fig. 29. Let 7-3 be the time at P correspond- 
ing to T3", and t% the time (not necessarily equal to T3) at P' corre- 
sponding to tz". As we are dealing with a one-dimensional space both 
the outgoing signal from P to P" and the returning signal from P" to 



P pass through P'. The times of these events we shall designate by 
T2' and T4' respectively. Then, as P' is synchronous with P, we have 

, . r p > , r P > 

T 5 = r 4 H j T 2 = r i H , (35 - °) 

c c 

from (35—3). Moreover, as P" is equivalent to P 9 

1 rp " 1 rp " / \ 

T s = T 3 1 — , T 3 = n 4 , (35"7) 

c c 

from (35—2). Hence 

r P >> = ^c(^T4 — T2O = r p » — r P > . 

As rp> and rp» are constants, this relation shows that P" is at rest 
relative to P' and therefore is equivalent to P'. Since r P , = r' P >>, 
we see that the distance between P' and P" as measured by either of 
these observers is equal to the excess of the distance of P" from P over 
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that of P' from P as measured by P. Rearranging the terms in the 
last equation we have the addition law oj distance : 

rp>> — rp> + r P ". (3 5—8) 


NoWj as P" is equivalent 


T4 


= r 3 ' + 


UJ JL 

f 

Tptt 




T 3 


= r 2 ' + 


i 

rp»t 


(35-9) 


Combining these equations with (35-6), (35-7) and (35—8) we find 
that r 3 ' = r 3 . But r 3 " = r 3 as P"’s clock is synchronous with P’ s. 
Hence r 3 " = t 3 ', proving that P "’ s clock is also synchronous with 
that of P'. 

We have shown in (35-5) that the local time of an event at P' or P" 
is identical with P ’ s extended time of the event. Hence there is no 
need of distinguishing between the local time of an event at one of the 
particle-observers and the extended time of the occurrence of that 
event in the experience of one of the other particle-observers. We 
may time distant events at P' or P" by means of the extended time t 
of P, secure in the knowledge that the local time of the event is the 
same as P ’ s extended time of the event. 

Furthermore we have shown that the distance between P' and P" 
as computed by either of them is the same as the excess of the distance 
of P" from P over that of P' from P as calculated by P. Conse- 
quently we may introduce a distance scale with P as origin and employ 
only distances as computed by P. Then rpn — rp, is the distance of 
P" from P' as measured by any one of the three particle-observers. 
Distances such as rp" — rp> may be said to constitute the extended 
space of P. All time and space measurements made in the extended 
time and extended space of P are identical with those made locally by 
any one of the observers concerned and may be substituted therefor. 

It follows from the theorems proved in this article that we can 
adjoin to any particle-observer P a dense linear assemblage of par- 
ticle-observers P', P", P ' ", • • • at rest relative to P and synchronous 
with P. Each one of these particle-observers is at rest relative to 
every other and synchronous with every other. The aggregate of par- 
ticle-observers, therefore, forms a linear reference system. As all time 
and space measurements made in the extended time and space of P 
are identical with those made locally by the particle-observers con- 
cerned, we may refer to the extended time and space of P as the time 
and space of the reference system. 
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Although a group of particle-observers at rest relative to any 
given particle-observer may be adjoined to the latter so as to form 
a linear reference system, it does not follow necessarily that the ref- 
erence systems adjoined to two equivalent particle-observers in rela- 
tive motion are homogeneously equivalent. Such is the case when the 
two equivalent particle-observers have a constant relative velocity, 
but not when they have a constant relative acceleration, as will be 
shown later. 

It should be noted that the equivalence of two distant particle- 
observers does not completely determine the time scale of either. If, 
for instance, the two particle-observers P and P' whose world-lines 
are portrayed in Fig. 28 are assigned clocks which satisfy the condi- 
tions 

rn+i = r n + k , r' n+ i — r n + k y 

where k is a constant and n any real number, these particle-observers 
are equivalent, whatever monotonically increasing set of numbers are 
assigned to the times of events occurring in the interval extending 
from ti to T3. Furthermore the two particle-observers are relatively 
at rest, as is seen by comparing with (35—3), which shows that k — r/c. 
Therefore any two particle-observers whose world-lines do not inter- 
sect can be furnished clocks which will make them equivalent and 
relatively at rest, and this may be done in an infinite variety of ways. 
Nevertheless, however different the rates of different pairs of clocks 
which accomplish this purpose may be, every pair must make the time 
intervals T n _j_2 — r n the same, for each such time intervai is equal to 
2r/r by (33—1). Therefore the equivalence of the two particle- 
observers enables them to divide their time scales into equal intervals 
of magnitude 2r/r, leaving any further subdivision arbitrary. The 
interval 2r/r, however, becomes smaller the nearer together the two 
particle-observers. So, in the case of a dense assemblage of synchro- 
nous particle-observers relatively at rest, such as constitutes a refer- 
ence system, the time scale of each particle-observer is completely 
determined. 

In one-dimensional space, however, we may associate more than 
one distinct reference system with a single particle-observer P , since 
any pair of particle-observers whose world-lines do not intersect may 
be provided with clocks which make them equivalent and relatively at 
rest. For instance, let P' and P" be two particle-observers whose 
world-lines cross each other, but do not intersect that of P. Then we 
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can provide P and P' with synchronous clocks which make them rela- 

tively at rest and build up an associated linear reference system. But 

we can do the same with P and P" by means of another pair of clocks. 

Two such reference systems, associated with a single particle-observer, 

however, are not in general homogeneously equivalent. In a three- 

dimensional space, where we are concerned only with reference sys- 

tems having the same geometry, no such arbitrariness exists. 

36. Particle-Observers in TJniform Motìon in a Space of One 

Dimension. — Let P' be a particle-observer moving with a velocity 

constant in magnitude and direction relative to a second particle- 

observer P. In the notation of article 33 the equation of motion of P' 

relative to P is / . n / s \ 

r 2 = v 2 (t 2 — t 0 ), (3 6-1 ) 

where t 0 is the time at which P' passes P. Since r 2 as defined in 

article 33 is essentially positive, v 2 — v, where v is a positive con- 

stant, for / 2 > /0, and v 2 = — v for / 2 < t 0 . This is in agreement with 
the convention of article 33, according to which the velocity of P' 
relative to P is positive when P' is receding from P, and negative 
when P' is approaching P. When P' passes P, v 2 changes sign, 
although its magnitude remains the same. 

Putting §c(t 3 — ri) for r 2 and 2 ( r 3 + T i) f° r equation (36—1) 
becomes , 0 

r^-Jo _ L + ^. (36-^) 

ri - /0 I - ^2 ° 

This equation can be split into the two equations 

a/ 1 — / 3 2 (7"3 — h) = a/ I + / 3 2 (t 2 — /q), 

a/ I — ft 2 (r 2 — / 0 ) = a/ I + £ 2 ( T 1 ~ A)) > 


(3 6 “ 3) 


in which t 2 is the same function of t\ as t« is of r 2 , thus establishing 
the equivalence of P and P'. This pair of equations may also be 
written 

t 2 “ A) 


T 3 


/ 0 = 


VT 


+ a 

c ’ 


. T 2 — fa r 2 
7-1 — / 0 = — 7==== — ~ > ( 3 6 - 4 ) 
V 1 — + c 


where /3 = v/c, since ( 3 2 2 = /3 2 regardless of the sign of v 2 . 

Adding the two ecjuations (36—4), we find for P*s extended time of 
the event r 2 

h — h — è { ( T 3 ~ Aj) + ( T i ~ t 0 ) } = ==• 

V 1 — j3 2 


(3 6 -S) 
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Since r 2 ' — r 2 + k, where k is a constant which is zero if the two 
particle-observers are synchronous, the relation between P’s extended 
time of the event r 2 ' and jP"s local time of the same event is 


t2 — h 


— to' , _ dr <2 

V7=J2’ 2 ~ vr^r* ’ 


(36-6) 


where /</ = ìq + k. 

If we plot r 3 against t 2 , or r 2 against ri, we get the graph shown in 

Fig. 30, which shows a dis- 
continuity in the slope due 
to the change in the sign of z> 2 
but none in the function at 
the instant of coincidence of 
P and P'. 

It was shown in article 
33 that the velocity of P rela- 
tive to P' as computed by P' 
and the velocity of P' rela- 
tive to P as computed by 
P are the same at corre- 
sponding times. Therefore the 
two velocities have the same constant magnitude. 

In addition to the two equivalent particle-observers P and P' 
moving with constant relative velocity we shall now introduce a third 
particle-observer P" moving with constant velocity vp>> relative to P 
and therefore equivalent to P. We shall show that the velocity v'p>> 
of P" relative to P' is constant and therefore that P" is equivalent to 
P' as well as to P. Next we shall show that the same clock which 
makes P" equivalent to P makes him equivalent to P'. Finally we 
shall obtain the addition law of velocity. In order to make our nota- 
tion consistent throughout, we shall designate here the velocity of P' 
relative to P by vp> and that of P relative to P' by vp'. As shown 



above vp' = vp>. 

Consider the interlocking signals ri — * r 3 " and r 3 " — * r 3 of Fig. 31 . 
By (33-9) we have dr ò _ 1 + 

I — fip>> 


(36-7) 


and 


i 3p>> 
1 — fip" 


wherejSp// = vp>>/c is constant by hypothesis. 


(36-8) 
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Now as P and P' are equivalent, 

' drz dr% /1 + ( 3 p> dr _ 5 <3^5 / 1 — f~ $P’ 

dr 1 dr\ * I — 5 dr± dT/± ' I — j8p/ * 

from (36-3). But 

dT± dT\ dT$ dT\ 1 + j8p// 1 — j3p/ 
dT% dTQ dT\ dT^ 1 — j 8p" I + jSp/ 

Comparing with (36—8) we find 

1 + /3p// 1 + j3p// 1 — j8p/ 

1 — |8p'/ 1 — 1 + /?P' 



(3 6 -9) 


which shows that jSp// and therefore yp// is constant. Hence P" is 
eqviivalent to P' as well as to P. 

All that remains is to show that the clock furnished to P" to make 
him equivalent to P also makes him equivalent to P' , that is, in 
accord with the definition in article 33, to show that Ar 3 " = Ar 3 ', 
where rg' is the time at P' corresponding to r 3 " at P" . Let t$ be the 
time at P corresponding to r 3 " at P r \ although not necessarily to r 3 ' 
at P'. Applying (36—3) first to P and P" and then to P' and P r ', we 

have 

dr^ / r + ftp// 

dT\ * 1 — 1 1 3 p/f 

and 

<^r 3 ' It + |8p// 

dT% * 1 — /3p// 
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From the latter 

dr 2! dr q' dr<% 
dr\ drf dr\ 



1 + ftp 
I — jS p 


/ / 


/ / 



+ ftp' 
— /3 p' 


v 


1 + ftp 
1 — /3 jp 


// 


// 


with the aid of (36—9). Hence drf = dr^. But drf' = dr% as P "’ s 
clock is equivalent to P’s. Consequently drf' = drz' and Arz" = 
Ats'. It may be remarked that if the clocks of P' and P" are set to 
be synchronous with the clock of P they will not be synchronous with 
each other except in the case where P' and P" pass P simultaneously. 

We may write (36-9) in the more symmetric form 


I — /3 pn I — | 3 p/ I — 

I + 1 8 prr I -J- /3 pr I + /3p// 


(36-10) 


where each /3 is positive if the particles concerned are receding and 
negative if they are approaching. This is the addition law of velocity 
obtained by Einstein 2 in 1905. Solving for vp>r it assumes the more 
usual form 


Vp>r 


Vp> + Vprr 
- 

VP' Vprr 

1 H 9 


(3 6 - 11 ) 


As the particle-observers are equivalent, v'p = vprr , vp' = vpr and 
// / 

Vpr = Vprr. 

From (36—10) it is clear that if the positive magnitudes of both 
/3 p/ and j 3 prr are less than unity, that of /3 p>> is less than unity. There- 
fore the addition of two velocities less than c always results in a 
velocity less than c. Relation (36—10) can be extended immediately 
to the case of any number of equivalent particle-observers P, P', P", 
P'" , * • • P^ moving with constant relative velocities. The velocity of 
P (n) relative to P is given by 

I — |3p(«) 1 — ftp' 1 — ffp" 1 — /3p'" 1 — , s v 

I + |3p(n) I + /3p/ I + /3 'prr I -(- (3prrr I -f- ^ 

where the jS's, as before, may be either positive or negative according 
as the particles concerned are separating or approaching. 

As proved in article 35 we can adjoin to each of two equivalent 
particle-observers P and P' who have a constant relative velocity 
a dense linear assemblage of synchronous particle-observers relatively 

2 A. Einstein, Ann. d. Phys. 17, p. 891 (1905). 
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at rest. Each such assemblage constitutes a reference system. Fur- 
thermore we have just shown that a third particle-observer P" mov- 
ing with constant velocity relative to P has a constant velocity rela- 
tive to P' and is equivalent to both P and P'. If the velocity vp^ 
of P" relative to P is made equal to the velocity vpr of P' relative to 
P 3 the velocity of P" relative to P' becomes zero and P" becomes one 
of the particle-observers in P'*s adjoined reference system. Conse- 
quently the reference systems adjoined to P and P' are homogene- 
ously equivalent, that is, each particle-observer of the one is equiva- 
lent to every particle-observer of the other. Altogether we can con- 
ceive an infinity of such homogeneously equivalent reference systems 
having velocities ranging by infinitesimal steps from — c to c relative 
to any selected system. We shall denote the reference systems associ- 
ated with the particle-observers P, P' y P" 3 • • -by S, S', S", ■ • • 
respectively. As each particle-observer in one reference system has 
the same velocity relative to every particle-observer in any other, we 
may speak unambiguously of the velocity of one reference system 
relative to another. 


Problem 360. . Show that the solution (36—3) of (36-1) is unique. 

Problem 3Òb. Particle-observers P' and P" have different constant veloci- 
ties relative to P. Show that it is impossible to make the three particle- 
observers synchronous each with each unless they meet simultaneously. 


37. Lorentz Space-Time 
Transformation in One-Dimen- 
sional Space. — Consider two 
synchronous particle-observers P 
and P' moving with constant 
relative velocity v. Take P as 
origin of an associated reference 
system S and P' as origin of an 
equivalent associated reference 
system S', the coordinates x and 
x' in S and S' respectively being 
measured positive in the direc- 
tion of the velocity of S' relative 
to S. Let O/ and Ot’ (Fig. 32) be 
the world-lines of P and P' re- 
spectively. We wish to find the 
relations between P’s and P n s 
specìfìcations of the position and 
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Let us take the moment when P' passes P as the zero of their 
synchronous local times. Then / 0 = o in (36-3) and, as corresponding 
times at P and P' are the same, these equations give for the signals 
indicated in the upper part of the figure 

Vi - 0 t 5 = Vi + ì r 4 ', Vi - jS T2 ' = Vi + j8 ri, (37-1) 


where /3 = v/c. The same equations hold for the signals shown by 
broken lines in the lower part of the figure, sent and received while P' 
is approaching P, that is, when the local times are negative. 

Now P n s estimation of the distance x' of the event < 2 i is 


x' = |^(t 4' — r 2 ') 


ie V 


- /3 


+ £ 


r 5 — 




+ /3 


Tl 



Tl) ~ i^(r 5 + Ti) } , 


and P'’s extended time of the event Q\ is 


t' = 2 ( t 4 7 + r 2 ') — J 
1 



1 ~ g 

1 + /3 


r 5 + 


V— 

v I — 


/3 

/3 


r 1 


V i — 


}Ì(r 5 + ri) — -|^(r 5 — rx) } . 


Since * = Jc(r 5 — ri) and t = -J(r 5 + r x ) these become 


# = 


/' 


v: 




(a; — 1;/), 


1 \ 

; : ■ - \t X ì 

I - Q 2 \ C ) 


Vi — + 

Similarly, or by solving (37-2) and (37-3) for jv and /, 

(X' + Vt')y 


X = 


/ = 


Vi - /3" 


V : 


(<' + - x')- 

- /3 2 V f / 


(37 -2 ) 

(37-3) 


(37-4) 

(37-5) 


As the extended distances and times measured by P and P' coin- 
cide with the distances and times measured locally in their respective 
reference systems, we can interpret the symbols in these equations in 
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terms of measurements made by their associated particle-observers at 
the point and time of occurrence of any event. This will be our 
general procedure henceforth. The group of equations (37-2) to 
(37-5) comprise the Lorentz space-time transformation? We shall 
consider some of their implications. 

First, consider a rod at rest in system S' . Let x a ' and xf be the 
coordinates of the two ends a and b of the rod relative to S'. Then 
xf — Xa is the length of the rod as measured by any particle-observer 
in S'. The length of the rod as measured by any particle-observer 
in S is naturally defined as the difference Xb — x a of the coordinates 
of b and a in S at a given time t. From (37-2), then, 

x b - x a = V 1 - p 2 0 b ' - x a '), (37-6) 

which shows that S’s measurement of the length of the rod is less 

than S"s Ìn the ratio VT~— /3 2 : 1. 

We say that a rod remains rigid when transferred from one refer- 
ence system to another if it maintains the same length relative to the 
second reference system that it had originally relative to the first. 
Therefore a rigid rod suffers a contraction in its measured length when 
it is set into uniform motion relative to the observers of a reference 
system of the type we are discussing. This shortening is known as 
the Fitzgerald-Lorentz contraction . 

Next let us rate a clock at rest in S' by means of the mutually 
svnchronous clocks in S with which it comes into coincidence in the 

j 

course of its motion. As x' remains constant, we need (37-5), which 
gives 

tb “ t a = Ob' - t a ' ) (37-7) 

for the relation between the time interval t b ' — t a ' on the clock at rest 
in S' and the time interval t b — t a measured by the clocks in S by 
which it passes. We conclude, therefore, that a clock in uniform 
motion relative to a reference system of the type which we are dis- 
cussing runs slow in the ratio Vi — f 2 : 1 as compared with mutually 
synchronous, equivalent clocks at rest. 

From our definition of rigidity it follows that, if a rigidly built 
clock of S is transferred to S\ it will run at the same rate as the clocks 
of S'. For the simplest type of clock consists of a rigid bar provided 

3 H. A. Lorentz, Proc. Acad. Sci. Amsterdam, 6, p. 809 (1904). 
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at its two ends with mirrors between which a light-signal passes back 
and forth. As the bar maintains its original length when transferred 
from one system to another, and the velocity of light is the same in 
each, it is evident that a clock of S constructed in this manner will 
run at the same rate as the clocks of S' when transferred to S'. Hence 
the same must be true of any type of rigid clock. Consequently, 
when such a clock is given a uniform motion relative to S, it runs 

slower as rated by S in the ratio 's / 1 — j 3 2 : i than when at rest in S. 

Obviously the effects described are entirely reciprocal, that is, 
the measured length of a rod in S is less as determined by observers 
in S' than as determined by observers in S, and a clock in S runs slow 
as rated by clocks in S'. 

From (37—2.) and (37—3) we find that 

x ' 2 — c 2 t ' 2 = x 2 — c 2 t 2 , (37-8) 

and also that 

dx ' 2 — c 2 dt ' 2 = dx 2 — c 2 dt 2 . (37 — 9) 

These quadratic expressions are invariants of the Lorentz transforma- 
tion. The second measures the space-time interval between two 
nearby events. Although it is an invariant for reference systems 
moving with constant relative velocity we shall see later that it is not 
an invariant for reference systems moving with constant relative 
acceleration. 

In Fig. 32 we have shown one line of constant x' , namely the 
world-line Ot' of the particle-observer P' located at the origin ( x' = o) 
of S'. From (37-2) we see that all lines of constant x' , that is, world- 
lines of particles at rest in S' , are straight lines parallel to Ot'. A 
more convenient diagram is obtained by taking x and ct as coordinates 
in system S, as in Fig. 33. Then lines of constant x', such as the 
world-line O-cT' of P' , make the angle ot = tan -1 /3 with O-ct, and, 
from (37-3), lines of constant t' , such as OX', make the same angle 
with Ox in the opposite sense. If, therefore, we locate an event Qi 
in the space-time of S by means of the rectangular coordinates x and 
ct, this event is located in the space-time of S' by the oblique coordi- 
nates X' and cT' . Of course we might just as well have used rec- 
tangular coordinates to locate events in the space-time of S', in which 
case it would have been necessary to employ oblique coordinates with 
an obtuse angle between the a xes t o locate the same events in the 
space-time of S. The interval Q\Q% between two events Qi and Q^, 
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then, is resolved difFerently into space and time components accord- 
ing to whether the events are described in terms of the space-time of 
S or in terms of that of S'. 

To find the relation between x' and X\ t' and T', we must com- 
pare the geometrical transformation 

x = X ' cos a -f- cT' sin a, 


ct — cT' cos a 4- X' sin a, 


of the coordinates used in Fig. 33 with the Lorentz transformation 
(37“4) and (37-5). We find 


x' = X 




t' = T 



1 — j3 2 
1 T /3 2 5 


(37-10) 


et cT' 



Fxg. 33. 


showing that the distance and time scales are larger in S' than in S. 
In the limiting case = 1 the scale in S' becomes infinite, that is, 
any two events which are separated by a finite interval in S become 
coincident in S'. Thus, to an observer traveling with a velocity 
approaching that of light from a distant star to the earth, the dis- 
tance traversed and the time consumed both approach zero. 

When S' has a velocity approaching the limiting velocity c relative 
to 5, a approaches tt/ 4 and the X' and cT' axes in Fig. 33 approach 
coincidence. I.et us designate an observer at the origin O (Fig. 34) 
of S at the time t = o as Hcre-Now. If, then, we draw the broken 
lines through the origin at 45° with the axes, these lines divide space- 
time into an absolute future and an absolute past, an absolute right 
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and an absolute left, with respect to the origin Here-Now. For, 
while there exist reference systems for which event Q\ occurs to the 
right of, at the same place as, or to the left of 0, there is none for 
which Qi does not occur later in time than 0 . On the other hand, a 
reference system can be found for which Q2 occurs earlier than, at the 
same time as, or later than 0, but none for which Q2 does not occur 
to the right of O. Similarly Qz lies in the absolute past and Q± 
to the absolute left of O. 

The space-time diagram we have been discussing was proposed 
by Minkowski 4 in 1908. A more convenient geometrical representa- 
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tion, introduced by the same author, employs A’ and the imaginary 
time /= N ~ *ct as coordinates. In terms of these variables the 
Lorentz transformation (37-2) and (37-3) becomes 


x' = 


V73 


& 


X " 4 “ 


ij8 






h 


( 37 ~ 1 x ) 


where i = 





x. 



4 H. Minkowski, Phys. Zeits. 10, p. 104 (1909). 


( 37 -! 2 ) 



VELOCITY AND ACCELERATION 


xoi 


we may put cos 7 = i/V / T — |3 2 5 sin 'y = — i/S/V^ i — jS 2 . Then 
these equations become 

x' = cos 7 — / sin y 5 
/' = / cos 7 + a; sin y, 

exhibiting the transformation in the form of a pure rotation without 
change of scale in which the axes are turned through the imaginary 
angle tan" 1 ( — ijS). The interval ds between two nearby events is 
given by the invariant 

ds 2 = dx ' 2 + dV 2 = dx 2 -f" dl 2 y 

which is equivalent to (37-9). The quantity ds is called the metric 
of the xl representative space. 

Since the Lorentz transformation consists merely of a rotation 
of the axes without distortion in the xl space-time, we can employ 
the methods and theorems of Euclidean vector analysis. This we 
shall have occasion to do in considerable detail later on. 


Problem 3ja. 
the form 


Show that the Lorentz transformation can be expressed in 
x' = .v cosh 6 — ct sinh 6 y 
ct' = ct cosh 6 — x sinh 9, 


where tanh 6 = /8. Also show that the radius vector from the origin to any 
point on the equilaterial hyperbola £ 2 — r\ l — r gives the scale factor for the 
system S' (Fig. 33) whose velocity relative to 5 is given by the tangent of the 
angle which the radius vector makes with the £ axis. 


38. Transformations for Velocity and Acceleration between 
Linear Reference Systems with Constant Relative Velocity. — In 

order to complete our discussion of the motion of an arbitrary moving- 
element M relative to two equivalent one-dimensional reference sys- 
tems S and S\ the latter of which has a constant velocity v relative 
to the former, we need to find the relations between the velocities 
and accelerations of M relative to S and S'. Denote by V and J 
the velocity and acceleration respectively of M relative to S, and by 
V ' and J' its velocity and acceleration relative to S'. From the 
Lorentz transformation (37—2) and (37—3) we have 
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Hence 


dx' 


/- - - 0 (dx — vdt), 

V I - / 3 2 







T - v 

V’ 

i - /3 - 


^ = 


V' + v 

V' y 

i + /3 — 


( 38 -i) 


(38-2) 


where the second relation can be obtained independently from (37-4) 
and (37-5) or by solving the first for V. As would be expected, these 
relations are identical with (36-11). From (38-1) and (38-2) 


dd_ 

dt 


V 

1- /3 — 


Vi - j3 2 


Vi - / 3 2 
~V' 

1 + 0 — 



( 38 - 3 ) 



(38-4) 


is an invariant differential operator. For our purposes, however, the 
alternative relation 


d 

dt' 


V 


1 — / 3 2 d_ 

V dt 
- /3 — 

c 


(38-s) 


is more convenient. Applying it to (38-2) we find for the acceleration 


/ = 


dV' 

dt' 


0 - n 


2 \H 


2\U 


(— 9 


5/. / = 


0 - g 2 ) 5 


(38-6) 


Just as (38— 2) can be written in the more symmetrical form 


V 

V 

I — — 

X — 

c 

1 — /3 c 

V “ 

1 + /3 , 

1 + - 

c 

1 H 

c 


(38-7) 
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so (38—6) may be written 


/ y 2 \ 9 * 

V - 7 ) 


I — 


r 

' " 7 Y 1 


( 38 “ 8) 


The invariant 


<*> = 


f d 

V 

( V 2 \ % dt • 

I V 2 

V ~ 7 ) 1 ' 

V 1 c 2 \ 


(38-9) 


which has the same value relative to all equivalent reference systems 
having constant relative velocities, we shall call the relativity 
acceleration. It is identical with the Galilean acceleration in the 
reference system in which the moving-element is momentarily at rest. 

Constant Acceleration. If the relativity acceleration of a moving- 
element is constant. 


V = c 


<f> 

~ (* - t 0 ) 

c 


sS 1 +~2 


(38-10) 


(/ - t a ) 2 


provided V — o when t = t 0 . This can be put in the simpler form 

. ,2 


= 1 H — 2 (t — t 0 ) 2 . 


(38-11) 


1 — 


Integrating (38—10) a second time, 


X — Xq 


e | 
<t> i 


I + (t — /0) “ 1 ( > 


( 3 8 - 1 2 ) 


where a:o is the smallest value of a;, which is attained when t = t 0 . 
For small values of t — t 0 this reduces to the Galilean expression 


* — x 0 = \ ?<t>(t — t 0 ) 2 . 


It should be noted that, while x — ,v 0 increases without limit with 
/ — / 0 , V never becomes greater than c. 
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Energy Equation. If the relativity acceleration <j> of a moving- 
element is any function of x } (38—9) gives 


I V 2 

V 1 -- 3 - 


?/ 


<j> dx = Constant. 


(38-13) 


This is the energy equation. The expression x — V~ / c~ repre- 

sents the kinetic energy per unit mass on the relativity theory, and 

— J' <f> dx the potential energy per unit mass. The relativity kinetic 

energy for V <$C c differs from the Newtonian expression by the 
additive constant r 2 , since 

= r 2 + fF 2 +--.. 


r 

M 1 


V 2 

.2 


So far as concerns change of kinetic energy, however, which is all that 
is physically measurable, the two are identical for small V. Indeed 

our selection of r 2 /V / 1 — /^ 2 /+ to represent the relativity kinetic 
energy is purely a matter of convenience: we might have appended 
the constant —c 2 so as to make the relativity expression recluce to 
the Newtonian expression for small V if we had so desired. 

For the case of constant 4 > treated above (38— T3) gives 

1 

=m = 1 + ^2 (* - x o)> ( 38 -H) 



which could have been obtained equally well by eliminating t — t a 
between (38— 11) and (38—12). 

Jnverse Square Acceleration. If the relativity acceleration cj> 
varies inversely with the square of the distance x from the origin of 
the observer’s reference system, so that <j> = a/x 2 } (38—13) gives 





provided V = o when x = xq. 

39. Particle-Observers Moving with Constant Relative Accelera- 
tion in a Space of One Dimension. — We have in (38-12) the inte- 
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grated equation of motion of a particle-observer P' moving relative 
to a second particle-observer P with constant relativity acceleration 0. 
Let us now investigate the possibility of the equivalence of P' and P. 
In doing so we shall limit ourselves to the case where x 0 = / 0 = o in 
(38-12), that is, to the case where P' meets P at time t = o and then 
recedes from P in the direction from which he approached, without 
passing. 

In terms of the notation of article 33, (38—12) becomes 


1 + ? rz 


-v 


, <t>* 2 

1 H 2 

c 


(39-1) 

and if we put ^c(ts ti) for and ^(t3 ti) for /2 as usual we get 

1 1 < f > 

7t “ T z = 7 5 ( 39 ~ 2 ) 

which may be split into the two equations 


1 

r 2 


I 

T 3 


1 C 


I 

T\ 


T 2 


0 

2*7 


(39-3) 


thus establishing the equivalence of the two particle-observers. 

Now consider a third par- 
ticle-observer P" who has a 
constant acceleration <j> p>> rela- 
tive to P, and who meets P at 
the same time as P' does 
without passing. Then P" as 
well as P' is equivalent to P. 

We wish to prove that the 
acceleration <f>'p>> of P" relative 
to P' is constant and therefore 
that P" is equivalent to P' 
as well as to P. We shall 
make both P' and P" svnchronous with P by taking t = r ' = 
t" — o at the instant of meeting. For uniformity of notatÌon we 
shall denote the acceleration of P' relative to P by 4 >p>. 

Consider thc interlocking signals t\ — 
in Fig. 35. From (39-2) 

I I 



T3" and T3" T5 shown 


T\ 


Tn 


( 39 - 4 ) 
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and, from (39-3), 

1 1 4 > P ' 1 1 4 > P ' 

ri rf ic ’ T4 rg o.c 5 

since P and P' are synchronous. Combining, we get 

I I 0P' 

- - = 

r 2 r 4 ' c 

• 1 

which shows that P" has the constant acceleration <pp>> — <j>p> relative 
to P'. The addition law of acceleration is, then, 

cf>p'/ = <pp > + cpp". ( 39 — 1 

Since P" has a constant relativity acceleration relative to P' he is 
equivalent to P' . All that remains is to show that the clock which 
makes P" synchronous with P also makes him synchronous with P ' , 
that is, to show that the local time t 3 ' at P' corresponding to rf' at 
P" is identical with the local time T 3 at P corresponding to t 3 " at P" . 
For then t 3 " = t 3 ', since t 3 ' = t 3 and t 3 " = t 3 on account of the 
synchronism of both P' and P" with P. 

From (39-3) we have 

1 1 

T l T 3 1C * 

and 

I I <p pt f 

T<f T 3 ' 1C 

Using these two relations to eliminate ti and ^2' from the first 
equation of (39-5), we find, with the aid of (39-6), that t 3 ' = t 3 , 
as required. 

Returning to the two equivalent particle-observers P and P' 
described by equations (39-3), we can adjoin to each a dense linear 
assembly of synchronous particle-observers constituting a reference 
system, as proved in article 34. We wish, now, to find the space- 
time transformation which enables us to pass from the space and time 
specifìcations of an event Q (Fig. 36) in the reference system S 
associated with P to those Ìn the reference system S' associated with 
P' . We shall take P and P' as origins of distance scales measured 
positive in the sense of the acceleration <f> of P' relative to P, and shall 
take the time at P and P' to be zero when they coincide. This makes 


(39-5) 
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the two particle-observers synchronous. For the signals indicated in 
the figure, we have, by (39-3), 



Fig. 36. 


So P n s estimation of the distance of the event Q is 



and P n s extended time of Q is 
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d>X _ <£/ 

£ = 1 + ~ 2 > ' ^ ~ > 

1C 1C 






2C 


2 5 


T' = ^ 

2f 5 


which amounts to taking a new origin in S at —ic 2 /<f>, and a new 
origin in S' at 2c 2 /<£ combined with a change in sense of the axis, these 
relations take the simpler form 


£' = 
T' = 


^2 5 

T 


{ 3 - T 


2 5 


£ = 
T = 


e 


g/ 2 ? 

T' 


£' 2 - T 


t2 3 


(39-7) 


where the equations in the second column are obtained from those in 
the first by solving for £ and T. 

This transformation gives 


and yields the invariants 


T' 


and 


£ 


/2 


’/2 


T' 2 ) = 

I, 

( 39 ~ 8 ) 

T 

£* 


(39-9) 

dx 2 — 

c 2 dt 3 

(39- 10 ) 

£ 2 ~ 

rp> 


Unlike the Lorentz transformation discussed in article 37, the space- 
time interval dx 2 -c 2 dt 2 is not an invariant for this transformation. 

By dilferentiating (39-7) with £' held constant, it is found that the 
velocity v relative to S of a point fixed in S' is given by 


v i£T 
13 = ~c ~ ì? + T 2 ' 


( 39 -”) 


When t = o, then, all points in S' are simultaneously at rest in S. 
Differentiating (39-11) to fìnd the acceleration of a point in S', 



( 39 — ia ) 
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A particle-observer in S ' , therefore, has a constant relativity acceler- 
ation £'<£ relative to S. In terms of the coordinate measure of S, this 
is an acceleration 



( 39 - J 3 ) 


for a particle-observer in S' at £ at time /. At the instant t = o when 
all particle-observers in S' are at rest relative to S, this reduces to 
<t>/ £• 

It is of interest to note that even when the two reference systems 
S and S' are relatively at rest space and time measurements do not 
agree except at the common point occupied by P and P' . For 
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from (38-7) when /==/' = o. Hence S and S' are not homogeneously 
equivalent. 

Evidently we may conceive of an infinity of reference systems 
S, S', S", • • -formed by adjoining assemblages of particle-observers to 
the equivalent particle-observers P, P' , P'\ • • ■ which have constant 
relative accelerations of arbitrary magnitudes and which meet simul- 
taneously without passing. 

40. Three-Dimensional Reference System. — In three-dimen- 
sional spaee light-signals dispatelied from a particle-observer consist 
of diverging wave-fronts. When we say that two particle-observers 
are relatively at rest we mean merely that the distance between 
them does not change. Consequently, if P' is a particle-observer at 
rest relative to another partiele-observer P, we prove that the two are 
equivalent just as in article 35, and, if we suppose them to be provided 
with synchronous clocks, we show that the extended time of the one 
at the other coincides with the local time of the other. 

We wish now to investigate the possibility of adjoining a reference 
system to an arbitrary particle-observer P. Eet P be located at 0 
(Fig. 37) and let a synchronous partiele-observer Pa at rest relative 
to P be located at A. As corresponding times at the two particle- 
observers are identical, we need not differentiate between them. Let 
signals dispatched from P and P a at time t\ be received by the other 
particle-observer at time and immediately returned, each signal 
reaching the particle-observer with whom it originated at time 7-3. Let 
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Pb be a third particle-observer at rest relative to P at a point B at the 
same distance r from P as A. Then the signal dispatched from P at 
time ti reaches Pb as well as Pa at P * s extended time t^ — T2, and a 
signal immediately returned from Pb will be received by P at the same 
time T3 as the one immediately returned from Pa at A. Now consider 
a particle-observer P' who is at A when Pa dispatches his first signal 
(time ti), at B when P’s first signal reaches him (time = t<2) and at 
some other point C equi-distant from P when P’s second signal arrives 
(time /3 = T3). Provided P' always remains at the same distance r 
from P, we can furnish him with a clock which is equivalent to and 
synchronous with that of P, no matter what his motion of rotation 
about P may be. All that is necessary is that P ° s clock shall assign 




Fig. 37. 


Fig. 38. 


the values ti, T2 and T3 respectively to the three events enumerated, 
and to all such series of events. 

Now let P' and P" (Fig. 38) be two particle-observers at rest at 
equal distances r from P and synchronous with P. Let P" also be at 
rest relative to P' at a distance r' from him. The characteristics of 
the clocks of P' and P" are fixed by the condition that they are syn- 
chronous with the clock of P. They may not, however, be synchro- 
nous with each other. To test this matter, we dispatch signals from 
each toward the other at the identical times ti'= ti". Suppose the 
reception of the signal at P" occurs earlier than that at P'. Then by 
giving P' and P" together a rotation in the sense P'P" about P we 
can delay the reception of the signal at P" and hasten that at P' until 
the two times become the same, without disturbing the synchronism 
of P' and of P" with P. In this way we make P' and P" synchronous 
with each other as well as with P. Then the distance of P' from P" 
as measured by P" is equal to that of P" from P' as measured by P'. 
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Next let P'" be a third particle-observer at rest at a fixed distance 
r from P, a fixed distance r' from P\ and a fixed distance r" from P" . 
If P'" is synchronous with P he is also synchronous with P' since all 
particle-observers lying on the intersection of the surface of radius r 
about P and the surface of radius r' about P' which are synchronous 
with P are also synchronous with P' . However it may happen that 
P'" is not synchronous with P" . In this event we can give P" and 
P'" together a rotation about P' along the curve P"P"' sufficient to 
make them synchronous with each other without destroying their 
synchronism with P and P ' . 

This is as far as the procedure adopted will take us. As a reference 
systern is a dense assemblage of equivalent particle-observers filling 
all space such that each is at rest relative to and synchronous with 
every other, it is clear that we cannot associate a reference system 
with any arbitrary particle-observer. In this respect the three- 
dimensional case differs from the one-dimensional case. However, 
with certain particle-observers we may be able to associate reference 
systems. In such cases it becomes important to investigate the 
geometry of the reference systems discovered. As we have established 
a convention for measuring distance, the geometry of a reference sys- 
tem is something to be investigated empirically in any given physical 
case, by comparing the measured length of the circumference of a 
circle with the measured length of its diameter, and so forth. The 
geometry of a reference system is a matter of measurement, not a 
matter of convention. 

In any small region, such as that occupied by the laboratory, we 
have no difficulty in establishing the existence of one reference system 
whose geometry is Euclidean within the limits of the most refined 
measurements which are available to us. We shall be particularly 
interested in searching for other reference systems which have Euclid- 
ean geometry. Such reference systems, as we shall see, fall into two 
classes: those associated with particle-observers moving with con- 
stant relative velocity, and those associated with particle-observers 
moving with constant relative acceleration. Except for combinations 
of these two, no other classes exist. A reference system, for instance, 
cannot be associated with a particle-observer moving with constant 
speed in a circle relative to an established Euclidean reference 
system. 

41. Euclidean Reference Systems Moving with Constant Relative 
Velocity. — We shall consider a universe in which there exists a 
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Euclidean reference system -S, that is, a dense assemblage of syn- 
chronous particle-observers fìlling all space which are relatively at 
rest and have a Euclidean geometry. First we shall show that any 
particle-observer P' moving with a velocity v constant in magnitude 
and direction relative to S is equivalent to every particle-observer in 
S. Next we shall prove that any two particle-observers P' and P" 
having the same constant velocity v relative to S are relatively at 
rest and equivalent. Then we shall show that if two particle-observers 
P" and P'", having the same velocity v relative to S as P', are syn- 
chronous with P', they are synchronous with each other. These 
theorems sufhce to show that a dense assemblage of particle-observers 
all moving with the same constant velocity v relative to S constitute 
a reference system, which we shall designate by S'. Finally we shall 
prove that the geometry of S' is Euclidean. Hence, as each particle- 
observer of S' is equivalent to every particle-observer of S, S and S' 
are homogeneously equivalent. 

Let P be any particle-observer of S and P' a particle-observer 
who has a constant velocity v relative to S. If h is the length of the 
perpendicular in S from P to the path of P', the distance r 2 of P' from 
P at P’s extended time / 2 is given by 

^2 2 — h 2 ^ 2 (/ 2 “ /o) 2 . (41— i) 

Putting r 2 = ^c(r3 — ri) and / 2 = ^-(t 3 + r{) as usual, this may be 
written 

(i - /3 2 )(t 3 — / 0 ) 2 - 2(l + /3 2 )(r 3 - / 0 )(t! — / 0 ) 

+ (l — /3 2 )(t! — / 0 ) 2 = , 

c 

where /3 = v/c. If we put a 2 = A 2 (i — /3 2 )/o 2 this becomes 

V^ 2 ~f~ (r 3 — /q) 2 + t 3 — / 0 I — 1— /3 

V / ^ 2_ +~(ti — / 0 ) 2 + ti — / 0 1 /3 

from which it follows that 

V^ 2 ~h (r 3 — / 0 ) 2 + t 3 — / 0 

V ^ 2 + ( r 2 — / 0 ) 2 + t 2 — / 0 

V ^ 2 H ~ ( r 2 — / 0 ) 2 + t 2 — / 0 

V ^ 2 + (n — / 0 ) 2 + T X — / 0 


* 1 — /3 

v I — ,8 


(41-2) 
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These relations can be written more conveniently in the forms 


TS ~ to - ■ v / j ' ^ „ 2 { r 2 - *> + P Vtf* + ( Ta - tQ ) 2 }, 

T2 ~ to = V i - T 2 { Tl ~ to + l3 V« a + (n - / 0 ) 2 }, 

r 2 - 'o = ^/j- ^ 2 { 1-3 - '0 - /3 Va 2 + (t 3 - / 0 ) 2 } , 

Tl - = 7 /=^ 5 ( T 2 - 'o - 0 Va 2 + ( Ta _ / 0 )2}. 

Eliminating a by means of the relation 


■ (4i-3) 


r (41-4) 


we get 

T 3 ~ 




1 - (t 2 — / 0 ) 2 


/o 


T 2 /f) . 

V7^ + 7’ 


Tl — / 0 = 


7~2 ~ A) _ ^2 
\/i — I 3 2 c 


(4i-5) 


which aie identical with (36 4) for the one-dimensional case. Conse- 
quently both (36-5) and (36- 6) are valid for the three-dimensional case. 

As P may be any particle-observer in S, we have shown that a 
particle-observer P' moving with constant velocity relative to S is 
equivalent to every particle-observer in S. 

Suppose now that P' is moving along the X axis of S. We shall 
associate with P a linear assemblage of particle-observers distributed 
along this axis, all of which are at rest relative to P' and synchronous 
with him. As shown in article 3^ each of these particle-observers has 
the same constant velocity relative to S and is equivalent to every 
particle-observer of S lying on the X axis, and, in view of what we have 
just proved, equivalent to every particle-observer of S whether lying 
on the X axis 01* not. I he transformation (3*7—2) to (37 — 5) applies, 
then, to the .linear assemblages of particle-observers constituting the 
coincident À and A ' axes of iS 1 and S' respecti vely. 

Let Q t (Fig. 39) be an event occurring at the point at, y, z at the 
time / and let P t ' be the position of P' in S at this time. If the 
cooi dinates of P relative to S at the time o are Aq, o, o, then at time t 
they are x\ +• vt, o, o. We want to determine the distance and time 
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of occurrence of the event Qt relative to P'. To do this we must send 
a light-signal from P' so as to arrive at Qt at the time / , and then 
return it immediately to P' . The signal 3 then, must leave P' at the 


Y 



time h when P' was at P' tv where t\ = / - r\ /c, and must return to 
P' at the time / 3 when P' will be at P' tv where /3 = t + r 3 /c. Hence 

r 2 = jx’ — x\ — v (^t — ^ j + y 2 + z 2 , 

r 3 — ~ v ^/ + j + y 2 + 2 2 . 

Solving for r\ and r 3ì 

&(x — X\ — vt ) + V (x — x[ — vt ) 2 + (1 — ft 2 )(jy 2 + 2 2 3 

ri = 7^2 ’ 

— Q(X — ATi — &/) + V(tf — — y /) 2 + (i ~ W)(P + S 2 ) 

^3 = I - /3 2_ ’ 

and hence 


t _ & ( x - Xl ) - - V(at - n - vtj 2 + (1 - Wyy + 2 2 ) 
£■ ^ 




/ + 


r 3 

c 


t — - (x — x 1) + - V (,v — ~X\ — y /) 2 + (1 — / 3 2 )(jy 2 + z 2 ) 
c £ 

1 - / 3 2 
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Consequently the local times of P' at P' h and P' h are respectively 


Ti' = 


h — ~ C*i + vh) 

c 


Vi — / 3 2 

t — ~ x — — *\/ (x — xi — &/) 2 + (i — j8 2 )(y 2 + z 2 ) 


Vi — & 


_ / 

T3 = 


/3 


(#1 + ^3) 


V i — / 3 2 

/ — — x + - V(x — — y/) 2 + (1 — /3 2 )(y 2 + z 2 ) 


Vi - ]8 2 

and P 7, s measures of the distance and time of the event are 

V(*r — .vi — ^) 2 + (1 — /3 2 )(y 2 + z 2 ) 


r' . Ì^ts' - n') = 


Vi — / 3 S 


t' — + ri') = 


V’l — /3 : 


, (41-6) 


(41-7) 


Now suppose that the event <2t represents the passage through 
this point of a particle-observer P " moving in the Y direction relative 
to S with the same constant velocity v as P' . If the coordinates of P" 
at time o are x 2ì y 2 > z 2 , then, at time /, *■ = x 2 + vt, y = y 2 > z = z 2 . 
Hence the distance r' of P" from P' is 


r' = J {X2 + + J2 2 + 22 2 , (41-8) 

which is independent of t. Consequently P" is at rest relative to P', 
and to make him synchronous with P' we must make his local time 
identical with the extended time of P' , in accord with ( 35 — 5)* Then 
the local time at P" is expressed in terms of t and x in S by (41-7). 

Next consider a third particle-observer P'" moving in the X 
direction relative to S with the same constant velocity v as P' and P". 
Evidently P'" is at rest relative to both P' and P" . Designating the 
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coordinates of P', P" and P'" in S at time t by the subscripts i, 2, and 3 
respectively, the local times at these three observers are 

t -K x 

Ti ' - v=p 

from (37—3)3 and, if P" and P'" are synchronized with P ' , 

, /3 

t AT2 

T2 ' = Vi -p 

and 

, /3 

/ *V3 

Ts ' = Vi - T 2 

from (41—7). But the last is just the condition that P'" be syn- 
chronous with P". Hence the three particle-observers are synchro- 
nous each with each, and we can adjoin to P' all particle-observers 
moving with constant velocity v relative to S to form a reference 
system of synchronous particle-observers relatively at rest. This 
reference system will be designated by S' and times and distances 
measured in it will be indicated by primes. Each particle-observer in 
S' is equivalent to every particle-observer in 5 . 

That the geometry of S' is Euclidean is seen immediately from 
(41—8), which is the Pythagorean theorem for S' . For we can con- 
struct a Euclidean mesh in S' which projects on S at a given instant / 
as planes parallel to the YZ , XY and ZX coordinate planes. Dis- 
tances measured in the Y and Z directions are the same whether 
determined in S or in S' , while the distance in S between two points 
fixed in S' having the same Y and Z coordinates is less than that 
determined in S' in the ratio "v/ 1 — ( 3‘ 2 : 1. 

Since the two reference systems S and S' have the satne geometry 
and since each particle-observer of the one is equivalent to every 
particle-observer of the other, S and S' are homogeneously equivalent. 
Every particle-observer in S' has the same constant velocity v rela- 
tive to S y and conversely every particle-observer in S has the velocity v 
in the opposite sense relative to S'. We may speak of v , therefore, 
as the velocity of either reference system relative to the other. 
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42. Lorentz Space-Time Transformation. in Thxee-Dimensional 
Space. — Consider two equivalent Euclidean reference systems 
S and S' wìth a constant relative velocity. In S we shall embed a 
set of rectangular axes with origin at P and X axis in the direction of 
the velocity v of S' relative to S. Next we shall take the locus of all 
points in S' which move along the X axis of S as the X' axis of a set 
of rectangular axes in S' , orienting the X' axis of S' in the same sense 
as the X axis of S. The Y' axis and the Z' axis of S' we shall take as 
the loci of those particles in S' which lie respectively on the Y axis 
and on the Z axis of S at the time t = o in S. Then the origin P' of 
X'Y'Z' coincides with the origin P of XYZ at time / = o. We shall 
take the time t' of this event at P' to be zero, thus synchronizing the 
clocks of P and P'. 

Since P' here is taken as the particle-observer who passed the 
origin of S at the time t = o, the distance .vi in (41—6) is zero. The 
space transformation between S' and S is obtained from this equation 
by making first y = z = o, then z = x — vt = o y etc. The extended 
time in P n s experience of an event occurring at x,y, z at time t is given 
immediately by (41-7). In all the space-time transformation is 


x' = 


V 1 - j3 2 


(X Vt)y 


y = y> 


z = z. 


a/i — fl 2 V C / 


(42-1) 


/3 

Equations (42-1) specify the transformation from S to S'. Solv- 
ing for x,y, z , t we get the transformation from S' to S. Altogether, 
if we put k = i/a/ 1 — jtJ 2 , 

x' = k{x — vt ), x = k{x' + vt ’ ), 


y = y, 

z' = z. 


y = y 


z = z , 

= è(/-?x), t = k {t' + -^x’) , 
where the transformation from S' to S differs from that from S to S' 


t' 


(42-2) 
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only in the sign of terms containing th.e first power of the relative 
velocity. ComparÌng with the one-dimensional case treated in 
article 37, we see that the only new element is the addition of the 
Y and Z axes in S and of the Y' and Z' axes in S'. While a rigid rod 
moving in the direction of its length with velocity v expei iences the 
shortening calculated in article 37, the relations between y’ andjy, and 
z' and z, show that no change takes place in the length of a rod which 
is given a transverse velocity. 

From either column of (42—2) we find that 

x ' 2 4- y ' 2 4- z' 2 — c 2 t ' 2 = x 2 4 - y 2 4 - z 2 — c 2 t 2 (42-3) 

and 

dx ' 2 4- dy ' 2 4- dz ' 2 — /dt ' 2 = dx 2 + dy 2 4 - dz 2 — c 2 dt 2 (42—4) 

are invariants of the Lorentz transformation. The second is the 
three-dimensional space-time interval between two nearby events. 

Minkowski’s two graphical representations of the Lorentz trans- 
formation can be used equally well in the case of a three-dimensional 
space by adjoining to the x and ct or / coordinates the perpendicularly 
measuredjy and z coordinates. Thus the diagram showing the world- 
line of a particle moving in three-dimensional space requires four 
dimensions for its complete portrayal. In the case where 
x,y y z y I = -y/ — 1 ct are chosen as coordinates, the Lorentz transforma- 
tion is equivalent to a simple rotatìon of the axes in the x/ plane, the 
coordinates transforming according to the equations 

x' — kx 4* ij 3 &/, x = kx 

y = y, y = y', 

z' = z, z — z' y 

i' = ki - ipkx, 1 = kr 
in accord with (37-11) and (37—12), where i == a/ — 1. 

Problem 420.. Let P' and Q' be two particle-observers in S\ the coor- 
dinates of Q' relative to P' in S at any time t being dx t dy , dz. Light-signals 
dispatched simultaneously from P' and Q' at time t reach Q' and P' re- 
spectively at times t 4 dtQ> and t -f dt P >. Show that 

dtQ> — dt P > ~ - „ - 2P dx. 

C“ — v l 

Problem 42b. In the Michelson-Gale 6 experiment the two parts of a 
bifurcated beam of light are sent in opposite senses around the periphery 

6 Michelson and Gale, Astrophys. Jour. 61, p. 140 (iy’25). 
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of an area A on the surface of the earth. Show that, to a fìrst approximation, 
the difference in phase on reunion is given by 

AX 12 . 

T = + k^ smT - 

where X is the wave-length, 12 the angular velocity of the earth, and y the 
latitude. 

Hint. Use the result of 4 ia and Stokes’ theorem. 

Problem /£2c. Write the Lorentz transformation in vector form. 

Ans. t' — r 4 - (£-1) v — kt v, 

fì * * 



43. Transformations for Velocity and Acceleration between 
Euclidean Reference Systems with Constant Relative Velocity. — I f 

we differentiate the equations in the first column of (42,-2) we get, 
just as in article 38, for the relations between the components of the 
velocities V and V' of an arbitrary moving-element Af relative to the 
inertial systems S and S' respectively: 
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It is evident from these equations that a particle-observer P" 
who has a constant velocity relative to S has a constant velocity 
relative to S' also. We can, therefore, adjoin to P" a dense assem- 
blage of synchronous particle-observers relatively at rest to form a 
Euclidean reference system S" which is homogeneously equivalent to 
both S and S'. Altogether we can introduce a triple infinity of such 
homogeneously equivalent reference systems having velocities in all 
directions ranging by infìnitesimal steps from — c to c relative to any 
selected Euclidean system. Such a group of equivalent Euclidean 
reference systems with constant relative velocities less than c will be 
called a Loreniz group . Macroscopic material particles, when free 
from external influences, are known to lie permanently in the reference 
systems of a particular Lorentz group. The systems of this group 
are named inertial systems. The principle of relativity requires that 
the laws of physics shall have the same form, and the constants con- 
tained in them the same values, relative to all inertial systems. 
Henceforth we shall be concerned primarily with the Lorentz group 
constituting the inertial systems. 

Squaring and adding the equations in the second column of (43-1) 
we obtain the transformation 



for the square of the velocity, where p = v/c. This relation shows us 
that the velocity of light is the only velocity which has the same mag- 
nitude, whatever its direction may be, relative to all inertial systems; 
a proposìtion of which we shall make important use later. Further- 
more it shows us that if v 2 < c 2 and V 2 < c 2 , then V 2 < c 2 whatever 
the direction of V' may be. Hence a moving-element having a 
velocity less than c relative to one inertial system has a velocity less 
than c relative to every inertial system. 

From (42—2.) and (43—2) we find 



( 43 - 3 ) 
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which shows that 


i 



d_ 

dt' 


i d 



(43-4) 


is an invariant differential operator just as in the one-dimensional 
case treated in article 38. 

Availing ourselves of (43—3) to calculate from (43—1) the relations 
between the components of the accelerations f and f' of an arbitrary 
moving element M relative to S and S' respectively, we find 


fx = 

ff = 

// = 

fx = 

f V ~ 

fz = 



Jv' + - Uy'VJ -fJVJ) 
c 



I + p 



y 


Jz' + - Uz'vj -JJV,') 
c 


(43-5) 


*■(■+' 'tJ 
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Squaring and. combining these relations we obtain the invariant 


/ 


/2 


(■/)' 


f 


+ 




3 ■ ( 43 - 6 ) 


RJTW (■-?)' (■-?) 

If the moving-element Ad is momentarily at rest in S , V o and. 
the relations between f and i' given in (43 5 ) simplify to 

= k%, fy' = k 2 fy, ff = k 2 U ( 43 - 7 ) 


TJnder the same circumstances it is easily shown by differentiating 
once more with respect to the time that 


/x' = k*} x + . 

// - k*f y + 

/.' = + 3**0 — 


( 43 - 8 ) 


We saw from (43-2) that the only velocity which has the same 
magnitude relative to all inertial systems is the velocity of light c. 
Consider a particle moving with this constant speed. For such a par- 
ticle we shall show now that the only acceleration which has the same 
magnitude, irrespective of direction, relative to all ineitial systems is 
the acceleration zero. It follows, then, that the only motion possible 
with a velocity of the same magnitude, and an acceleration of the same 
magnitude, relative to all inertial systems, is motion in a straight line 
with the velocity of light. 

Designating the velocity of the particle under consideration by 
c, we must have f-c = o relative to S since the speed remains con- 
stant. Incidentally, as the speed relative to any other inertial system 
S' is equal to the constant c by (43—2), f'-c' = o as well. Now if we 
square and add the three equations in the first column of ( 43 — 5 ) ^f^er 
putting V = c, we fìnd, with the aid of the condition f *c = o, 



( 43 - 9 ) 
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This relation shows that the only values of f' 2 and f 2 which are the 
same for all p’s are the values zero. 

Problem 430.. Find the transformation between S and S' of the compo- 
nents of the time rate of increase of acceleration and verify (43-8). 

Problem 43b. Write the velocity and acceleration transformations in 
vector form. 

Ans. 



44. Relativity Precession. — In the last article we considered a 
moving-element which has a varying velocity relative to an inertial 
system S. Such a moving-element can be imagined to pass by infìn- 
itesimal steps from a state of momentary rest in an inertial system S' 
having a velocity v relative to S equal to that of the moving-element 
at the time t, to an inertial system S" having a velocity v + dv rela- 
tive to S equal to that of the moving-element at the time t + dt, 
and so forth. Let us apply this point of view to a vector associated 
with a moving particle in such a way that it partakes of the motion. 
As usual we can represent the moving vector geometrically by an 
arrow OP whose origin 0 is at all times coincident with the moving 
particle to which it is attached, the direction of the arrow being the 
same as that of the vector and the length of the arrow being propor- 
tional to the magnitude of the vector. Since the vector Ìs associated 
with a particle, however, we must choose a scale of proportionality 
which makes the length of the representative arrow very small com- 
pared with the radius of curvature of the path of the particle to which 
it is attached. Then the distance of the terminus P of the arrow from 
its origin 0 can be considered as a differential and we can neglect 
squares and higher powers of the length of the arrow in our analysis. 

We want to fìnd the relation between the time rate of change of the 
vector relative to <S and its time rate of change relative to the inertial 
system S' in which the moving particle to which it is attached is 
momentarily at rest. We shall find that if the vector has no rotation 
at any time relative to the inertial system in which its origin is momen- 
tarily at rest, it will not in general maintain its original direction rela- 
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tive to S. For instance, if the origin of the vector describes a closed 
curve, the orientation of the vector after a complete revolution will 
differ from that before, the vector having rotated relative to S in the 
opposite sense to the revolution of its origin. This rotation is known 
as relativity precession. 

Let the coordinates of the origin 0 and of the terminus P of the 
representative arrow relative to S' at the instant t r at which O is at 
rest in this inertial system be x r , y r 3 z' and x' + dx'^y' + dy r , z r + dz' 
respectively. If / is the time in 5 when 0 is at rest in S ' , the time in 


(3 

S of the event P v is / + k - dx' and the coordinates in S of P v relative 

c 


to Ot are k dx ' , dy ' , dz r . The components of the arrow in S, however, 
are the coordinates of P at time t relative to O at time /, that is, of 
P t relative to 0 t . So, if the velocity of P relative to S is designated 
by V, the components of the arrow relative to S are 


dx — k dx' 


V x k - dx’ 
c ’ 


dy = dy' — 


Vyk ~ CÌX’, 
c 


dz = dz' - V z k - dx’. 

c 


Denote the vector as viewed by observers in S and S' by p and p' 
respectively. Then, as the components of p are to the components of 
p' in the ratios dx/dx', dy/dy ’ , dz/dz r , the equations above can becom- 
bined to give the vector relation 

p = p' + (£ — 0 V — k V, (44-1) 

where v is the velocity of S' relative to S. As V differs from v only 
by a quantity of the order of dx , dy , dz , it follows that 

p. v = ^p'v. (44-2) 

For the case under consideration the invariant differential operator 
(43—4) becomes 


d 


d 
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Operating with this on (44-1) we obtain, with the aid of (44—2), the 
relation 

* = ì{^ + (j~ x )^ ~ k *^ f ( 44 - 3 ) 

between the time rate of change of the vector in S' and its time rate 
of change in S. While the first term on the right vanishes if the 
vector remains invariable in magnitude and direction relative to the 
inertial system in which it is momentarily at rest, the second term 
still persists unless the acceleratìon f of the vector relative to S 
vanishes or the vector is perpendicular to the direction of its velocity v 
relative to S. 

If we limit our further discussion to the case where the vector p' 
remains unchanged in magnitude and direction relative to the inertial 
system in which it is momentarily at rest, the angular velocity co of p 
relative to S is tiven by 

/> 2 <0 = * - ^ 


P X 


<ù — — k 2 p X f. 

p“c - 2 r 

Suppose now that the vector p describes 
a plane orbit. As the component of p per- 
pendicular to the plane of the orbit suffers 
no rotation due to the presence of the fac- 
tor p*v in (44—3), we need consider only 
the component r (Fig. 40) of the vector in 
the plane of the orbit. Let \f/ be the angle 
which the normal to the path makes with 
some fixed direction in S and a the angle 
which r makes with the tangent to the path. 

If, then, we resoive the acceleration into 
its tangential and normal components, 

| r X f I = IrXftl + lrXf, 


Hence 


co = 


dv . dxf/ 

? — r sin a + rv — cos a. 


d\f/ dot 2 . dfi 

— — = — À rp sin a cos a — - 

dt dt dt 


( 44 - 4 ) 



Fiq. 40. 


k 2 ( 3 2 cos 2 a 
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dp I — )8 2 da /3 sin a cos a d(3 

dt I — /3 2 sin 2 a dt I — /3 2 sin 2 a dt 9 


which gives the integral 

{ V7 


tan 


— ì 


/3 2 tan ol 


x _ f d* 

} ~J 




(44-5) 


From this equation it appears that a increases by Itt and the 
vector p returns to its original orientation relative to the velocity v 
when yp increases by the amount specifìed by the equation 

(44-6) 



If the orbit is periodic and /3 2 constant, as would be the case for a 
circular orbit of a particle subject to a central force } the vector p 
will return to the same orientation relative to v when the particle to 
which this vector is attached has revolved through an angle 

lirV I - |3 2 . If /3 <3C i } this means that the vector p precesses about 
the normal to the plane of the orbit in the opposite sense to the revo- 
lution of the particle through an angle approximately equal to tt(3> 2 
per revolution. Thus the axis of rotation of the earth or of the 
spinning electron in an atom experiences this precession in addition 
to that caused by any impressed torque. In the case of the earth /3 
is so small that the relativity precession is beyond the limits of 
observation, but in the case of the electron it is by no means negligible 
and plays an important part in modern theories of atomic structure. 

Relativity precession was discovered by Thomas, and the reader 
who is interested in further details should consult the papers of 
Thomas 6 and Page. 7 

45. Euclidean Reference Systems Moving with Constant Relative 
Acceleration. — Starting with a single Euclidean reference system 
with constant light velocity we have found a triple infinity of other 
equivalent Euclidean reference systems with the same constant light 
velocity, such that each system has a constant velocity relative to 
the first or to any other of the group. The question then arises: does 
this Lorentz group exhaust all possibilities, or do other categories of 
equivalent Euclidean reference systems exist which have other types 

8 L. H. Thomas, Phil. Mag. 3, p. 1 (190,7). 

7 L. Page, Phys. Rev. 33, p. 57 2 (192,9). 
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of motion than constant velocity relative to the fundamental system ? 
The answer to this question has been gjven by Page, 8 who has shown 
that a reference system may be adjoined to a particle-observer mov- 
ing with a constant relativity acceleration <j> relative to the funda- 
mental system, and that the geometry of the system so constructed is 
Euclidean. With every such relatively accelerated reference system 
may be associated in turn a Lorentz group of homogeneously equiva- 
lent Euclidean reference systems, the light velocity in all the reference 
systems under consideration being, of course, the same constant c. 
Finally, Engstrom and Zorn 9 and Robertson 10 have shown that no 
further categories of Euclidean reference systems with constant light 
velocity exist, whether equivalent to the original reference system or 
not. Hence, with a given particle-observer there can be associated 
at most a single Euclidean reference system. In this respect the 
three-dimensional case differs from the one-dimensional case (art. 35) 
in which no geometry exists. 

The principle of relativity requires that the laws of physics shall 
have the same form, and the constants contained in them the same 
values, relative to all equivalent Euclidean reference systems, includ- 
ing those moving with constant relative acceleration as well as those 
moving with constant relative velocity. While, however, we are able 
to transfer a macroscopic particle from one field-free inertial system 
to another by the application of a force for a suitable time, we know 
no means of transferring such a particle from an inertial system to an 
equivalent Euclidean system moving with a constant relative accelera- 
tion. It may be, however, that such transfers occur in the micro- 
scopic world, and that the imperfectly comprehended motions of 
electrons, neutrons and protons in the atom are to be explained in 
such a manner. 

So far as the formulation of the laws of electrodynamics are con- 
cerned, we may limit our consideration to the single Lorentz group 
of equivalent Euclidean reference systems with constant light 
velocity comprising the inertial systems. The principle of relativity, 
applied to this Lorentz group alone, we shall denominate the restrictcd 
principlc of rclativity . It tells us that the laws of physics must be the 
same relative to all inertial systems. 

While we are not warranted at the present time in devoting to 

8 I.. Page, Phys. Rev. 49, p. 254 (1936). 

0 Rngstrom and Zorn, Phys. Rev. 49, p. 701 (1936). 

10 H. P. Robertson, Phys. Rev. 49, p. 755 (1936). 
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relatively accelerated equivalent Euclidean reference systems the 
space necessary to give a detailed description of their kinematical 
relationships, it may be of interest to write down without proof the 
space-time transformation. Adjoining Y and Z rectangular axes to 
the X axis of the one-dimensional case treated in article 39, and 
putting 


. , 4>X 

òy 

r = 

4>z 


^ = 1 + 71 3 

2C 

111 

2C 2ì 

T = - , 

2C 

t' = i - **' 

111 

s £ 

fco 

r' = 

4>z r 

III 

V 


and p 2 b £ 2 + V 2 + £ 2 j the desired transformation is 



( 45-0 


where the negative sign in the relations connecting f' and f is due to 
the fact that these axes have been taken in opposite senses so as to 
make each set of axes right-handed. 

The reader desiring a more complete discussion of relatively 
accelerated reference systems may consult the papers of Page 11 and 
Page and Adams. 12 

Problem 450.. Show that if a ray of light follows a straight track in one of 
two relatively accelerated reference systems, its path is a straight line in the 
other. 

11 L. Page, Phys. Rev. 49, p. 254 (1936). 

12 Page and Adams, Phys. Rev. 49, p. 466 (1936). 
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THE ELECTROMAGNETIC FIELD 

46. Emission Theory of Electromagnetism. — Faraday has shown 
how an electric field can be represented graphically by continuous 
lines of force originating on positive charges and terminating on 
negative charges. We shall endow this geometrical representation 1 
with sufficient physical substantiality to allow us to picture lines of 
electric force as fìlaments which may move relative to the observer’s 
inertial system in company with the charges to which they belong. 
Since, however, different charges may move with different velocities 
and Ìn different directions, kinematical properties can be attributed to 
lines of force only if we treat the fìelcl of each element of charge as a 
separate entity. Hence our point of view differs from Faraday’s in 
that we shall ascribe to each element of charge its own diverging or 
converging group of lines of force, instead of representing the result- 
ant electric field by lines of force. Further we shall suppose that the 
lines of force associated with an element of charge may penetrate the 
fields of other charges, or in fact other charges themselves, without 
being in any way influenced by the latter. When a number of ele- 
mentary charges are present, then, their independent fields coexist, 
and the resultant field will be considered, not as an entity in itself, 
but as a combination of the overlapping elementary fields of the 
indiviciual elements of charge. 

In order to make the discontinuous representation of a field 
by lines of force effectively continuous, we shall imagine the number 
of lines proceeding from even the smallest element of charge to be very 
large. We may, then, group adjacent lines of force into bundles or 
tubes containing equal numbers of lines, the numher of lines to a tube 
being determined in such a way as to make the total number of tubes 
diverging from a positive charge or converging on a negative charge 
proportional to the magnitude of the charge. If the factor of propor- 
tionality is taken as unity, as will be our procedure, the number of 

1 L. Page, Am. Jour. Sci., 38, p. 169 (1914). 
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tubes of force in the field of an element of charge is identical with the 
number of units of electricity in the charge, and we are led automat- 
ically to the Heaviside-Lorentz units * of electric and magnetic quan- 
tities. NoWj if a bounded surface is placed in the field of an ele- 
mentary charge, some of the tubes associated with the charge may 
pass in whole through the surface, and others only in part. In the 
latter case the fraction of a tube passing through the surface is the 
ratio of the number of lines which intersect the surface to the total 
number of lines in the tube. 

At a given instant an elementary electric field is completely 
described at every point by the direction and the density of the lines 
of force. These two characteristics may be specified quantitatively 
by a vector function E of the coordinates which has at every point the 
direction of the lines of force at that point and a magnitude equal to 
the number of tubes of force per unit cross-section. The function E 
is called the electric intensity of the elementary field. At a point 
where a number of elementary fields overlap, we define the resultant 
electric intensity as the vector sum of the electric intensities of the 
individual fields. Evidently at a distance from a charged body large 
compared with its greatest linear dimension the individual fields due 
to all the elements of charge on the body have so nearly the same 

direction that we can treat the resultant field as 
if it were a single elementary field. 

Let dN be the number of tubes of electric 
force of an elementary field passing through an 
element of surface d<y (Fig. 41) whose normal 
makes an angle 6 with the electric intensity. As 
the projection of dcr on a plane at right angles 
to the lines of force is dc cos 6 , the number of tubes per unit cross- 
section and therefore the magnitude of the electric intensity is 



E = 


dN 


dc cos 6 


( 4 6-x) 


Consequently the component of E along the normal to the surface is 
equal to the number of tubes per unit area passing through it. ]f, 
therefore, a number of elementary fields Ei, E2, • * • , making angles 
02> * ■ • with the normal to the surface, overlap in the neighborhood 

*A table of equivalents in Heaviside-Lorentz units, electromagnetic units and 
electrostatic units is given on p. xii. 
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of d<r to produce the resultant fìeld E making an angle 0 wìth the 
normal, 

E cos 0 = E\ cos 0i H~ E% cos d 2 -|— • • • . 

But 

dN ! „ dN 2 


Therefore 


£1 - 7 V > v 

d<y cos &i da cos d 2 

dN 1 H“ dN[ 2 -f- * * • 


E = 


d<r cos 0 


showing that (46—1) holds also for the resultant of a number of ele- 
mentary fields provided we intei-pret dN as the total number of tubes 
of force passing through the surface dcr. 

Each line of force can be considered as the locus of a dense linear 
aggregate of moving-elements, or points. We wish to find the 
velocity law of these moving-elements. Now the principle of rela- 
tivity tells us that both the velocity and the acceleration of a con- 
stituent moving-element in an elementary electric field must have the 
same magnitudes relative to all inertial systems. As shown in article 
43 this requires that the moving-elements shall move in straight lines 
with the velocity c of light. Furthermore, the fact that the lines of 
force originate on the charge whose field they represent, requires that 
lines of force in the immediate neighborhood of the charge can have 
no finite component of linear velocity at right angles to themselves 
relative to the Ìnertial system in which the charge is momentarily at 
rest. It follows that the direction of motion relative to this inertial 
system of each moving-element in the immediate neighborhood of 
the charge must be tangent to the line of force of which it forms a part. 
Hence the moving-elements in the immediate neighborhood of the 
charge must move radially either toward or away from the charge, and 
the charge must be considerèd either as a sink or as a source of 
moving-elements. Either alternative, or any combination of the 
two, leads to Maxwell’s equations, the first corresponding to advanced 
fields and potentials and the second to retarded fields and potentials. 
However, the teleological implications of the first alternative are 
generally considered sufficient to warrant its exclusion from physical 
reality, for, if the moving-elements constituting an elementary field 
should move toward the charge responsible for the field, the future 
history of the charge would be completely determined by the present 
nature of the distant portions of its own field, and it would be impos- 
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sible for the charge to be influenced in any inconsistent m tinnc.r i>y 
the fields of other charges. Hence we are forced to adopt the second 
alternative and to consider an element of charge of either sign as a 
source of moving-elements projected from it in straight lmes with 
velocity c. As lines of force diverge from positive charges and con- 
verge on negative charges, the angle between a line of force and the 
direction of motion of the moving-elements which carry it is never 
greater than tt/ 2 in the field of an element of positive charge, and 
never less than tt/ 2 in the field of an element of negative charge. 
Although we adopt the second of the two possible alternatives 
considered, many of the formulas we shall develop require only an 
occasional change in sign to make them fit the first alternative, which 
has been discussed in some detail in a paper by Page.“ 

We picture an element of charge, then, as a group of emittors 
each of which shoots forth a stream of moving-elements with the 
velocity of light, in much the same way as a machine gun fires a 
stream of bullets. The locus, at any instant, of the moving-elements 
which have been projected from a given emittor, constitutes a line of 
force. Now we shall adopt two assumptions suggested bv symmetry. 
First we assume that, relative to the inertial system in which the 
element of charge is momentarily at rest, the emittors are distributed 
uniformly in angle, and second, that the emittors have no rotation 
relative to this inertial system. 

To summarize, the emission theory starts with the elementary 
electric field as the fundamental entity in its description of electro- 
magnetic phenomena. The velocity law of the moving-elements 
constituting this field has been indieated unicjuely bv the recjuiremcnts 
of the principle of relativity. In addition we have made two funda- 
mental assumptions regarding the distribution and angular motion 
of the emittors from which the lines of force spring forth, which are 
strongly suggested, if not demanded, by symmetry. In the suc- 
ceeding articles of this chapter we shall prove that the four field equa- 
tions formulated by Maxwell to express in analytical form the experi- 
mental discoveries of Coulomb, Ampère, anil h'araday are purely 
kinematical relations deducible in whole from the characteristics 
specified in the present article for an elementary tìeld. 

47. Transformation of the Electric and the Magnetic Intensity. — 
Our first objective is to express the electric intensity E' of an ele- 
mentary electric field as measured in an inertial system S' in terms of 

2 L. Page, Phys. Rev. 24, p. 296 (1924). 
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the electric intensity E of the same fìeld as measured in another inertial 
system S. Let P (Fig. 42) be the position of a moving-element of a 
line of force at time t\ n S and t' in S' , and let Q be the position of an 
adjacent moving-element of the same line of force at time t in S. At 
time t' in S' the latter moving-element will be at a slightly different 
point Q'. Then PQ is an element of the line of force in S at time t , 
and PQ' the same element of the line of force in S' at time t'. 

Orient the axes fìxed in the two inertial systems so that the X 
and X' axes are parallel to the velocity v of S' relative to S. We shall 
designate the coordinates in S of Q relative to P by dx , dy, dz, and of 



Q' relative to P by dx\ , dy\, dz\. Also we shall understand by dx'> 
dy' , dz' the coordinates of Q' relative to P as measured in S ' . The 
kinematical part of our analysis consists of two steps. First we 
express dx\, dy\, dz\ in terms of dx, dy, dz, and then we utilize the 
Lorentz transformation between dx' , dy' , dz' and dx\, dy\, dz\ to 
express dx' , dy' , dz' in terms of dx, dy, dz. 

If the velocity of the moving-element at Q is c, and the time in 5 
at which this moving-element reaches O' is t + dt, 

dx 1 = dx + c x dt, 
dy\ = dy + c y dt, 
dz 1 = dz + c z dt. 

As the time in S' is the same at Q' as at P, that is, dt' — o, it 
follows from (42—2) that 


/3 

dt = — dx\ . 
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Hence 


dx x = 


dx 



c 


B — dx 


dyi = dy + 



5 


dz\ = d% -f- 


/3 — dx 

c 



c 


To obtain from these expressions the coordinates dx ' , dy ' , dz’ 
of Q' relative to P as measured in S' we must use the last three equa- 
tions in the second column of ( 42 ,- 2 ), making di' = o, since P and Q' 
are reached at the same time according to the standard of simulta- 
neity of S'. In this way we find 


dx' = 




(3 — dx 



dz' = dz 



(47-i) 


As the direction cosines of the line of force through P are propor- 
tional to dx' , dy ' , dz' as measured in S\ and proportional to dx, dy^ dz 
as measured in S, these three equations specify the direction cosines 
of the line of force in S' in terms of its direction cosines in «S. Since 
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the electric intensity at P is parallel to the line of force through P, 

F ' F ' F ' 

dx' dy' dz' 

and 

E* = Ey = El \ 

dx dy dz 


If, then, we determine one component of the electric intensity in 
S' in terms of the corresponding component in S, the transformation 
for the remaining components can be obtained at once from (47-1). 
The component for which the transformation is most easily obtained 
is that parallel to the JC axis, since an elementary rectangle at P 
parallel to the YZ plane has the same area in S' as in S. Let 8N be 
the number of tubes of force passing through the rectangle of edges 
8y, 8z (Fig. 42). Then, as 8y' = 8z' = Sz , and the component 

of the electric intensity normal to any element of surface is equal to 
the number of tubes of force per unit area passing through the surface, 


E a 


8N 


8N 


Consequently, using (47—1), 


8y'8z' 8ySz 


= E x . 



and similarly 



= k {e v - £ I c X E I, 
= ^|^= - f'“|cX E| v 




As the vector (1/ c) c X E appears in these and many other expres- 
sions to be derived later, it is convenient to represent it by a single 
symbol and to attach a name to it. We shaìl write H s (i/r)c X E 
and call this quantity the ?ii{iy7ictic t?itc?isi(y of the elementary electric 
held. When we have deduced the comjilete set cif electromagnetic 
equations we shall lne able to identify H unambiguousJy with the 
maghetic intensity as defined experimentally by Ampère andMaxwell. 
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In terms of H the transformation for the components of E becomes 


Ex' = E x , 

Ey' = k{Ey ~ PH,}, 
E/ = k{E z + /3 Hy}. 


( 47 ~ 2 ) 


Next we shall find the transformation for the components of H. 
To obtain it we need the transformation for the components of c as 
well as that for the components of E. The former, given by (43-1) 
with c Xì c y} c g replacing V X} V y} V z respectively, is 






(47-3) 


The derivation is facilitated by noting that 

c-H c x H x | CyHy ~\ c gH[ g o. 


Then, as H' = (i/c)c' X E', 



— ( E z + fiHy) ( E y — fiH z ) 

c c 



c 



I 
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Hy' = — E x ' - — E/ 

c c 

(1 - p 2 ) J E x - (j - / 3 ) (E„ + 0H y ) 

= k — 

- C X 

i - /3- 

£ 

i/*- /3 ^ //„+18 - 8 - £,) 

= * - = k{H v + 0E,}, 


and sìmilarly with HJ. Collecting results: 


Hy' = k{ff v + L 3E,}, 
HJ = k{H z - (3E y }, 


(47-4) 


a set of equations which differs from (47-2) only in the interchange of 
the components of E and H and in the change in sign of the terms in /3. 
The inverse transformations are obviously 


and 


E x = E x ', 

Ey = k { Ey' + fiHJ } , 

E z = k{E a ' - 0H y '}, 
H x = H x ', 

H u = k{H v ' - 0E Z '}, 
H z = k{H z ' + 0E V ’}, 


(47-S) 


(47- 6 ) 


since the velocity of S relative to S' is the negative of that of S' 
relative to S. 

Just as we defìned the resultant electric intensity in a region where 
a number of elementary fields overlap as the vector sum of the electric 
intensities of the individual fields, so we shall define the resultant 
magnctic intensity as the vector sum of the magnetic intensities due to 
the separate elementary fields. 'I’hen, as (47-2), (47-4), (47-5) and 
(47—6) are linear in the components of E and H, and do not contain 
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the components of c explicitly, these transformations apply as well 
to the resultant E and H as to the electric and magnetic intensities of a 
single elementary fìeld. 

It follows from (47-2) and (47—4) that 


E' H' - E H ( 47 - 7 ) 

and 

E ' 2 - H ' 2 = E 2 - H 2 (47-8) 

are invariants of the Lorentz transformation. 

It appears from the transformation equations (47—2.) and (47—4) 
that the resolution of an electromagnetic field into electric and 
magnetic parts depends upon the state of motion of the observer. A 
field which is entirely magnetic to an observer in one inertial system 
may be in part magnetic and in part electric to an observer in another. 
Only the expressions (47—7) and (47-8) have the same values for 
observers in all inertial systems. From the first of these we see that 
if E and H are at right angles in one inertial system they are at right 
angles in all, and from the second we see that if the electric field is 
more intense in one inertial system than in another, the magnetic field 
also is more intense in the first than in the second. 

These considerations suggest the following question: can we elimi- 
nate either the electric part or the magnetic part of any electro- 
magnetic field by giving the observer a suitable velocity ? Suppose 
that we have an electric field E and a magnetic field H in inertial 
system S, and wish to find an inertial system S' in which the electro- 
magnetic field is entirely magnetic. Since E x ' = E x in (47—2), we 
see first that S' must move with a velocity v at right angles to E. 
Then (47-2) shows that all three components of E' vanish if 



Em 

Hy' 


a pair of equations which can be satisfied for (3 < 1 only if 


EyHy + E Z H Z = o, 
E 2 < (H 2 + H 2 ). 


Consequently, if E is perpendicular to H and less than H in magni- 
tude, E' is zero in the inertial system moving relative to S with the 
velocity 


= c 


E X H 

H 2 


v 


(47-9) 
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or, in fact, in any inertial system moving at right angles to E at an 
angle with E X H whose cosine is greater than E/H, with a velocity v 
equal to c times the quotient of E by the component of H perpendicu- 
lar to v. In the inertial system S' moving with the velocity (47-9) 
relative to S, H' is in the same direction as H and has the magnitude 



Similarly it follows from (47-4) that, if H is perpendicular to E 
and less than E in magnitude, H' is zero in the inertial system moving 
relative to S with the velocity 

E X H 

or in any inertial system moving at right angles to H at an angle with 
E X H whose cosine is greater than H/E, with a velocity v equal to c 
times the quotient of H by the component of E perpendicular to v. 
In the inertial system S' moving with the velocity (47—10) rela- 
tive to S, E' is in the same direction as E and has the magnitude 

In the case of crossed (i.e., perpendicular) electric and magnetic 
fields, then, it is always possible to find an inertial system S' in which 
one of the vectors E' and H' vanishes, with the single exception of the 
case where E — H. This case is of especial Ìnterest since it is that 
of a plane electromagnetic wave. Here (47—9) and (47—10) are 
satisfied simultaneously, but only with a value of /3 equal to unity. 
As we transfer our observations from S to inertial systems moving in 
the direction of propagation of the wave (i.e., that of the vector E X H) 
with higher and higher velocities, the equal magnitudes of the per- 
pendicular vectors E' and H' become smaller and smaller, approach- 
ing zero as v approaches c. At the same time the length of the wave 
grows larger and the freqviency smaller. Just the reverse changes 
occur if we transfer our observations to inertial systems moving in 
the direction opposite to that of propagation. 

A simple example of the dependence of the resolution of an elec- 
tromagnetic field into electric and magnetic parts on the state of 
motion of the observer is provided by the infinite parallel plate con- 
denser. Let the plates be at rest in S parallel t.o the Z,X coordinate 
plane with the Y coordinate of the negatively charged plate greater 
than that of the positively charged plate. If, then, the charge per 
unit area is p a , the electromagnetic tìeld between the plates Ìs E x = o, 
E v — P«y — o> H x = o, H y = o, H z = o to an observer in S. To 



(47-10) 
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an observer moving with velocity v in the X direction in the region 
between the plates, E x = Py — kp<r> = °5 = o, H y ' = o, 

H z ’ = — &/ 3 p<r . The latter observer attributes the increased intensity 
of the electric field to the Fitzgerald-Lorentz contraction, and the 
presence of the magnetic field to the currents produced by the motion 
of the charged plates relative to his inertial system. 

Again, consider the uniform magnetic field H x = o, H y = H , 
H s = o between the large parallel plane pole-pieces of a magnet at 
rest in S. Relative to S', E x = o, EJ = o, E x = k&H 3 H x ' = o, 
H y ' = kH y , Hz' = o. The electric field in S' gives rise to an 
electromotive force along a straight wire at rest in this inertial system 
with its length parallel to the Z axis. This electromotive force 



is evident to an observer in S through the work which it can per- 
form on the free electrons in the conductor. As there is no electric 
field in S, the observer in this system attributes the electro- 
motive force to the motion of the wire relative to him through a 
region in which a magnetic field is present. An electromotive force 
so produced is called a motional electromotive jforce since it exists for 
the observer in S only in a body in motion reiative to his inertial 
system. 

48. Field of a Point Charge. — Consider an elementary or point 
charge e which has a velocity V and acceleration f relative to the 
observer’s Ìnertial system S. Let the charge be located at Q\ (Fig. 43) 
at time ìq and at Q2 at time /0 + dt§. Then Q1Q2 = Hdto. We wish 
to find the electric intensity E at a point P \ distant r from Q\ at the 
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time / = t 0 + r/c at which a moving-element emitted from e at the 
time t 0 reaches P\. Let P2 be the point occupied at the time t 0 -f- r/c 
by a moving-element projected from the same emittor at the time 
t 0 + dt Q . Then the line of force at P\ at time t 0 + r/c has the direc. 
tion of the vector d\ drawn from P2 to P\. 

If c is the velocity of the first moving-element and c + dc that 
of the second, 

d\ — c — — Vdt 0 — (c + dc ) ^ dto^ 


and 



(48-1) 


(48-2) 


since dc is perpendicular to c. 

Let n be the number of tubes of force passing through a unit 
area at P\ perpendicular to the radius vector r. Then 


E - 


n 


cd\ 

C-d\ 




(48-3) 


It remains to evaluate dc/dto and n. The fìrst is obtained from 
the condition that the emittors have no angular motion relative to 
the inertial system S' in which the charge is momentarily at rest at 
the time t 0ì and the second from the condition that the emittors are 
distributed uniformly in angle relative to S'. 

To fìnd dc/dt 0 we can make use of (44-3), understanding by p' 
a vector of constant magnitude having the direction of the emittor 
under consideration, and making dp' /dt 0 — o. In fact, as the direc- 
tion of motion of a moving-element leaving the charge is the same as 
that of the emittor from which it comes, relative to the inertial 
system in which the charge is momentarily at rest, we can put the 
velocity c' of the moving-element relative to S' for p'. Then we can 
find p from (44—1) and put its time derivative in (44—3) to determine 
dc/ dt 0 . 
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However it is somewhat sìmpler to obtain dc' Jdto first and then 
to evaluate dc,/dt$ by means of the transformations already derived. 
If the charge is accelerated, it passes from rest in S' at time to' to 
rest in an inertial system S" moving with velocity f'dto' relative 
to S' at time to' 4- dto'. Consequently, if p' is a vector in S' having 
the direction of the emittor and a magnitude equal to the velocity of 
Hght, 

dp' = - c' 

dto' dto 


where c' is the velocity relative to S' of the moving-element emitted 
at time to' and c" that relative to S" of the moving-element emitted 
at time to' ■+ dto'. Neglecting difFerentials of the second order, we 
have from (47—3) 


c" = 


t ' + - .w _ o , + M + <r X «-) X _ 


I — 


c'-f' 


dto' 


where c' + dc' is the velocity relative to S' of the moving-element 
emitted at time / 0 ' + dto' . Therefore 

dp = dc/, (f' X c') X c' 
dto dto’ c 2 


The reader should note that dp ' / dt 0 ' is not in general equal to dc' /dto’ 
even though we have made p' = c' at the instant / 0 ' when the charge 
is momentarily at rest in S'. 

As the emittors have no motion of rotation. 


dc' (f' X c') X c' x/ c' f' , 

lij 7 f --^ c 


(48-4) 


Now we must transform this equation to system S. As we are 
differentiating at the charge, we make use of (43-4) with V' — o and 
V — v, getting d/dto = kd/dto- The transformation for the compo- 
nents of c' are given by (47-3) and those for the components of f' by 
(43—7). Carrying through the algebra separately for each rectangu- 
lar component of the vector equation (48-4) we obtain the three 
relations 


dCx 

dtc\ 


k 2 


C*v)/ X - c-fOr* - v)}. 
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dC y 

dt 0 




We may now replace v in these equations by the equal velocity V of 
the charge, and combine the resulting equations into the single vector 
equation 


d c 
dt Q 


{f X (c - V)} X c 



(48-5) 


The calculation of n is all that remains. Let a and a' be the 
angles which an emittor makes with v in S and S' respectively. Then 

p sin a — p' sin a' and p cos a = 's/i — (3 2 p' cos a' y giving tan 
a' — a/ 1 — /3 2 tan a. But, if 6 is the angle which c makes with v, 


Therefore 


and 


tan a — 


tan a' = 


c sin 6 


sin 6 


c cos 6 — v cos 6 — /3 

Vi — /3 2 sin 6 
cos d — • /8 


1 — 6 ? 

sin a'da' = — 0 sin 6dd. 

(1 — (3 cos d ) 2 


Now, if dN is the number of tubes diverging from the charge 
inside the conical angle between a' and a' + da ' , 


dN = 


— sin a'da' 
2 



sin 6dQ y 


since the emittors are distributed uniformly in angle as viewed from S' . 
I he area subtending the conical angle under consideration at a dis- 
tance r from the charge is 

da — Ittt 2 sin 6dd. 
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Consequently the number of tubes of force passing through a unit 
area at P± perpendicular to the radius vector is 


n 



(48-6) 


where we have replaced v by its equal V. 

Substituting (48-5) and (48-6) in (48-3) we 'obtain the expression 


E = 


f (* '?) (c_v)+ ? {f x (c_ v) } xc ) J 


(48-7) 


for the electric intensity at the field-point P x at time / in terms of the 
coordinates, velocity and acceleration of the charge at the earlier 
time t 0 . Such an expression is said to be retarded^ which we indicate 
by enclosing it in heavy square brackets. We shall use this notation 
consistently henceforth, understanding that alt coordinates, velocity 
components and acceleration components of a charge are to be evalu- 
ated for the time t — [r]/c when they are contained within square 
brackets. The position of the charge at this earlier time is called its 
effective position for the determination of the fìeld at the field-point 
at the time t. 

Since H stands for the vector function (i/r)c X E by definition, 
the retarded expression for the magnetic intensity due to a point 
charge is 


H = 




(48-8) 


At small distances from the charge the parts of these expressions 
varying inversely with the square of the distance r predominate, 
whereas at great distances these parts are negligible compared with 
the parts which vary inversely with the first power of r. The latter 
parts of E and H constitute the radiatio n ficld of the charge. 

49 * Differentiation of Retarded Quantities. — The expressions 
(48-7) and (48-8) for the electric and magnetic intensities of the field 
of a point charge can be expressed as derivatives with respect to the 
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coordinates and the time of two potentials, one a scalar function and 
the other a vector function. In order to find them we must fìrst 
develop formulas for the derivatives of a retarded quantity. 

Let P (Fig. 44) be the fìeld-point with coordinates x } y, z at which 
we wish to fìnd the field at time / of a charge e whose effective position 
for this point and time is Q. The coordinates of Q we designate by 



M, M, W and the time at which it is occupied by the charge by [/]. 
Let [r] represent the vector QP. Then 


t _ m = H _ V (x — [j?]) 2 + (y — [_y]) 2 + (2 — H) 2 


(49-O 


where, if the charge is in motion relative to the axes XYZ , the coordi- 
nates [#], [jy], [2] and also the components [^J, [^J, [F'J of the 
velocity of the charge are in general functions of [/]. 

Consider a quantity \f/(x , jy, 2, [/]), where [/] occurs explicitly or 
implicitly in [J, • • • , [Fj, • • *, etc. As [/] may be considered to be a 
function of x , jy, 2, / we have two types of partial derivatives of to 
consider. For the moment we shall distinguish them by denoting 
the derivative with respect to x when jy, 2, [/] are held constant by 


dxP 

òx 


, and the derivative with respect to x when the x contained 
implicitly in [/] as well as the x appearing explicitly is varied, jy, 2, / 


being kept constant, by 


d\f/ 

dx 


By 


dxfi 

m 


we shall mean the derivative 
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with respect to [/] when explicit x, y, z are held constant, and by 

dt 

the derivative with respect to the / contained implicitly in [/], both 
explicit and implicit x 3 y , z being kept constant. Then 


d\f/ dif/ d\t\ 
dt ~ d[/] dt 3 


dxf/ dyf/ d\f/ d\t\ 

dx dx dx 3 


and similarly for derivatives with respect to y and 2. 

DifFerentiating (49-1) with respect to / we find that 

_ I (* - WzA + (y- \MKÀ + (* - MilfjJ l 4} 

dt 1 \r\c I dt 



since c has the same direction as [r], and therefore 



In like manner 

_4j = 

dx 



Hence 

41 f* T cV l 41 

dx c 2 L c 2 J dx ’ etC ^ , 



and 
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d\f/ 

dx 



d\J/ c x d\J/ 

dx c 2 dt 


(49-3) 


Similar expressions hold for the derivatives with respect to y and z. 

50. Scalar and Vector Potentials. — In this article we shall show 
that the retarded expressions (48-7) and (48-8) for the electric and 
magnetic intensities in the field of a point charge can be represented 
by derivatives of a scalar and a vector potential. 

As 

p V 1 _ (g — MUZfl + (y — [y\)[v v \ + (z — [z])[^ 2 ] 

L c 2 J [r]c 

appears in both (48—7) and (48—8) we start by writing down its 
derivatives. Evidently 


d 

r cv i 


L"?J 

d I 

r- v i 

dx \ 

Also, from (49-1), 

L c\ 

d[r) 


d[/ 1 


5.W 

dx 



C x 

C 


Consequently (49— a) gives 
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and (49-3) leads to 


[^] 




Hence 


(50-2) 


L^( 


c-V 


1 d 
c dt 


I — 


/yirrc l I 


C- V 


47 rr c \ 1 


■Jvy K 1 - 7) <" - ''*> 

+ / - f t ) - (+ - c-V)/ t ) }1 


We recognize this as the jv-component of the vector function 
(48—7). Now if we consider the quantities which are differentiated 

to be given as functions of x> y, z, t we can replace — by — , by — , 

dt dt dx dx 

etc., and the electric intensity due to the point charge uncier consider- 
ation may be expressed in the form 


E = — V 


[4^ 


c-V 


c dt 


47r rc i 1 


9)ì 


(S°- 3 ) 


Similarly 


47rrr l 1 


c- V 


47 xrc 


y 

(- 


c- V 


47rr<: 11 — 


^.{-(■-S) C-* 


V — c V 

K z y 


^.4 CzVy) + ( C 2 ^-V^^Cyfz — C z fy) } ijj 
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which we recognize as the .v-component of (48-8). Therefore 

eV 


H = V X 


eV 1 

. 4,rrf ( ] _ i?)J 


(5°- 4> 


Since E and H for the resultant of a number of elementary fields 
are the vector sums of the electric and magnetic intensities respectively 
of the individual overlapping fields, it follows that 


i7 1 <9A 

E = — V<i> , 

c òt 

H = V X A, 


(5°~5) 
(50-6) 

for any field, where the scalar potential <3> and the vector potential A 
are given by the retarded expressions 


$ = 


A = 


(■-*?')]' 
r e&i 1 

■ L— (-“?)! 


(5°~ 7) 


(50-8) 


The potentials for a continuous distribution of charge may be 
put in a simpler form. Suppose we wish to find these potentials at a 
field-point P (Fig. 45) at a time/ 
due to a continuous distribution 
of charge of density p(at, y, z, /) 
per unit volume. Consider a 
fixed volume element dr at Q in 
the shape of a rectangular paral- 
lelopiped of altitude AB = dr at 
a distance r from P. Let the 
charge density at Q at time 
t — r/c be denoted by [p]. If 
the charge in the neighborhood 
of Q has the velocity V, the charge \de\ which lies in ABCD when 
in its eflfective position for calculation of the field at P at time /is not 



Fig. 45. 
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that resident in ABCD at the time t — rjc , but that located in the 
smaller parallelopiped AB\C\D of altitude dr\, where 


dr\ — dr — 




dr. 


since the charge adjacent to the base BC of ABCD must reach this 
posìtion at the time t — (r + dr)/c to be effective in giving rise to a 
field at P at time t. Therefore 

[de\ = [p] £ i — 

and (50-7) and (50-8) become 


<£ = 

A = 


47 r J T r 

(5°“9) 

1 fWtr, 

Afirc J r r 

(50-10) 


where r need not be enclosed in brackets since it represents now a 
distance in the observer’s inertial system which is not a function of 
the time. 

Since the efFective position of a charge for calculation of the field 
at P at time t is that occupied at the time t — [r]/c, the positions and 
velocities of the charges appearing in (50-7) and (50-8), or the charge 
density [p] and current density [pV] appearing in (50—9) and (50-10), 
are those that would be seen by an observer at P at the time t. 

In the case where the charge density and current density relative 
to the observer’s inertial system are not functions of the time, the 
values of these quantities in any fixed volume element di- are the 
same at time t — rjc as at time /, and the retarded expressions (50-9) 
and (50-10) for the potentials may be replaced by the simultaneous 
expressions 


1 fp , 

^ = — / - dr, (co-11) 

47r J T r 

1 f pV 

A = / dr. ( CO — 1 2) 

47rc J T r J 


These formulas may be used to calculate the fields not only of 
charges permanently at rest in the observer’s inertial system, but also 
to compute the electric and magnetic fields produced by a charged 
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sphere rotating with constant angular velocity about a fixed diameter 
the charge density of which is a function only of the distance from its 
center, the magnetic field due to constant currents flowing in any 
network of fixed conductors, and, in general, the fields due to any 
steady flow of charge. 

Finally, we notice from (49—3) that 



Making use of (50—2), then, 



Consequently the scalar and vector potentials gìven by (50-7) and 
(50-8), considered as functions of x, y y 2, /, satisfy the differential 
equation 

V- A + — = o, ( 50 - 13 ) 

c dl 

no matter whether they refer to a single elementary field or to the 
resultant of a number of overlapping fields. 

51. Dififerential Equations of the Electromagnetic Field. — Obvi- 
ously any vector field U(.v, y , 2) can be represented graphically by 
lines of force cirawn so as to have everywhere the ciirection of the 
vector U and in such density that the number of tubes of force (a 
tube being defined as a bundle of a specifiecl number of lines) per unit 
cross-section is equal to the magnitude of U. In special cases the 
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lines of force may be everywhere continuous, but in general the lines 
of force required for the graphical representation of an arbitrary 
vector function of the coordinates are discontinuous, some lines end- 
ing where the fìeld becomes weaker or beginning where it becomes 
stronger, or some of the lines reversing their sense at a point where the 
field suddenly changes direction. 

The reasoning, employed in article 46 to show that the moving- 
elements of which the lines of force of an elementary electric field 
are the locus must move in straight lines with the velocity of light, 
can be applied as well to any elementary vector field of physical sig- 
nificance, and serves to tell us how the portion of the field repre- 
sented by continuous lines of force changes with the time. If, how- 
ever, there are discontinuities in the lines of force, as at an element of 
charge in an electric field, we must take account also of the motion 
of these discontinuities in computing the entire time rate of change 
of the field. We shall now derive the differential equations of an 
elementary vector field U(at, j y, z, t), the lines of force of which are 
moving with velocity c, and apply the results to the electric fields in 
which we are interested. 

First consider any closed surface cr. As we proved in detail for 
the electric field discussed in article 46 the component of U along 
the outward-drawn normal to a surface element dcr at any point is 
equal to the number of tubes of force per unit area passing through 
it from the negative to the positive side. Therefore the flux U-c/cr 
of the vector field through the surface element is equal to the 
number dN of tubes of force passing through it. Integrating over 
the entire surface <r, 

U ■ dv — N, (51—1) 

where N is the excess of the number of tubes of force emerging frotn 
the region enclosed by the surface cr over the number entering. 
Converting the surface integral into a volume integral by Gauss’ 
theorem, we have 

V * TJdr = N, 

where r is the volume enclosed by the surface <r. Evidently, if the 
lines of force are continuous throughout the region r, as many enter 
as leave this region and N = o. Only when some of the lines originate 
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°r terminate inside the region is N different from zero. Let p be the 
number of tubes of force which originate (p positive) or terminate 


(p negative) per unit volume. 
above becomes 


Then N — 



pdr and the equation 



V-U dr 



pdr. 


As this equation holds for any volume r, we get the divergence equation 


V-TT = P 

of the vector field X T. 

Next consider the bounded surface <r 
(Fig. 46) fixed in the observer’s inertial sys- 
tem. The number N of tubes of force passing 
through it is given by the integral (51-1) 
taken over the surface. Differentiating with 
respect to the time, 

dN r dJJ 7 

—j~ — / ——-da. 

dt J a dt 


(51 -2) 



(S I_ 3) 


But the time rate of increase of the number of tubes of force through 
the surface is equal to the number crossing the periphery from without 
to within per unit time plus the number of origins of discontinuous 
tubes passing through the surface per unit time from the positive to 

the negative side. The first is f U -d\ X c integrated around the 

periphery of the surface, and, if V is the velocity of the origins of 

tubes, the second is — / pV’dv integrated over the surface. There- 
fore Ja 


dN 

dt 


-f 

-/ 


c X U-dk 


f pV- 

CT 


d(j 


V X (c X U) * d(j 


-f. 


pVd<r. 


Equating (51—4) to (51—3) we have 



V X (c X U) • dcr = 



) 


+ pV ì * dcr. 


(5 I— 4) 
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As this equation holds for any surface cr, we obtain the circuital 
equation 


V X |~c X uj 


i 

c 


au 

dt 


+ pV 


(5 5 ) 


of the vector field U. 

Now we are ready to write down the differential equations of the 
electromagnetic field. If we put E for TJ in (51—2.) and (51—5) the 
quantity p, since it has been defined as the number of ends of tubes 
per unit volume, represents the electric charge per unit volume, and 
pV the electric current per unit cross-section. Moreover the product 
(i/V)c X E has been designated by the symbol H and named the 
magnetic intensity. Therefore the two equations under considera- 
tion become 


V-E = p, 

V X H = - (È + pV), 

C 


(51-6) 


where the dot over a letter indicates the partial derivative with 
respect to the time. It may be appropriate to emphasize that these 
equations are purely kinematical relations governing the moving lines 
of force of the vector field E as viewed by an observer in the inertial 
system S, and that their derivation does not require the use of even 
the Lorentz transformation. 

We have shown that E and H can be expressed as derivatives of a 
scalar potential <E> and a vector potential A by (50—5) and (50—6). 
From these equations we obtain at once the pair of differential 
equations 


V-H = V-V X A = o. 


V 


XE= — V X V$ - - V X 

c 


6A 

dt 


I . 


-H. 


c 


(S I- 7 ) 


These, together with (51—6), constitute the complete set of differ- 
ential equations of the electromagnetic field. Collected they are: 


V-E = p, ( a ) V*H = o, (£) 

V X E = — - H, (<r) V X H = - (È + P V). (d) 
c c 


(51-8) 


As these equations are identical with those formulated by Maxwell 
to describe in analytical form the experimental discoveries of Cou- 
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lombj Ampère and Faraday, we can now identify unambiguously the 
vector H = ( i/c)c X E with the magnetic intensity as measured 
experimentally. It may be recalled that the entire group of equations 
has been deduced by applying the relativity principle to the simple 
geometrical representation of the electric field of an element of charge 
relative to the inertial system in which it is momentarily at rest, by 
means of uniformly diverging lines of force the emittors of which 
have no angular velocity about the charge. As the differential equa- 
tions are linear Ìn E, H, p, and pV and do not contain the components 
of c explicitly, they apply as well to the resultant of a number of 
overlapping elementary fields as to each individual field. 

By means of Gauss’ and Stokes’ theorems we can put the field 
equations in the integral form: 


f ~E-d(y— f pdr, (a) f H O, (b) 

fT •J T *J<T 

/ E-dk / H-*, (c) f H' A= - / (È+ pV) - dcr, (d) 

cj a J cj a 


(5 J — 9) 


where (a) and ( b ), in which the surface integrals are taken over the 
closed surface c bounding the volume r, are Gauss’ laws for electric 
and magnetic fields, (c) is Faraday’s law for the induced electromotive 
force around a closed circuit, and (d) is Ampère’s law for the magneto- 
motive force around a closed circuit as corrected by Maxwell to 
include the so-called displacement current. 

The differential equations satisfied by the scalar and vector poten- 
tials are easily obtained from (50—5), (50—6), (50-13) and (51—8). 
From (50—5) and (51— 8#) we have at once 


VV<I> 



VÀ 


P> 


and from (50-5), (50-6) and (51—8^) 

„ 1 . \ I „ 

V - A H — <t> ) = pV. 

c / c 

Making use of (50-13) these become 

1 .. 

V • V<I> 2 < 1 > = — p, 

T I 

V • VA 0 A = - .- pV, 

c c J 


V • VA 2 A — v 




(51-10) 
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giving <i> in terms of the charge density p, and A in terms of the current 
density pV. In empty space 5 where p and pV vanish, both <I> and A 
satisfy a wave equation with velocity of propagation c. If, further- 
more, the field is static, 3> and A each satisfy Laplace’s equation, 
that is, 

V • V<I> — o, 

V *VA = o. 

Problem ^ia. Show that the equation of continuity 

|£ + v-(pV) = o 

is a consequence of (51-8). 


<51-11) 


52. Boundary Conditions. — We can obtain from the fìeld equa- 

tions (51—9) the boundary conditions at a 
surface MN (Fig. 47) of discontinuity 
separating two regions r 1 and r 2 . Let 
p a be the charge per unit area on the sur- 
face and V the velocity with which it is 
moving, and let n^ be a unit vector normal 
to the surface and ti a unit vector tangent 
to the surface. If we apply ( a ) and (b) 
to the small pill-box ABCT) with bases of 
area A<r parallel to the surface, we get 

Ei • àcti -f- E 2 • A<r 2 = p<r Ao", 

Hi • Acr 1 -f- H 2 • Acr 2 = o, 



where the subscripts 1 and 2 refer to the regions ti and r 2 respectively, 
A<n = — niAcr and Atr 2 = niAtr being the vectors representing the 
bases AB and CD S respectively, of the pill-box. Therefore 


E 2 -ni = Ei-ni + p Vs 
H 2 -ni = Hi -ni, 


(5^-i) 


are the boundary conditions for the normal components of E and H. 

To find the boundary conditions for the tangential components, 
let ABCD represent a small rectangle, the long sides AB and CD y of 
length AX, being parallel to tj.. Applying (c) and (d) to this rectangu- 
lar path 

Ei • AXi + E 2 * A\ 2 = o, 


Hi • A\i + H 2 • A\ 2 = — p ff V • (ni X ti) A\, 

c 
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where_A\i = — t^AX and AX2 = t^AX are the vector lengths of AB 
and CDy respectively. Hence 


E2T1 = Ei *ti, 

H2T1 = Hi -ti H — Pa V X Hi'ti, 

c 


(52-a) 


are the boundary conditions for the tangential components of E and 
H, the second equation stating that the difference between the com- 
ponents of H 2 and H x along t x is equal to the component of the current 
density Pff V along a tangent to the surface at right angles to ti in the 
sense of the unit vector ni X h. 

The scalar potential <I> and the vector potential A are continuous 
across a charged surface. To prove this, consider two opposite 
points Pi and P% at equal small distances either side of the surface, 
and treat the portion 0*1 of the surface in the neighborhood of Pi 
and P2 separately from the remaining portion <r 2 . Evidently the 
contributions to the potentials due to the charge and current on <r 2 
are continuous as we pass from P\ to P 2 . The small portion <ri of the 
surface may be considered to be plane, and, as all parts of it are very 
close to Pi and P 2 , we may neglect retardation and use the simulta- 
neous expressions (50—11) and (50-12) to calculate and A at Pi 
and P 2 . But the form of these expressions shows that the potentials 
are the same at the two points, establishing the proposition we under- 
took to prove. 

From the continuily of the potentials the equality of the tan- 
gential components of E expressed in (52—2) follows immediately by 
virtue of (50—5), and the equality of the normal components of H 
expressed in (52—1) follows as a result of (50—6). To show the latter 
in detail, let the X axis be normal to the surface at the point under 
consideration, so that n^ = i. Then 


H n = i-V X A 


dA Z dAy 

dy dz 


As both derivatives are along the surface, the continuity of A z and A v 
demands the continuity of H n . 'Fhe second of the two boundary 
conditions (52—1) and the first of (52-2), then, can be replaced by the 
condition that the potentials are continuous. 

53. Generalization of the Field Equations. — It is of interest to 
investigate the form which the equations of the electromagnetic field 
would take in a world containing magnetic as well as electric charges. 
Let us denote by E e the electric intensity and by Cjs the velocity of 
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the moving-elements of the elementary electric fields produced by 
electric charge of volume density p E moving with velocity Ve, and let 
us put Hjs = (i/c)cj^ X E^. Similarly we shall denote by H# the 
magnetic intensity and by Ch the velocity of the moving-elements of 
the elementary magnetic fields produced by magnetic charge of 
volume density ph moving with velocity V H , and we shall put 
Ejj- = — (1 Jc)ch X Hjy. Then, corresponding to the transformations 
(47—2) and (47—4), which take the form 

Eex — E Ex , 

E'ev — k{E E y — PHez\, 

E'ez = k { E E z + &He v } ; 

H Ex H E x, 

H E y ~ k { H E y + &E E z } > 

H' Ez = k{H Ez - pE E y\; 
in our present notation, we have also 


H'hx = 

Hhx, 


H'uy = 

k { Hh y 

+ $E H z } , 

h' Hz = 

k{H Hz 

— &E H y } ; 

E'hx = 

Ehx, 


E' Hy = 

k { E H y 

— (SHhz } , 

E'hz = 

k { E Hz 

+ &Hh v } • 


PuttÌng E = Ejs? + "E>h and H = H h + EL e we obtain by addition 
transformations for the resultant of any number of overlapping ele- 
mentary fields due in part to electric charges and in part to magnetic 
charges. These are 


E x ' = E x , 

Ey’ = k{E y ~ WA, 


( 53-0 


E, r = k{E z + pHy)-, 

and 


Hy’ = k{Hy + $E z ), 
H v = k{H, - pEy ) ; 


(S3-a) 


which are identical in form with (47-2) and (47—4). 
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The fìeld equations (51-8) for the resultant field due to electric 
charges are 


V • E# = p Ey ( a ) V • H# = o. 




VXE f =--H S) (f) V X = - (*a + PeVe), (d) 
c c 


(53-3) 


in our present notation. For the resultant field due to magnetic 
charges we have in place of (50-5) and (50-6) 


Hjy = — V — 
Ej/ = - V X Ah, 


l dAff 

c dt 


( 53 - 4 ) 


( 53 - 5 ) 

the negative sign in the second being due to the fact that the definition 
of E// does not correspond in sign with that of H/j. These equations, 
together with (51—2.) and (5 1 — 5)> gi ve us the following field equations 
for the resultant field due to magnetic charges: 

V-H/f = P//, (a) V -E// = o, (b) 


V X Hh — - È//, (c) V X E H 


~ (H// + P// V//) . (d) 


( 53 - 6 ) 


To find the differential equations satisfied by <T>// and A H we sub- 
stitute (53—4) and (53 - $) i n ( a ) an 3 (d) above, getting 


V • V <U/ H V • Àfj = — p H 

c 

V-VA/r 2 — V(V - A// + - 4>//) = — - P//V//. 

c c c 

But, as in (50—13) f° r the field due to electric charges. 


Therefore 


rr a 1 1 

V-A// H — = o. 

c dt 


V • V T>// — ' 2 Àjf = — pfj. 


V • VA // "2 À// — — ~ P//V//, 


(53-7) 


(53-8) 
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showing that in empty space $h and A^, like $£ and A^, satisfy a 
wave equation with velocity of propagation c which reduces to 
Laplace’s equation for a static field. 

Adding the field equations (53-3) and (53-6), pair by pair, we 
obtain for the resultant of any number of overlapping elementary 
fields due in part to electric and in part to magnetic charges: 

V-E = Pg, (à) V-H = Pff, (b)' 

VXE=--(H + PhVb)> M V X H = - (È + PbV^). (d) 

c c J 

In this generalized form, the field equations are completely sym- 
metrical as regards electric and magnetic quantities. 
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THE ELEMENTARY CHARGE AND THE FORCE EQUATION 

54. Fields of Point Charges Moving with Constant Velocity and 
with Constant Acceleration. — In the last chapter we have deduced in 
closed form retarded expressions for the electric and magnetic intensi- 
ties, relative to the observer’s inertial system S, of the fìeld of an ele- 
ment of charge moving with an arbitrary velocity and an arbitrary 
acceleration. These expressions, (4B-7) and (48-8), specify E andH in 
terms of the distance [r] of the effective position of the charge, and the 
velocity [V] and the acceleration [f] in the effective position. Often, 
however, we wish to know E and H at a point P(x , y y z) at a time t in 
terms of the distance, velocity and acceleration of the charge at the 
same time t. Expressions of this character for E and H, or for the 
potentials 4 and A, we shall call simultaneous y as distinguished from 
the retarded expressions obtained earlier. Evidently simultaneous 
expressions for the complete field of an element of charge involve a 
knowledge of its entire past history. We can obtain simultaneous 
expressions for E and H in closed form for three types of motion: ( a ) 
rest, ( b ) motion with constant velocity, (e) motion with constant 
acceleration. For the general case of motion with an arbitrary velocity 
and an arbitrary acceleration we must content ourselves with infinite 
series. 

(a) Rest. The field of a point charge permanently at rest in the 
observer’s inertial system is extremely simple. As the effective posi- 
tion coincides with the simultaneous position, and as [V] = [f] = o 
and the radius vector has the same direction as c, equations (4B-7) and 
(48-8) give 

E = ~~2 ~ > H = o, (54-1) 

47 r r r 

where r = [r] is the vector distance from the charge of the point P at 
which the field is to be determined. 
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(J?) Constant Velocity. If a point charge moves wìth constant 
velocity V relative to the observer’s inertial system, [V] = V and 
[f] = o. Hence 

_ r * / v 2 \ . __ i 


E = 


4.7rr 2 c 


(■ - 91 


(c - V) 


from (48—7). As the distance of the simultaneous position O of the 
charge e from its effective position Q (Fig. 48) is V\r\/c 9 


H-fH 


cos oì = r v 1 — sin 2 (0 — <x), 


where B and a are the angles which r and 
[r], respectively, make with V. But 
[r] sin (6 — cì) — (^[r]/r) sin 0. Hence 




e/° )y 

— * i — 5 

o 

Fig. 48. 


[<• 


c -V 


= r A 1 


—5- sin 2 <?. 


Furthermore, as the triangle formed hy 
the vectors c, V and c — V is similar to 
the triangle VQO, 


Consequently 


c - V _ r 

" * w 


(54-2) 


E = 


47rr' 


(-£) , 

( v 2 . , V 4 / (54-3) 

~2 sin 2 6 ) 


The magnetic intensity is most easily obtained from the definition 
H = (i/c) c X E. Asc X r = V X rfrom (54-2), 


H = 


(■ - 9 ) 


V X r 


47 rr“ 


V 2 

— 2~ sin 2 8 


(54 4) 


We see from ( 54 - 3 ) that the lines of electric force are straight lines 



FIELDS OF POINT CHARGES 


163 


radiating outwards from the simultaneous position O of the chàrge, 
and that they are most dense in the equatorial plane 6 = 71-/2 and 
least dense along the polar axis 6 — o. As V approaches c the dis- 
parity in density increases, the lines of force crowding more and more 
toward the equatorial plane. If we draw lines of magnetic force in the 
direction of H it is apparent from (54—4) that they will be circles in 
planes at right angles to V with their centers on the line through the 
charge in the direction of the velocity. Like the electric field, the 
magnetic field, for a given r, is most intense in the equatorial plane, 
the disparity in intensity increasing with increase in V. 

Although it is often convenient to represent the magnetic intensity 
of an elementary field by lines of magnetic force in the direction of H 
with a density proportional to the magnitude of H, it must be noted 
that these lines do not possess the fundamental characteristics of 
lines of electric force and cannot be represented in general as the loci 
of moving-elements traveling with velocity c. For while the number 
of lines of electric force in an elementary field is and remains the same 
relative to all inertial systems, no matter how the motion of the charge 
with which they are associated may change, the number of lines of 
magnetic force is different to observers in different inertial systems and 
in any one inertial system the number increases with increase in 
velocity of the charge. On account of the field equation V-H = o, 
however, the lines of magnetic force always form closed curves. 

(c) Consta?ìt Acceleration . The integrated equation of motion of a 
point charge moving with constant relativity acceleration <j> along the 
X axis is given by (38-12). If we take the origin O of coordinates at 
the point where the charge comes to rest in the observer’s inertial 
system S, and the origin of time at the instant of this event, 
x 0 = to = o, and (38-12) simplifies to 


x 




(54-5) 


Under the same initial conditions, the velocity relation (38-10) reduces 
to 


V 



r 2 


1 -h 




c 


1 


1 


(54-6) 
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We shall compute simultaneous expressions for E and H at P 

(Fig. 49) only for the instant when 
the charge is at rest at the origin 
O. The distance [#] of the effective 
position Q of the charge from O 
and the velocity \V\ of the charge 
when in this position are obtained 
by making t = — [r]/c in (54-5) and 
(54-6) respectively. 

If we take the cross product of c 
by the factor inside the braces in 
(48-7) we get 



X 


But 


[(■- 


from (54-6) and 


[?] - [(■ - 


V 2 \ 
" ^ 

)v + ^ f ' 

' C , 

V 2\ 

" 

f 


' c J 


r 4 >"| 

~7) 

c J 


] 


X c. 


from (38-9). Consequently c X E — o and E at P is directed along 
the line QP drawn from the effective position of the charge. AsHs 
(1 /r)c X E there is no magnetic field at the instant considered. 

It follows that 


E = - 2 c-Ec = 
c 2 



(54^7) 


From the figure and (54-5) with t = — [r\/c we have 


r cos 6 
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where 0 and a are the angles which r and [r], respectively, make with 

<t>, or 

-l/t i ^ 2 H 2 , <*>H ,<f>r 

\ i H 4 — H 2~ cos a = H — 2" cos 


Now, putting / = — [r]/c in (54-6), we find that 


1 — 


c* V 


1 + 


<t> 2 [r \ 2 , 4 >[r\ 


COS Oi 


<frr 

1 H — ò" cos 0 

c 2 


It remains to express [r] in terms of r and 0. From the figure and 
(54-5) again, 


[r] 2 = r 2 — 2r 
which gives 


« 2 H : 


r I 


0 2 H 2 


1 + - 1 cos e + Wi + ^ - 1 


H = 


<f>r d> 2 r 2 

1 H — £ cos 0 H 4- 

f 4 ^ 

<£r 

1 H 5 cos 0 

c 


Therefore 


E = 


4«- + 72 cos 6 + -^ 


0 2 r 2 \ ~c ’ H - °* 
4 f 4 / 


(54-8) 


From the figure we have 


sin(a — 0) = 


0(9 sin 0 


cos(a — 0) = 


r — OO cos 0 


<f> r . Q 

— ò sin 0 

2+ 

<pr 4> 2 r 2 

1 H — 2 cos 0 H i" 

c 4 ^ 4 

, <£r 

1 + 5 cos 0 

ic 2 

I <f>r 4> 2 r* 
yl 1 + -* cos 9 + ~zì 


(54-9) 
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Consequently the radial and transverse components of E are 


E r 


e 

47r r 2 


4 >r 

i H 5 cos 6 

ir 



, 4 > r 

H 2 cos 6 -j- 

c 


cf> 2 r 2 \ H 5 
4f 4 / 





— 5 sin 0 

2.C 2 



, <t> r a , 

H- -g- COS ^ + 
C 2 


+v 


(54-10) 


We can also express E as the sum of a component along the 
radius vector r and a component in the directionof <(>. Then, as 
sin a/sin 6 = r/[r], 


E = 


47rr' 


(■+? 


cos 0 + 


à 2 r 2 ^ 


V 


') 


l( 


4 >r 

I + -5- cos 6 


)-;- 




2<t> • (54-ii) 


This expression for E shows us that there is a component of the elec- 
tric intensity opposite to the acceleration <j> of the charge e in addition 
to the component along the radius vector. The former, which falls 
off inversely with the first power of r for r « c 2 /cf>, would give rise to 
an electrical force on a neighboring charge of the same sign in the 
opposite direction to the acceleration of e. We shall see later that 
this force contributes to the mutual mass reaction of a closely packed 
group of charged particles. 

Next we shall investigate the geometry of the field. Evidently the 
lines of electric force are curves in planes through the X axis. As the 
line of force through P has the direction of [r], its differential equation 
is 


dd 


r 


dr 


tan(a — 6 ) = 


4 > r . 

— t, sin 6 
ic 2 


4>r 

1 H 5 cos 6 

ic 


from (54-9) . The solution of this equation is 

<br àb 

cot d H 0 csc 6 = n , 

ic 2 c 2 
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where b is the constant of integration, or, in more significant form, 

/ r 2 \ 2 A 

y cos e + + (r sin e — b ) 2 = ~ -T £ 2 . (54-12) 

The lines of electric force, then, are circles through the instantaneous 
position O of the charge with centers lying on the plane ^ — c 2 /<f>. 

As the lines of force at the distance [r] from the effective position Q 
of the charge are directed along the radius vectors drawn from Q , a 
sphere of radius [r] with Q as center will be intersected orthogonally 
by all the lines of force diverging from the charge. The family of 
spheres so constructed may be called level surfaces. Although the 
field under discussion cannot be described in terms of a scalar poten- 
tial alone, the level surfaces correspond in many of their properties to 
equipotential surfaces in electrostatics. 

A section of the field cut by a plane through the X axis is shown in 
Fig. 50, the lines of force being represented by solid lines and the level 



surfaces by dotted lines. The level surface^Rat the distanceA;= — c 2 /<j> 
from the charge e terminates the field, for this plane is the locus 
of those moving-elements which were emitted by the charge at the 
time t = — 00 , and it is obvious that no moving-elements emitted at 
a later time could have proeeeded as far as the plane XB by the time 
t = o. Although the field terminates at a finite distance from the 
present position O of <?, the plane AB is infinitely far from the position 
occupied by e when the field now in the proximity of AB was emitted. 
Physically it is unjustifiable to extrapolate the type of motion under 
consideration indefinitely far back in time, and it is only on account 
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of this unwarranted procedure that the field terminates in the finite 
part of the observer’s inertial system. If the charge had been during 
all past time in the finite part of this region, the present field would 
extend to infinity. 

It is interesting to interpret the field described by the analytical 
expressions we have derived in the region to the left of AB> even 
though in so doing we are forced to introduce the concept of advanced 
fields which we have definitely excluded from our physical theory on 
account of its teleological implications. The continuations of the cir- 
cular lines of force, represented by broken lines in the figure, meet at 
Oi, indicating the presence there of a charge — e which moves along 
the X axis as the mirror image of e in AB. Since the moving-ele- 
ments are directed toward —e instead of away from it, the portion of 
the field to the left of AB is advanced instead of retarded. Actually 
we have a combination of two elementary fields, the retarded field of 
e to the right of AB continuing as the advanced field of the image 
charge — e to the left. While the former field expands with the time, 
the latter shrinks. 

As c at the time t — o is everywhere tangent to the lines of force, 
a circular line of electric force of radius p at time t — o becomes a 

circle with the same center and radius v p 2 + c 2 t 2 at time t ^ o. 
Moreover, as c is not tangent to the lines of electric force at time 
t o, a magnetic field comes into existence the lines of force of which 
are circles in planes at right angles to the X axis with centers on this 
axis. At a time t the electric field of e is identical, except in its 
extent, with that at the time — and the magnetic field is the same in 
magnitude but opposite in sense. 

Problem 540,. Obtain (54-3) and (54-4) from (54-1) by means of the 
transformations (47-5) and (47-6) for E and H. 

Problem 54b. Show that when the charge e (Fig. 50) is at rest in any 
inertial system S' , the image charge — e is also at rest. 


Problem 54C. Find the scalar and vector potentials for the field of a 
point charge moving with constant velocity and obtain (54-3) and (54-4) by 
differentiation. 


Ans. 



A = 



eV 

47T rc y 

1 V* 

J 1 - sm2 0 


55. Lagrange’s Expansion. — We have found simultaneous 
expressions for E and H in closed form for three special types of 
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motion of an element of charge. In general, however, we must have 
recourse to an ìnfìnite series. The type of series suitable for the pur- 
pose of expressing a retarded quantity in terms of the simultaneous 
values of the quantity and its derivatives was first developed by 
Lagrange. 

In accord with equation (49—1) the time [/] at which the efFective 
position of an element of charge is occupied for calculation of the field 
at time t is W = / - HA, where [r] itself is a function of [/] which we 
can indicate by writing [r] = f([t\). Our problem, then, is to express 
an arbitrary analytic function u([t]) as a series in u(t) and its deriva- 
tives with respect to /, when [/] and t are connected by a relation of the 
form [t\ — t— f(\t])/c. We shall formulate the problem in a slightly 
more general manner, as follows. Let [/] be a function of the inde- 
pendent variables t and <2, where 

M = * + a /(W)- (55 _I ) 

We wish to expand a function u([t]) as a series in u(t) and its deriva- 
tives with respect to t . 

Since u([t\) is a function of the independent variables t and <x 
through [/]» we can accomplish our objective at once by expanding 
«([/]) as a Maclaurin series in powers of a, that is. 


«(W) = {«(W)ì«=o + ~j 

1 « 



+ 




«(W) ( + • • ■ + 


a 


n 


«s=aO 


n ! 



(5S~ 2 ) 


fbr [/] — / when a — o according to (5 5 — r ). As {«([/]) = «(/), all 

that remains is to express the derivatives of u with respect to ct in 
terms of derivatives with respect to t. 

Differentiating (55—1) first partially with respect to / and then 
partially with respect to a. we obtain 



Consequently 

& =/u ' i; l/> 
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and 


S*® ' 31 ?,“«■ <*»> 

which gives for the first derivative 



= /M ^ «W- 


(55-4) 


If we differentiate (55-3), remembering that this equation holds 
when /([/]) replaces «([/]), 

h S(W) = £ /(W) I “ ([/]) +/([/]) i a([/1) 

=/(W) J/(M) | «(W) +/(W) ^ {/(W) | «(W)j 
-|| 7 (FI)'J.(W)j, (55-5) 


which gives for the second derivative 

I *? a(W) L = 5 aw 1 ■ (55_6) 

The remaining derivatives can be obtained by mathematical induc- 
tion. We assume that 


d n 



d n-l 

dF - 1 


{/(M)”^«(M)} 


(55-7) 


and differentiate with respect 






d n+1 

do: n+l 


« ( W) = ~ {-£/(W) n | «(W) +A[>]) n -~ «(W) 


l 


371- 1 . 

= /(W) 


d/ 


= 5 {/(W)” +1 ^(W)[. 


— - wr v w ; 

|7(W)” | «(M) +/7W)” | {/(W) | «(M) } } 


Hence, if the formula (55-7) holds for a positive integer », it holds 
for b + i. But we have proved that it holds for n = 2. Therefore 
it is valid forw = 3 , 4 , 5 ,- • 
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From (55—7) we have 


171 1 




-n d 


uit) 


( 55 - 8 ) 


Finally, then, Lagrange’s expansion (55-2) for «([/]), where [/] is 
related to t by (55—1), is 


«(W) 


, N . a ,, N d , . . Q! 2 d \ : 

" (/) + 7i /(/) 7t “ (/) + 7t l /(/) 


«(/) r + 


a n d n ~ X [ n d 


+ 7n^= i l /(/) 


I + 


(55-9) 


In obtaining simultaneous expansions of retarded quantities we 
are interested in the case where (55—1) takes the form 

Hence a = — i/r, /([/]) = [r], and/(/) = r. So, if we put [«] = «([/]) 
and « = u{t ) in accord with our usual notation, (55—9) becomes 


[«] = u 


1 k dt 


1 du 1 d ( 
“ _ TTc’ lt + V 

n !<r" f *"- 1 V dt) 


9 du 
r z -- 


( 55 _I °) 


which, as it is a power series in i/r, converges very rapidly when r and 
its derivatives are smalh 

56. Simultaneous Expansions of Potentials and Field Intensi- 
ties. — We are ready now to use Lagrange’s series (55—10) to fìnd 
simultaneous expressions for the scalar p 

potential 4 > and the vector potential _ sy 

A in the elementary field of an element Z/' / 

of charge. Then by difierentiation in / 

accord with (50-5) and (50-6) we can i/‘ *** 

obtain simultaneous expressions for E y 

and H. /q 

Let [rj (Fig. 51) represent the Q 0 

vector from the field-point P at which Fig. 51. 

we wish to evaluate the potentials at 

time / to the effective posìtion Q ([.v], [y], [2:]) of the charge, and r e the 
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vector from P to the simultaneous position O (x, y , z) of the charge. 
As here defined [rj and r e have the same magnitudes as, but opposite 
senses to, the vectors previously designated by [r] and r, respec- 
tively, and therefore [r e ] is in the opposite sense to c. Consequently 
[c-VA 2 ] = — [r e /c\ and [V] = [rj, the dot over a letter representing 
the derivative with respect to the time. So (50-7) and (50-8) become 



( 56 — !) 


(56-2) 


Let w stand for any one of the quantities i/r e , Jr/; e , y jr eì z/r e . 
Then, using the binomial theorem first, and afterwards applying 
Lagrange's expansion to the whole series obtained. 





■ j • • • 


1 r e . 1 r e d 

: . — w 4 7 

1 ! c 1 ! c dt 



+ • • • 



and so on. 
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Adding by columns we get 

w 


p-i 

L' : 


Te I = W — 

Cn 


1 d I r„l , 1 d 2 [ 


I+-I “ cl + 2 l 7 ?\ 


& 


+ 


( 56 - 3 ) 


The combination of the terms in the first three columns is obvious; to 
prove the correctness of the nth derivative we note that 

w[-ì [-) }+ - - U \"A r JL \ n ~ 2 1 


— t LildL 

(r_e V ,l_red\ (hY - 1 1 1 d [ ( r,\ 2 d [ (r,\ 

U + i\cdt[ W \c) J + IlJ/lU iK‘J 


d f r . 
dt\c 
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2! dt 2 
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U" l \ + LA \( r _ A 2 \\ w ( hY - 

\c / J cl \ dt Wc / dt\ \c ) 
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{(?)■*(?) 


- 21 1 


+ 


= li n f (r\ n 
n\ dt n 1 \c) 


w 


i 


Putting i/r e for w in (56-3) we get for the scalar potential the 
simultaneous series 

i„i(i _ 0 + ii!((!iYi| + ... 

4 71- t^e 2! dt 2 IVr/ r t \ 

(-1 ) n [/r e V 1 

- lU V 


+ 


n ! dt ; 


+ 


> (5 6 -4) 


and putting x/r ci y/r Cj z/r c in turn for w to get the three components 
of the vector potential, we have, on recombination into a single vector 
equation, 

, Jy _i_d_ \(r.\ Vl _ t 1 d ‘ 2 [ ( n ,.\ 2 V 1 

4« lr. 1 ! dt IV / rj + 2! dt‘ 2 \ \ c) V.\ + ’ ' ‘ 

. (— 0 ” d* l(r e \ n V) 1 

+ “«! df‘ lU r c l + "T ( 5 6- ^ 

In differentiating (56-4) and (56-5) to find E and H we must be 
careful to distinguish between the coordinates x P , y Pì z P of the point P 
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at which we wish to evaluate the field, and the coordinates x, y, z of 
the charge. Both sets of coordinates appear in the simultaneous 
expressions (56-4) and (56-5) for the scalar and vector potentials 
only through r e , which represents the function 

r e = y/ {x — xff + (y — ~yff + (z — zp) 2 , 

the coordinates x,y, z being functions of the time i. So the differential 
operatorV appearingin (50-5) and (50-6) is 


V = i 


_j_ j _j_ — 

dxp dyp dzp 


(56-6) 


in our present notation, and the differential operator with respect to 
the time, which is identical with that appearing in (56-4) and (56-5), 
acts on x, y, z, V x , V y , V z . 

We shall calculate only the first four terms in the simultaneous 
series for E and the first two in that for H. We find 


e x — xp 
dxp 47r l r e 3 
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Since x = V x , r e — — 

y* 
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5 $ 1 dA x 
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H* = 


dA z 

3 A V 

dyp 

dzp 

e 

\y — yp 

4 irc 

T ® 
r e 


V m 


z — Zp 
*• 3 
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Combinmg these with similar expressions for the other components 
ofE and H we have the simultaneous vector expressions: 


E = — 


* Te . 

ò — + o 

A^ r e r e 




H = — 


* V X r 


+ 


6ttc 3 


Ar^r e 


cr* 


+ o + 


, (56-^7) 


(56-8) 


where r e is the position vector of the elementary charge e relative to 
the field-point P at the time / at which the formulas give the electric 
and magnetic fields at P. If we distinguish terms in the series by desig- 
nating the term in i/c n as the nt h order term, the series for E has 
been carried through third order terms and that for H through second 
order terms. 

Generally it is more convenient to write the expressions (56—7) 
and (56—8) for E and H in terms of the position vector r of the field- 
P°mt P relative to the charge e. This necessitates the substitution of 
— r for r e , giving 


E = 


e 

47r r 2 


r 


— + o 
r 


e f f , ( f * ì , e . 

Stc 2 Ir + \r* r 3 + 3 r 5 ) + &?? f "• 1 


H = 


_e__ V X r 
47rr 2 cr 


+ o + - * • . 


(56-10) 


I f the charge is momentarily at rest in the observer*s inertial 
system, V = o, and these equations can be written in the form 


E = V 

47T 
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+ o — 


f e 
'2 ~ + 


4.TTC* r 87rr" 


(v) 


+ £? + •••’( 5 6 -n) 
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H = o + o + • • •, (56-12) 

since 



where V is given by (56—6). 

57. The Lorentz Electron and the Force Equation. — Although 
we shall discuss specifically the electron in this and the next two 
articles, our analysis is applicable to any elementary charged particle, 
whether positive or negative. A vast amount of experimental evi- 
dence has been accumulated to show that all elementary charged 
particles carry charges of the same magnitude, namely 4.Bo(io ) — 10 
electrostatic units, but no precise experimental evidence exists as to 
the volume occupied by this charge or as to its geometrical distribu- 
tion. Symmetry suggests, however, that, relative to the inertial 
system in which the electron is momentarily at rest, the charge is 
distributed through the volume of a sphere in such a manner that the 
density of charge is a function only of the distance from the center, 
and, in order to simplify calculations, it is convenient to suppose that 
the charge is confined to the surface of the sphere. The latter assump- 
tion does not limit the generality of the qualitative conclusions to be 
drawn from our analysis, for it merely fixes the coefficients of the 
expressions to be deduced within a range extending some twenty-five 
per cent to the one side or to the other. We define the JLorentz 
electron^ then, relative to the inertial system in which its center is 
momentarily at rest, as a uniformly charged spherical shell of radius a 
and charge <?, every point of which is simultaneously at rest. On 
account of the Fitzgerald-Lorentz contraction, the shape of the 
electron relative to any other inertial system is approximately that 
of an oblate spheroid with the short axis in the direction of its velocity. 

First we shall compute the field of a Lorentz electron relative to 
the inertial system S in which it is momentarily at rest. As V = o, 
(56—11) and (56—12) give for the field intensities 



H = 


o. 



f -r de 
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+ 


ef 

Ò7TC 3 3 


( 57 _I ) 


(57-2) 


to the degree of approximation to which the series have been carried. 



LORENTZ ELECTRON AND THE FORCE EQUATION 177 


Let R (Fig. 52 ) be the vector distance of the field-point P from 
the center O of the electron, and a the vector distance of de from 0 . 
Then 

r = R — a 


and, if 9 is the angle between a and R, 


Consequently 


R 2 — iRa cos 6 + <z 2 * 


e . e 

de = — sin Q dd d<f> = r dr d<j> 

4 tt 47 raR 


where <j> is the azimuth measured about R. 


(57-3) 


(57-4) 



Therefore 


Fig. 52. 


It- 


1aR 1 'n 


X 


outside, 


- inside, 
a 


since the limits r\ and r% of r for an outside field-point are R — a 
and R -f- a, and for an inside field-point a — R and a -j- R. 

Asf-r = f-R — fa, 


f 11* _ f f *■. 

c/ 7~ c/ 7 */ c 


a de 


Now 


a = a{i cos Q + j sin 9 cos <t> -|- k sin 9 sin <f>), (S7~S) 

f-a = a(f x cos $ + f u sin 6 cos 4> + fz sin 6 sin <f>). ( 57 ~ 
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Using (57—4) for de, and integrating first with respect to <f>, 

r t-a.de _ £tr r 

J e r 1R 2 Jr 


cos 6 dr. 


Next 3 if we express cos d in terms of r by means of (57—3), 


J " cos 6 dr = J ( R 2 + a 2 — r 2 )dr = J 


la 

iR 2 . 


outside. 


(57-7) 


which gives 
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f -R outside. 
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Hence, for an outside field-point. 
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whereas for an inside field-point, 

E — £' v 6) - + 7+r 2 v(f.R) + A + 
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( 57 ~ 8 ) 


47cac* 


I lirac* 


6 ttc 3 


.jL. , 

6ica<^ 6irc 3 


( 57 - 9 ) 


Except for the zero order term, the field is continuous at the sur- 
face of the electron, as indeed is recjuired by the boundary conditions 
(52-1) and (52-2), which are satisfied by the zero order term alone. 
Of course (57—8) represents the field only for small values of R, since 
the series of which it constitutes the first few terms does not converge 
at large distances from the electron. 
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Relative to the inertial system in which it is momentarily at rest, 
we define the force exerted on an element of charge de by a field E as 
the product E de. If, then, a Lorentz electron is momentarily at 

rest in system S , the resultant force to which it is subject is / 


where Ey is the vector sum of the external field Ej and the field E 
due to the electron’s own charge. 

So far the development of our theory has consisted in formulating 
definitions consonant with the principle of relativity. A collection 
of definitions cannot in itself constitute a physical theory. We now 
make the essential assumption which completes our theoretical struc- 
ture and makes it into a physical theory capable of correlation with 
observation. This assumption, which we shall call the dynamical 
assumption , asserts that, relative to the inertial system in which it is 
momentarily at rest, the resultant force on an electron always vanishes. 
In other words, the sum of the external force and the force exerted on 
the electron by its own field is equal to zero. The latter force we 
call the kinetic reaction of the electron. 

To calculate the force on the electron due to the continuous part 
of its own field, which is given at the surface of the electron by (57-9), 
all that is necessary is to multiply by de and integrate over the surface 
of the particle. As regards the discontinuous part of the field, which 
is zero inside the surface and equal to the first term in (57-8) outside, 
we must multiply the arithmetic mean of the field just inside and that 
just outside the surface by de and integrate over the surface. The 
reason for this is clear if we think of the charge of the electron as 
distributed between two concentric shells of radii a— §A a and a + \^a 
and recall the first of the two boundary conditions (52-1), which tells 
us that the normal component of E increases at the same rate as the 
charge when we pass through the surface of the electron. 

Evidently the discontinuous part of the field leads to no force on 
the electron as a whole in this case, and we have from (57—9) 


<?Ei — 


e* 


òrac* 


Ò7rr 3 


«f + 


( 57 ~ 10 ) 


provided Ei is sensibly constant over the small volume occupied by 
the electron. 

Equation (57-10) is the equation of motion of the electron relative 
to the inertial system in which it is momentarily at rest, the coefficient 
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of f being known as the rest mass of the electron. If we put 

e 2 _ <t 2 

m = n ~ 6 ttc 3 ’ 

the equation may be written 

<fEi = mf — ni + • • •• (57 - * 11 ) 

Generally the second term on the right is so small compared with the 
first as to be negligible. Then the dynamical assumption leads 
directly to Newton’s second law of motion, which may be considered 
to be a deduction from electromagnetic theory. As the experimen- 
tally measured value of the rest mass of the electron is 9.0(10) " 8 gm, 
our formula gives 1.9(10)“ 13 cm for its radius. Since the radius is 
inversely proportional to the mass, the radius of a proton, if it is an 
elementary particle, must be only one eighteen-hundredth as great. 
As regards order of magnitude, these values of the linear dimensions 
of elementary particles are in good accord with our knowlcilge of the 
structure of atoms, in particular with the information acquired from 
the study of the deflection of alpha particles by thin foils, which indi- 
cates that the radius of the nucleus is of the order of magnitude of 
(io)“ 12 cm. 

If the electron has a velocity V relative to the observer’s inertial 
system S, it is momentarily at rest in an inertial system S' moving 
with velocity v = V relative to S. Hence 

<?Ei' = mi' — ni' + • • •. 


Transforming to 5 by means of (47-2), and (43-7) and (43-H), we get, 
after putting V for v, for the three components of the equation of 
motion. 


eE lx = 





f ; ?/x -T 

c 


e 




m 


V 2 





f-V 


fv + 
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f V ì 

e jjEia ~ Hiy^ 




n 


+ ‘ (■ 


3 « f-V 

y 2\2 c 2 f*' ' ’ * > 


where Hi is the external magnetic intensity. These can be combined 
into the single vector equation 


e Ei 


+ -V 
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XH! - 


tn (. i „1 

y2\% -h ^2 x; v) x v 


(" 


■ 


n 


(■- 


v 2 Y \ + ( X ) X 


) 


3 « f ■ V 


/ f 2 V 


f + l(f XV) XV [ + .... (57-12) 


The left-hand member of this equation we may name by defmition 
the external force on the electron, for it reduces to <?Ei when V = o. 
We see then that, when the acceleration is in the direction of the 
velocity, the coefficient of the acceleration in the fìrst term on the 
right of (57-12) is 
m 

m i = ~j y 2 \% > 


whereas, when the acceleration is at right angles to the velocity, this 
coefficient is 


m 



The first is called the longitudinal mass and the second the transverse 
mass of the electron. Both are monotonically increasing functions 
of the velocity, becoming infinite as V approaches c. Hence no finite 
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electromagnetic field can ever give an electron a velocity as great as 
that of light. 

In cases where terms involving the squares of V and f are negligi- 
ble, (57-12) reduces to the simpler form 

e |ei + - V X Hx | = mi — nt + • • • , (57—13) 

whereas in cases where it is possible to neglect terms in the square or 
time derivative of f but necessary to retain those in V 2 /c 2 , 

e ( Bl + ÌVXH!} = ( m t V ) (S 7 - 1 *) 



By analogy with the Newtonian dynamics we name the vector quan- 
tity mìS the linear momentum of the electron. 

So far our attention has been directed to an isolated charged 
particle. When a number of elementary charged particles are very 
close together, as in the nucleus of an atom, we can treat them as a 
group only if we take account of the forces exerted on each by its 
neighbors as well as the force due to the external fields Ei and Hi- 
If we neglect terms in V 2 / c 2 it is clear from (47-5) and (56-10) that 
the electric field of one of the constituent particles is given by (57-8), 
and that the magnetic field may be ignored since it is proportional to 
V/c and therefore leads to no force on a neighboring particle in a 
lower power than the square of this ratio. If we suppose that the 
particles revolve about one another in such a way that the line joining 
3-tiy two particles assumes all orientations with equal frequency, the 
time average of the expression f-RR appearing in (57-8) is -§7? 2 f c , 
where f c is the acceleration of the group as a whole. Therefore, if 
r ij is the distance between the ith and the^thparticle, the time average 
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of the force exerted on the ;th particle by neighboring particles is 




from (57-8), where i c hke i c refers to the group as a whole. 

Let the group of part.cles be in external fields E, and H x which 

Wdl be supposed to be sens.bly constant over the small region occu- 

p.ed y thegroup. Then the time average equation of motion of the 
zth particle ìs 


e % jEi + - V c X Hi 


Z e i e 3 f 

6irrijC 2 c 
3 



77j£ C y 


since the time averages ; of V,-, f, and f, are the velocity V c> acceleration 
f c and rate of change of accelerat.on f c of the group as a whole. Sum- 
mmg up over all the particles, and putting e = 2 e, for the net charge 

nf f hp crrnnn » & 


^E 1 + -V C XH 1 





( 57 - 15 ) 


where the double sum is to be taken over all pairs for which i + j- 
It appears from (57—15) that the effective mass of the group 
exceeds the sum of the masses of the individual particles, when 
isolated, by the mutual mass 


772 ra 



€i€ j 


ÒTrrijC 2 


(57-16) 


Charges a and ej of the same sign lead to positive terms in this sum, 
wheieas charges of opposite sign lead to negative terms. Now the 
zero order internal forces, specified by the first term in (57-8), tend 
to bring unlike charges as close together as possible and to separate 
like charges as far as possible. Hence, if equal numbers of charged 
particles of each sign are present in the group, we would expect the 
sum of the negative terms in (57-16) to exceed in absolute magnitude 
the sum of the positive terms, on account of the factor 1 /r z y in each 
term. Thus electromagnetic theory is able to account, at least quali- 
tatively, for the mass defects of atomic nuclei of complex structure. 
The last term on the right of (57-15) depends only on the total 
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charge, and vanishes if the number of positive particles is equai to 

the number of negative particles. 

From (57—12) we find for the work done by the external field on 

an isolated electron in the time t — /q 



if we integrate the term in f by parts, where the subscript o refers to 
the time ìq. The expression 



(57-i«) 


already obtained for linear motion in (38— 13), is known as the kinetic 
energy of the electron. As here defined the kinetic energy does not 
vanish when V = o, but this is a matter of no consequence as experi- 
ment measures only the change in energy between two states, and 
little if any significance can be attached to absolute energy vaJues. 
The term 

_ »f-V 

has been called the acceleration energy. Both the kinetic and the 
acceleration energies represent a reversible storage of energy, since 


(57-* 9) 
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they can be recovered in the form of work by bringing the electron 
back to its original state. The last term in (57—17), however, repre- 
sents an irreversible dissipation of energy 3 which occurs at the rate 



(57-20) 


per unit time. As we shall see later this energy is radiated away from 
the electron in the form of electromagnetic waves. In terms of the 
acceleration f' of the electron relative to the inertial system S' in 
which it is momentarily at rest, the rate of dissipation of energy 
relative to S takes the simpler form 

e 2 /' 2 
67 rr 3 5 


(57-21) 


as is evident at once from (43—6). This shows that the quantity 
under consideration is an invarìant of the Lorentz transformation. 
As the dissipative term in (57-17) comes from the term in f in the 
equation of motion (57-10), the latter term (with changed sign) is 
called the radiation rcaction in contrast to the term in f which repre- 
sents (with changed sign) the ?nass reaction. These are only the 
first two terms in the series for the kinetic reaction. 

lù*om (57-12) we are able to formulate the usual Jorce equation 
of electromagnetic theory. We have shown that <?{Ei +(iA)VXH,| 
represents the force cjn a charge e moving with velocity V due to the 
fields E t and Hi. Hence the force per unit volume on charge of 
density p per unit volume, moving with veloeity V relative to the 
observer’s inertial system, due to fields E and H is 

& = p ^E + ~ V X • (57-22) 

If E and H represent the resultant field intensities, every elementary 
charge in the moving substance moves in such a way that the inte- 
grated force acting 011 it vanishes. 

Combining this equation with the field equations deduced in arti- 
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cle 51 we have the complete set of electromagnetic equations for 
charges in empty space. They are 

V-E — p, (a) V-H = o, (£) 

V X E = - i H, (f) VXH = i(È + pV), (A , (S7 _ 23) 

&= P (e + V X hY (e) 

It should be noted, however, that the force equation rests on a much 
less secure theoretical foundation than the field equations. 

58. The Spinning Electron at Rest. — Modern spectroscopic 
theories demand an electron spinning around a diameter with a half 
quantum of angular momentum in order to explain the fine structure 
of spectral lines. Also there is some evidence that the electron 
possesses an electric moment as well as a magnetic moment. There- 
fore we shall modify the model of the electron investigated in the last 
article so as to provide it with both a simple magnetic moment and a 
simple electric moment as well as a net charge e. Specifically we 
shall assume the electron to be, relative to the inertial system in 
which its center is momentarily at rest, a charged spherical shell of 
radius a with the uniformly distributed surface charge de 1 = ed^ì/^ir 
in the solid angle d£l, and the non-uniformly distributed surface 
charge de 2 = 3p.g-a<A2/4 ,r ^ 2 > where a is a radius vector from the 
center of the electron to the surface element under consideration and 
p# is a vector independent of the coordinates. The uniformly dis- 
tributed charge de 1 we shall suppose to be spinning about a diameter 
with angular velocity co, supplying the electron with angular momen- 
tum and a magnetic moment. On the other hand, we shall suppose 
that the non-uniformly distributed charge de 2 , which is responsible for 
the electric moment, does not partake of the spin. Since the integral 
of de 2 over the entire surface of the electron vanishes, the non- 
uniformly distributed charge contributes nothing to the net charge e. 

In this article we shall investigate the electric and magnetic 
fields of an electron which is permanently at rest in the observer’s 
inertial system and for which the vectors o and p# are constants in 
the time, and shall calculate the forces exerted on the electron by 
external electric and magnetic fields. In the next article we shall 
compute the reaction exerted on the electron by its own field when it 
is accelerated and when <0 and p e vary with the time. 
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As we are concerned here with a steady state of motion we can use 
the simultaneous expressions (50-11) and (50-12) for the scalar and 
vector potentials. In terms of the notation used in Fig. 52, the linear 
velocity of the uniform charge at any point on the surface of the 
electron is <o X a, and the two potentials become 


<ì> = 

A = 



(58-1) 

(58-2) 


The first integral in (58-1) we have evaluated in the last article. 
Since 


d£l = sin 6 d 6 d<f> = 


I 

*R 


r dr d<f> 


(58-3) 


from (57-4), we have, with the aid of (57-5), 


3 

de^ 2d cos G H“ pEy sin 9 cos 4> + pEz sin 9 sin <f>)r dr dà> 

47T Cl /V 

(58-4) 


and, integrating first with respect to <£, 


f 3P® r f „ , 

J m T = UrìJ cos 6 dr = 


f p g-R 

R 3 


outside, 


P-b -R - -j 
— 3 — ìnside. 


from (57-7). Hence 


a 


<p = 


+ outside, 


47 tR 4 ttR c 

e , Ps-R. ., 

H 3 - mside. 

,\Tva 4 ra 


(S«-5) 


The electric moment of the charge pdr in an element of volume dr 
relative to an origin O is defined as r pdr, where r is the position vector 
of the volume element relative to 0 . Evidently the electric moment 
of a dipole consisting of two equal charges of opposite sign q and — q, 
of which the fìrst is at a vector distance 1 from the second, is equal to 
q\, a quantity which is independent of the position of the origin O. 

If a is the angle which the radius vector a from the center of the 
electron makes with p e and y is the azimuth, the non-uniform charge 
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becomes de 2 = 3 Pe cos & 01 da dy/ ^ira and the electric moment of 

the electron is 

/ 2tt s* 7 r 

/ cos 2 a sin a da dy = p e- (58—6) 

J 

To evaluate the vector potential (58—2,) we need 

<0 X a = <*{z( oo y sin 8 sin </> — co z sin 8 cos <f > ) 

— J- j (co z cos 8 — cojc sin 8 sin <fc>) — f~ k(o> x sin 8 cos <fi cos 8 ) { (5^ 7) 

from (57-5), and de 1 as expressed in (57-4)- Then, if we integrate 
first with respect to <j> and use (57—' 7), 


X 


co X a de 1 


2 Ì£ 




,»/ 


cos 8 dr = 


ea 


<ù X R outside, 

3 r 

€ 

— o> X R inside. 


giving 


A = 


ea 


1 IttcR 3 


<0 X R outside. 


(58-8) 


1 1 'licac 


co X R inside. 


The magnetic moment of the current pVdr in an element of volume 
dr relative to an origin 0 is defined as ( i/ 2 .c)x X pVc/r, where r is the 
position vector of the volume element relative to O. Thus the 
magnetic moment of an element d\ of a linear circuit carrying a current 
i is (i/zc)i X d\, and the magnetic moment of the entire circuit is 
equal to the product of i/ c by the vector area of the circuit, a quan- 
tity which is independent of the position of the origin O. 

If a is the angle which a radius vector from the center of the 
spinning electron makes with the axis of rotation, the charge per unit 
length of the annular ring subtending the angle da is (e/^ir a)da. As 
this charge has the velocity o>a sin a , the current flowing around the 
annular ring is ( eo>fj\ir ) sin ada, and the magnetic moment of the 
electron is 


P h = 


2 /'*■ 

ea <ù j 

4 c do 


ea 


. ^ » 

sin' a da = co. 


(58-9) 



THE SPINNING ELECTRON AT REST 


189 


In terms of its magnetic moment the vector potential (58-8) of 
the spinning electron is 


A = 


\ p/r X R 

-^3- outside. 


47Ti 


P h X R 

. 47 r<3 3 


inside. 


(58-10) 


Outside the electron the field intensities are 

1 

E = — V4> = + ^7^5 { 2p.fi?- RR + (pjs? X R) X R } , 

H = V X A = { 2p// • RR + (p h X R) X R } , 

and inside 


E = — V<£ = 

H = V X A 


Ve 


471 ’Ct 

P H 


3 > 


iTra' 


3 > 



( 58 - 11 ) 


(58-12) 


from (5S-5) and (58-10), satisfying the boundary conditions (52-1) 
and (52-2). Both fieltls are uniform in the interior of the electron. 
The di rections of the lines of force of the field of either moment is 
shown in h'ig. 53. In the case of the magnetic field, the lines of force 
inside the electron have the same sense as outside, whereas in the case 
of the electric field the sense inside is reversed. 
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Next we shall calculate the force and torque exerted by external 
electric and magnetic fields on an electron momentarily at rest in 
the observer’s inertial system. In making this calculation we shall 
assume that the force equation (57—2.2) applies to an element of the 
electron’s charge, and we shall take into account both the field and 
its gradient, but shall omit derivatives of higher order. 

If Ex and Hi are the external fields at the center of the electron, 
the fields at a point on the surface whose position vector is a (Fig. 52) 
are Ei + a*VEi and Hi + a-VHi respectively. Hence the force 
on an element of the surface is 


= (Ei+a- VEi)(i<?i+ii?2)H — (<ic»Xa) X (Hi+a- VHi)^i, (58—13) 

c 

since V = <0 X a for the rotating charge, and the torque about the 
center of the electron is 

dS& = a X d£f& 1 = a X (Ei + a*VEi)(^/<?i + dc 2) 

4 — (a • Hi + a-VHi*a)co X a de\. (^8—14) 
c 

It is evident at once that 

J Ei dc 1 = <?Ei, 

•dei 

and from symmetry it is clear that 

/ a-VEi de 1 = 0, / E x de-z — o, 

■“'«1 *^ e 2 

/ ( ©X a) X Hi de 1 = co-Hi / a de 1 — co / a-Hi de 1 = o, 

*' / ei J ei Jei 

j a X Ei de 1 = o. 

*/ei 

From (57-5) 
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Next we shall compute the torque by integrating (58—14). As 
aXEi = a{i(Ei z sin 6 cos cf> — E\ y sin Q sin <j> ) 

+ j(E lx sin 6 sin <j> — E lz cos 6 ) + k(E ly cos 6 — E lx sin 6 cos <f >) } 
we get, using (58-16) for de^ 

/ a X Ei de 2 = %pE ( %jE lz + hE ly ) = jpjgr X Ei. 

‘'ea 

From (58—15) 
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As regards the terms in Hi, 
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from (58—9), and 
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= — <o X Hi = pjy X Hi 
3 C 

a-VHi-ao) X a ^<?i = o. 


Therefore the total external torque on the electron is 


• 

Ve X Ei + p h X Hi Hi- 

3 C 


(58-21) 


59. The Spinning Electron in Motion. — In this article we shall 
deduce the equations of motion of a spinning electron possessing 
simple electric and magnetic moments for both translation and rota- 
tion on the dynamical assumption that both the resultant force and 
the resultant torque, obtained by applying the force equation (57-22) 
to each element of the electron’s charge, vanish relative to the inertial 
system in which the center of the electron is momentarily at rest. As 



THE SPINNING ELECTRON IN MOTION 


193 


we have calculated in the last article the force and the torque due to 
external electric and magnetic fields, there remains only the computa- 
tion of the reaction on the electron due to its own field. In this 
investigation we shall take account of the time rate of change of both 
the electric and the magnetic moment, but we shall limit ourselves 
to those terms which are linear m and pjy and which contain only 
the moments themselves or constants as coefficients. As regards the 
mass reaction, we shall calculate only those terms which are linear in 
f, the coefficients of which are constants or functions of the two 
moments. This limitation is justified by the fact that, although the 
electric and magnetic moments of the electron may be large, their 
time rates of change are probably small. Terms in f or higher 
derivatives will be omitted entirely. Our method, however, will be 
valid for any peripheral velocities of spin less than the velocity of 
light. 

The first part of the analysis consists in calculating the electric 
and magnetic fields of the electron at the instant when its center is 
momentarily at rest in the observer’s inertial system S. Then, by 
integrating over the surface of the electron, we find the force and the 
torque exerted on it by its own field. 

As a preliminary we must find the charge density and current 
density relative to an inertial system S of the rotating charge of a 
spinning electron at rest in inertial system S'. Let p" be the volume 
density of charge at a point on the surface of the electron relative to 
the inertial system S" in which this point is momentarily at rest. 
Then, on account of the Fitzgerald-Lorentz contraction. 



With the aid of (43-1) and (43-3) we find for the transformation of 
the components of current density and the charge density 



( 59 _I ) 
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If we neglect terms in ( 3 2 , the current and charge densities observed 
in 5 are respectively 

pV = p'(V' + v). 


- p'(i 


( 59 ~ 2 ) 


The last equation states that the rotating uniform charge density 
p' of the spinning electron relative to S' appears non-uniform relative 
to observers in S in such a way as to give the electron an additional 
electric moment in a direction at right angles to both its magnetic 
moment and its velocity. Since, then, the initial uniformly distrib- 
uted surface charge of a spinning electron whose center is at rest in S 
becomes non-uniform as the center of the electron acquires speed, 
the angular velocity of spin must be different for different points on 
the surface. Let be the position vector of a point Q on the surface 
of the electron relative to the center O, and let coq be the angular 
velocity of spin of Q about O at the time o at which the center of 
the electron is momentarily at rest in <S. 

Take the X axis in the direction of the vector angular velocity, 
and let a be the angle whìch makes with this axis and y the azimuth 
of ai measured about the X axis. If p„ is the charge per unit area on 
the surface of the electron, the equation of continuity (13-4) at time 
o is 


1 

a sin a 


J- ÌP.f'y) + 
oy 


dpr 

dt 


= O 


from (19—10). 

Now V y — osQa sin <x and, if <0 is the mean angular velocity at time 
o, the charge per unit area at the end of a small time t is 
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from (59-a), which gives, when differentiated with respect to the time, 


àp* 

dt 


e oa . , r 

2 ~2 sin a (/a COS T — jy sin y ) . 

Afirci c 


Substituting in the equation of continuity we have 


dy 


coa 


— -2 sin ot (f z cos y —f y sin 7), 

V 
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which is satisfied by 



(59-3) 


If, then, de x is the uniformly distributed charge and Vi de 1 the 
current due to its rotation, in the solid angle d£l, at the end of the 
small time t after the center of the electron was at rest in 5, we have 


de 1 ~^{ l + ‘^ i Jt + ...}dn, (S9 - 4) 

and 

Vi de i — |<o X ai — ^ 2 ■ X ai H - X &it -\-ft-\- • ■ • 1 d£l (59~ 5) 


from (59-2) and (59-3). 

Next we consider the non-uniform charge responsible for the 
electric moment pj 5. As its velocity is evidently proportional to pjg 
we need not carry the approximation so far as in the case of the 
spinning charge. Our first task is to find the current associated with 
change of electric moment by setting up and solving the equation of 
continuity. Now a change in direction of the electric moment pjg» 
without change in magnitude might be expected to be due to rotation 
of the entire non-uniform charge responsible for this moment about 
an axis perpendicular to p s and p# in the sense pj Xp e- On the 
other hand a change in magnitude without change in direction of p# 
must be attributed to a further separation of charge. The simplest 
way, therefore, to account for both change in magnitude and change 
in direction of the electric moment of the electron is to combine a 
reunion of the charges of opposite sign constituting a diminishing 
electric moment in one direction with a separation of the charges 
contributing to an increasing electric moment in some other direction. 
Although we shall select this model, a detailed calculation shows that 
the final reaction to be computed is the same if we adopt the more 
complicated hypothesis that change in direction is due to rotation, 
and change in magnitude to separation, of charge. 

If a is the angle which the radius vector from the center of the 
electron to a point Q on the surface makes with pjj, the equation of 
continuity of the charge responsible for the electric moment at 
time o is 


a sin a da 


(sin a p a V a ) + dp<r 


dt 


= o 
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from (13—4) and (19—10). Now the charge per unit area at the end 
of a small time t is 

p<r = ò {pE COS OL + (pE COS Oi)t } . 

47T<2 


Therefore the equation of continuity becomes 

(sin OL p<rV { a) + — ^~2 pE sin OL COS OL = O, 

doL /\rKa 

of which the solution is 

3 

P.V, ol = ” ~ 2 Pe Sin OL. 

o7ra 


If, then, de 2 is the charge responsible for the electric moment and 
V 2 de 2 the current due to change of this moment, in the solid angle d£l> 
at the end of the small time t after the center of the electron was at 
rest in S, we have 


de 2 = 


3 

4 ira 2 


{p^'ai + pE‘ 3-1 t + • • • 


( 59 - 6 ) 


V 2 de 2 = — i ( a i X p e) X ai + p#*aif/ + • • • }dQ,. (59— 7) 

To find the nearby fìeld of the spinning electron with center 
momentarily at rest in S, we proceed from the retarded expressions 



(5° 9) an <* (50-10) for the scalar and vector potentials, the integrals 
being evaluated over the effective electron for the time and point at 
which the field is to be determined. To find the field at P (Fig. 54) 
at a small time t later than the instant o at which the center of the 
electron is at rest in S, we must integrate over each volume element 
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occupied by the charge at the time [/]=/— \r\/c. Consequently 
the simultaneous electron at time o, represented by the solid circle 
in the figure, must be replaced by the effective electron at time [/], 
represented by the broken curve. Moreover, the argument used in 
deducing (50-9) and (50-10) from (50-7) and (50-8) shows that the 
charge associated with each surface element must be increased above 


its simultaneous value in the ratio 1 


/ ■ - -] 


, where W — f H + 


• • • is the velocity of the center of the electron (not the velocity of 
the rotating charge) at the time [/]. Therefore the integrals to be 
evaluated are t r [*J + 

* " 1. ~ r ^ » < 59 - 8 ) 


eun H f 1 - ^rj ' 


A = 


1 

47r<r 



[Vij£i] + [Vgjgg] 


(59-9) 


where \de J, [Vi^i], [de 2 \, [V 2 afc 2] are the expressions (59-4), (59-5), 
(59— 6 )> (59-7) with M replacing /. 

If s (Fig. 54) is the vector displacement of the element of surface 
under consideration in the time [/], s = ^f[/] 2 + • • • and 


Hence 




= r - Jf M 2 + 


-; f - r [f + 

o V 


t /W I W 2 \ 

+ f • r ( -•- +-!4) + 
\rc 2 r J 



(5 9— 1 °) 


We need the scalar potential <I>, the vector potential A and its 
time derivative at the field-point P at time o. To get the first, 
make [/] = — r/c in (59-h), since [r] = r in the terms containing [/] 
to our degree of approximation, obtaining 

e fdQ. ( 1 f ■ r (o X a r fr 

* = Tb 71' “iT 7 + 



3 fdQ ( 1 f • r r 

+ I6+W 7 l Pi " ai - 2 P *' ai T ” PB ' a >7 + 
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The negative gradient of this function of r is 


31tt 2 c 2 J + 3 a 2 1 r 32^ 


P?_-- a -ì}— Vs f\e+3 M P]f it— + ■■■■ 

a 2 J r 1 J a 2 I r 


( 59 " 11 ) 


The vector potential (59— 9 ) ' ls 


167 r 2 c 


(ù X ai 


-^oiXa^ + AX aj/] + f[/] 


■h <0 


Xaifl (S + a^) + •"} 


+ g — f — {K a i X Vb) X ai + p£?-aif[/] H }. 

i6tt 2 a 2 cJ r 

To get the time derivative of A at P at time o we difFerentiate with 
respect to [/], since dt — d\t\, and then make [/] — rjc. Thus 


1 dA 
c dt 


1 6 ir 2 c 2 


f* 


ò> X ai 


f f\ , pE-a! [ d€t 

- 76 1 ' + 3 ^}t + 


(59- 12 ) 


The electric intensity is the sum of (59- 11 ) and ( 59 -12 )* 
Kxpressing co in terms of pj q by means of (5 ^ 9 ) > 


E = - V 


/ ?}- 


167 r 2 a 2 


r da 

J pB-ai — 


l6ir 2 a 2 c 


/ . d€l f !«* 

P H X ai 2-2 

r 32.7T c 


: /f' + 3 V)? 


327 T 2 ^ 


, _ P»* a llx I 

J r +3_ ?-| f ' rr r + 


C59— T 3) 
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Finally, making [/] = — r/c in the expression for A, we get for 
the vector potential at P at time o. 


f 

1 67 r 2 c J 


r 


f ai 

co X a x © X ai 


<b X snr f r o) X a x f 


<aif-r , } 

+ •••/ 


. 3 f' [ 1 , . N pjw • aifr 1 

+ i6tt 2 A J V\a (aiXVE) Xai 


Therefore, since the magnetic intensity is the curl of the vector 
potential, 

+ V X { 2 2" /" ( a l X p^) X a l } 

X yi'K a c J r J 

3 C c r , dQ 

00 222 / fX (pi/ X ai) 

327r <2 <• r 

3 C dQ 

+ 3TTW / r X ^ x ai)f ' r • (59-14) 


The first two terms in (59—13) and in (59-14), for which the dif- 
ferentiation is indicated but not actually performed, are discontinuous 
at the surface of the electron. Since these terms alone would survive 
if the electron were permanently at rest with the assigned distribution 
of charge and angular velocity, they must satisfy the boundary 
conditions at the surface. Consequently the remaining terms must 
be continuous. We shall denote the sum of the discontinuous terms 
in E and H by E25 and H D respectively, and the sum of the continuous 
terms by Ec and Hc- I hen, from (58-11) and (58— ia). 




<?R 1 

4 TTÌ? 3 + 4 7T.R S 


(2pjg-RR + (p# X R) X R} 


outside. 


JP E 
47 ra 


3 inside. 


(59 -I 5) 
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We may write Hx> = "H-Dx + H + Hz> 3 where Hd 15 representing 
the first part of the first term in (59-14), is 


Hn, = 


h * RR + (p-ff XR) X R } outside. 


(59-16) 


'iTra' 


inside. 


as in (58—11) and (58-12), Hd 2 = V X Ad 2 where 


A — 


3 r, 

:6 r wJ f ' aiP// X ai T 


( 59 -! 7 ) 


and Hdj = V X A d 8> where 


A n = 

D ' 327T 2 a 2 


J 


(a 2 j)E — P£?*aiai) 


(59-18) 


To evaluate the vector potentials (59—17) and (59—18) we need, 
in terms of the notation of Fig. 52, 

J* cos 2 8 dr — - / { ( 7 ? 2 + ^ 2 ) 2 — i(R 2 + a 2 )r 2 + r 4 }^r 


i 5 i? 


2 (5Ì? 2 + ia 2 ) outside. 


( 5 9 - J 9 ) 


($a 2 + 1R 2 ) inside. 


Performing the integration, we get 


An, = 


and 


w {(l _ F 3 ) p " xf+ l^ f ' Rpff XR 1 outside> 


2 {(i_*V xf + ^ 

20 jtc 2 [ \a a 6 / a K 


pff X f H — 5 f • Rpi? X R r inside. 


(59-20) 




3* 2 . 


ioi? 


5 Pd-RR r outside. 


(59-21) 


pD-RRf inside 
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Taking the curl of (59—20) and (59—21), and adding to (59—16), 
we find 

{ 2p h * RR + (p# XR) X R } + „3 p# X R 


Hn = 


4 ttR 


10ttC 2 R Z 

,2 


^.ttcR 3 

(-5 + 3 ^ 2 ) RXfpsXf) 


+ |<X(psXR) 


(59-aa) 


- ^f-Rp* +^f-Rps-RR| outside, 


Pif __ Pe X R 
27 ra s %Tra s c 


207 ra 3 c 2 


{ - 2R X (Pìt X f ) 


+ 3 f X (pjy X R) + 6f • Rpi? } ìnside. 

As the remaining terms in (59—13) and (59-14) are continuous 
at the surface of the electron, we need calculate them only for a 
field-point P (Fig. 55) on the surface of the electron at a vector dis- 
tance a 2 from the origin O at the center. Orient the axes so that 



X 


a 2 = ia, and let 6 be the angle which ai makes with a 2 and <f> the 
azimuth of a^ measured about a 2 . Then we have 


ai 


\.( . 2 d\ 

= <3 j z l 1 — 2 sin" 5 - I 


. . e 0 

+ 27 sin — cos — cos d> 
22 


.e e . 

+ ih sin — cos — sin <f> r , 
2 2 J 


(59-23) 
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r = 


J . . 2 e . . e e 

a2 — ai = ia i z sin j sin — cos — cos 0 


. . 6 6 . 1 

— ft sin — cos — sin d> r . 
2 2 J 


r = 


M = 


ai r = 


. e 

la sin - , 

2 

. e 

4 sin — cos 
2 


MD** 


2*2^ 
la sin — ■ 


Performing the integratìon indicated in (59—13) and 
we find for the continuous parts of E and H, 


_ 1 et 

Ec Ph X a 2 — 


47T<2 3 r 


6irac 2 


107 ra s c 2 


— f-p£?a- 2 — f*a2p^}. 


and 


j 

Hc = — — 3-5 { 4^ ' a aP// — f • P//3-2 P// • a^f } . 


lOira c 


(59-24) 

(59-25) 

(59-26) 

(59-27) 

(59-H) 


(59-28) 


(59-29) 


Having found the electric and magnetic intensities at the surface 
of the electron, we are ready to calculate the force and the torque 
exerted on the electron by its own field from (57—22). The part of 
the force due to the electric field is 

= — j j<? + 3 ~^2~~ | (59“3°) 

and the part due to the magnetic field is 

CSCh = /{(, — —~Ù) p2 x »1 + i(a 2 PE — p«-a 2 a 2 )! X Ha'Q. 

(59-3 0 

So far as the force on the rotating uniformly distributed charge 
due to its own electric and magnetic fields is concerned, we must use 
the arithmetic mean of the inside and outside value of the discon- 
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tinuous parts of E and H, as shown in article 57. The same state- 
ment applies to the force on the non-uniformly distributed charge 
responsible for the electric moment due to its own electric and mag- 
netic fields. When, however, we come to consider the force exerted 
on the one charge by the field of the other, we must either assume 
that the one charge lies outside or inside the other, or that the two 
are uniformly mingled. The latter supposition will be adopted, 
although a detailed computation shows that the result is the same 
whichever hypothesis we choose. Specifically we shall assume that 
both charges are distributed uniformly in the radial direction inside 
a thin spherical shell of mean radius a. Therefore in the calculation 
of all the terms in (59-30) and (59-31) we must use the mean of the 
inside and outside values of E and H. From (59-15), (59-22), 
(59-28) and (59-29) these are 


— e 3 1 1 

E = “ - a 2 + - g Pe -a 2 a 2 3 p E 3- X a 2 

0 ira 47 ra ^rrra c 


8 Tra 3 


ei 


1 


ÒTrac 2 20 ira z c 2 


{4Ptf*a 2 f - f -p^a 2 - f-a^ps}, (59-32) 


H = + PH + tÙJc ìb x 32 

- j P* • ■ - 4- P«a 2 + l i ■ a 2 p H + ^ • a +' az a 2 } ■ (59-33) 


Substituting (59-32) for E in (59-30) and integrating, we find for 
the electric part of the kinetic reaction 



1 

4 ird ò c 


Ì>h X p E ~ 


e 2 f 
6ir ac 2 


iOTra 3 c 2 ^ E ^ ® X p^} . 

(59-34) 


The origin of the first term, which is independent of the acceleration 
of the electron as a whole, is easily revealed. If the angular velocity 
of a charged sphere rotating about a fixed diameter is increased, the 
magnetic flux through its equator is augmented with the production 
of an induced electromotive force in the sense opposite to the angular 
acceleration. The circuital electric field so produced gives rise to a 
force on an electric dipole at right angles to the magnetic moment in 
the sense of the vector p E X p h. 
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Next, if we put (59—33) in (59-31) and integrate, we find for the 
magnetic part of the kinetic reaction 

“ —~~z r VhXÌe — 3J {pH 2 f + 4(Pi? Xf)Xpi/}. (59“35) 

47T^ 6 1 07T <2 6 


The first term in this expression is due in part to the force exerted 
by the magnetic field of the changing electric moment on the rotating 
charge and in part to the force exerted by the magnetic field of the 
rotating charge on the current responsible for the change in the electric 
moment. 

Equating the sum of the external force (58-20) and the two parts 
(59-34) and (59-35) of the kinetic reaction of translation to zero, 
in accord with the dynamical assumption, we find for the equation of 
motion of the spinning electron, as regards translation 


^Ei + \ j pjs* VEi +* p# • VHi + VEi ‘pjs? + VHj *pi/ 


'id e 2 f 

"T (pjff x p e) + 7 5 + 


4-Tr a 3 c dt 


6irac 2 


Èi X p// Hi X Pe 

C c 


1071-aV + (Pis X f) X p£ ! 


+ 4ir<z z c 2 (VH X f ) X + IOjra .-^2 ì Pn % t + (p H X f) X p/, } (59-36) 

relative to the inertial system in which the center of the electron is 
momentarily at rest. In addition to the mass reaction of the non- 
spinning Lorentz electron, mass reactions depending on the electric 
and magnetic moments are present, and these reactions are not, in 
general, opposite to the acceleration. Furthermore a term indepen- 
dent of the acceleration appears in the kinetic reaction. This term 
exists even ìn the case of an electron permanently at rest in the 
observer’s inertial system, if the vector product p// X p E does not 
remain constant in time. 

Next we shall calculate the torque exerted on the electron by its 
own field. This torque consists of the electric part 




Ìr + 


(59-37) 
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and the magnetic part 


3 ?h = -^2 ^ j^ 1 “ aa X { x a a) X H } 

+ Jtf 2 a 2 X (p^ X H) — * a 2 a 2 X (a 2 X H)J^£2 

j y H a 2 p^ X a 2 *ft2 


\Tta 


+ (H • a 2 p^ — p e ’ a 2 H)<i£2 

’ , / P*' -<H • a 2 a 2 — *z 2 H)^£2. 


87 ra* 


Carrying out the indicated integration. 


€ C 

3?E = — 7 P H 5 Ve X f. 


èirac 


3 ?h ~ o, 


\Trac 


(59-38) 


( 59 - 39 ) 

(59-40) 


if we neglect, as hitherto, terms in f involving p^ in the coefficient. 

If we trace the origins of the terms in S?e we find that — <?Ph/67t<zc 
is the torque exerted on the uniformly distributed charge by the 
induced electromotive force due to the change in magnetic flux conse- 
quent upon change in magnetic moment, — ep E X f/iiTrac 2 is the 
torque on the same charge due to the electric field of the accelerated 
electric moment as specified by the last term in (59—28), and 
— ep E X f/ànrac 2 represents the torque on the non-uniform charge 
constituting the electric moment due to the term — et/Girac 2 in the 
electric field of the accelerated uniformly distributed charge. The 
coefficients of these terms are the same no matter whether the one 
charge distribution lies outside, inside, or is commingled with the 
other. 

Equating the sum of the external torque (58-21) and the two 
parts (59-39) and (59—40) of the kinetic reaction of rotation to zero in 
accord with the dynamical assumption, we find for the equation of 
motion of the spinning electron as regards rotation 

ea 2 . e e , 

Pe X Ei + pi? X Hi Hi = 7 — p h H -2 Pn X f. (59“4 J ) 

7 C àirac Anrac 
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It follows from this equation that the angular momentum of a spinning 
electron permanently at rest in the observer’s inertial system is 

= 6 wac VB ' ( 59 ~ 42) 

6o. Equation of Motion of the Spinning Electron. — Since modern 
spectroscopic theories require an extra-nuclear electron in an atom to 
have an angular momentum h/ 4X, where h is Planck's constant 
6.55C 10 ) 27 erg sec 5 it follows from (59-42) that the magnetic moment 
of an atomic electron is 
^ahc 

pH = — (60—1) 

If, now, the magnetic moment is due to rotation of charge of a single 
sign, it follows from (58—9) that the ratio of the equatorial linear 
velocity of spin to the velocity of light is 



where e s is the elementary charge in electrostatic units. As velocities 
greater than that of light are inadmissible, we are forced to conclude 
that the magnetic moment is due to charges of opposite sign rotatìng 
in opposite senses about a common axis. In fact we may consider the 
electron with simple electric and magnetic moments, which we have 
been discussing, to consist of a non-rotating uniformly distributed 
charge e , two equal and opposite non-rotating charges responsible for 
the electric moment, and two equal and opposite uniformly dis- 
tributed charges giving rise to a magnetic moment by their rotation 
in opposite senses about a common axis. Obviously the equations of 
motion for translation and rotation obtained in the last article are in 
no way altered by this modification in our concept of the nature of 
the electron. 

Since the experimental evidence indicates clearly the presence 
of a magnetic moment but is less certain regarding the existence of an 
electric moment, let us consider first an electron which has a resultant 
charge e and a magnetic moment p#, but no electric moment. If we 
denote the impressed force by and the impressed torque by 
the equations of motion (59—36) and (59-41) become 
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= f + { 9PhH ~ 7 **-*b}, (60-a) 





(60-3) 


The magnetic mass reaction specified by the second term in (60—2) 
vanishes for no relative orientation of the vectors f and p n, and has a 
magnitude lying between the limits 


PH 2 / 
107 ra 3 c 2 


and 


9PH 2 / 
207 ra 3 c 2 


Taking the smaller of these, in order to be conservative, the ratio of 
the magnetic mass reaction rriH to the electric mass reaction mjs 
specified by the first term in (60—2) is 


mji 3 pH 2 = 22 ( ’*fY 

5 e 2 a 2 20 \e 2 J 


6400, 


showing that the electric mass reaction is quite negligible compared 
with the magnetic mass reaction. Ignoring the former, the known 
mass 9.0(10) ~ 28 gm of the electron would require a radius 


9 h 2 9 A 2 

407 rme 2 1607 x 2 me 2 


1.2(10) 9 cm, 


which is one-tenth the kinetic theory radius of the entire atom. Not 
only does the presence of the magnetic mass reaction demand an 
electronic radius quite inconsistent with experimental indications, but 
(60-2) specifies a mass four and one-half times as large when the 
magnetic moment is perpendicular to the acceleration as when par- 
allel, a phenomenon for which there is no experimental evidence. 

Even more convincing evidence against the existence of the mag- 
netic mass reaction is provided by the measurements of the gyro- 
magnetic effect made by Barnett. 1 His experiments yield the ratio 
fj, of the angular momentum to the magnetic moment of the gyro- 
scopic entities responsible for the magnetic properties of matter. In 
accord with the definition of magnetic moment given in article 58 the 
magnetic moment due to the orbital motion of an electron around the 


X S. J. Barnett, Rev. of Mod. Physics, 7, p. 129 (1935). 
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nucleus of an atom is ( e/'ic)T X V, and the angular momentum is 
mv X V, giving for the gyromagnetic ratio due to orbital motion 


imc 


fX = 


(60-4) 


whereas (59—42) gives for the gyromagnetic ratio due to spin 


6-7T ac 


1 4 - 


(60-5) 


where m = m E 4 - mn is the total mass of the electron. Barnett and 
others have found for every one of a considerable series of ferromag- 
netic elements and alloys a value of \xe/mc a few per cent larger than 
unity, suggesting very strongly that the magnetic properties of the 
substances investigated are due almost entirely to spinning electrons 
with mass m = m E . 

The evidence that an electron in the atom has a large angular 
momentum and at the same time the mass reaction of a non-rotating 
Lorentz electron leads us to investigate the possibility of eliminating 
the extra mass reaction by attributing to the electron an electric 
moment as well as a magnetic moment, a hypothesis made also in 
Dirac's quantum theory of the electron. Then we must replace the 
equations of motion (60—2) and (60-3) by (59—36) and (59—41). Fur- 
thermore we might justify theoretically our belief that the equation 
of motion of translation of the spinning electron is the same as that 
of the non-rotating Lorentz electron by applying the dynamical 
assumption, that the resultant force and resultant torque vanish 
relative to the inertial system in which the electron is momentarily at 
rest, separately ( a ) to the non-rotating uniformly distributed charge 
e y and (b) to the two moments and pjy. Then each of the equations 
(59—36) and (59-41) splits into two, giving 


e^i = 7 2 

OTrac 


(60-6) 


\ ' pjg- VEi4 - Pj? • VHi 4 *VEi -pj^H-VHi -p E ÈiX p 11 HiXp^ 

l cc 


I d 


3 Jj. X pJS?) 4" 3 2 

*c dt lOira c 


^Trarc dt 


Afiea c 


(pi? X f ) Xpn 4 


ioira z c 2 


{?s 2 f + (Pb X f) xpj} 

{ pH 2 f + (P H Xf) XPff}, ( 60 - 7 ) 
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for translation, and 


ea . e . e 

Hi = ~ pH H 2 X f 3 

*zc Girac l'lirac^ 


(60— 8) 


Vh X Hi = o, (60-9) 

for rotation. 

These equations form an interesting basis for speculation, but do 
not seem to shed any light on the puzzling phenomena of the quantum 
theory. Therefore we shall dismiss them without further investi- 
gation. 

A radically different method of eliminating the magnetic mass 
of the spinning electron which does not require the introduction of an 
electric moment consists in assuming that the force on an element of 
charge of the spinning electron, relative to the inertial system in which 
its center is momentarily at rest, is given by 'Etde instead of by 
{E + ( 1 / £■) V X H \de. Then (59—36) and (59—41) reduce to 


^Ei — 


6irac 2 


f. 


eaf • e . 

PH ’ 


(60—l0) 
(ÒO-I l) 


the second of which requires that p/j be a linear function of H and 
therefore not constant in magnitude in a varying magnetic field. 
Equation (57—12), however, remains valid for an electron in motion 
relative to the observer’s inertial system. This proposal, however, 
involves such a radical modification of such fundamental concepts of 
electromagnetic theory as electromagnetic energy, Poynting flux, 
etc., that it will not be considered further. 

In the subsequent development of electromagnetic theory we shall 
employ the equations of motion (57—10) and (57—12) of the non- 
rotating Lorentz electron, without committing ourselves to any spe- 
cific device for eliminating the magnetic mass due to spin. Never- 
theless we must recognize the possibility of additional equations, such 
as (60—7), which may impose a limitation on the types of motion 
electromagnetically possible. 

61. Generalization of the Force Equation. — In article 53 we saw 
how the field equations could be generalized so as to take account of 
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the existence of magnetic as well as electric charges. Now we shall 
effect a corresponding generalization of the force equation (57—22), 
using the notation of article 53. 

We define the force on an element of magnetic charge den by 
H den relative to the inertial system in which the charge is momen- 
tarily at rest, where H is the resultant magnetic intensity. Next we 
make the dynamical assumption that, relative to the inertial system 
in which it is momentarily at rest, the resultant force on a magnetic 
electron always vanishes. This gives an equation of motion analo- 
gous to (57-10) for the electric electron, E x being replaced by the 
resultant external magnetic field Hi. To obtain the equation of 
motion of a magnetic electron relative to an inertial system with 
respect to which it has a velocity Vn we proceed exactly as in article 
57,using the transformation (53—2). This leads to the force equation 

&11 = Ph |h — — V// X eJ (61-1) 

for the force per unit volume on the magnetic charge, which dififers 
only in the sign of the second term from the force equation 

= P E |e + - Vs X hJ (61 —2) 

specified by (57—22) for the force per unit volume on the electric 
charge. 

Adding (61— 1) and (61—2) we have for the total force per unit 
volume 

& = pe {e 4- — V E X H J + p H {h — - Vjj X e| • (61-3) 

It is often stated that no magnetic charges exist in nature, and 
that therefore the terms in pjj in this equation are without physical 
significance. On the contrary, we shall show now that, if every ele- 
mentary charged particle contains electric and magnetic charges in 
the same ratio <2, no electromagnetic experiment can reveal the value 
of ct. Under these circumstances p H = ap Eì where a is a constant, 
and Ve = Vh — V. Therefore the field equations (53—9) and the 
force equation (61-3) become 
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V-E = pg, («) V -H = apE, (b) 

VXE=--(Ò + ap E V), (c) V X H = - (È + p s V), (d) 

C C 

9 * = p E (E 4 " osH) H — P E V X (H — oE). (e) 

c 

If we put 




the fundamental equations (61-4) may be written 
V-A = p, (a) V-B = o, 

V X A = — - B, (c) V X B = - (À + pV), 

C C 

A + -VXB , 

1 c J 



which are identical in form with the equations (<17—23) obtained on 
the assumption that only electric charge exists in nature. There is no 
experimental evidence, therefore, to justify the common assertion 
that only electric charges and no magnetic charges are present in the 
world of experience. If the reverse were true, or if electric and 
magnetic charges occurred combined in any fixed ratio, all electro- 
magnetic phenomena would take place in exactly the same way. 
No electromagnetic experiment could reveal the proportions in which 
the two types of charge might exist. 



CHAPTER 5 


MATERIAL MEDIA 

62. Electromagnetic Equations in Material Media. — By the 

electric and magnetic intensities in a material medium we shall under- 
stand the mean values of E and H s respectively, averaged over a 
volume Ar large enough to contain a great many atoms. These 
definitions ignore the fluctuations in field strength which may occur 
as we pass from atom to atom, or from electron to proton, and specify 
the quantities which we are actually able to measure experimentally. 
Similarly when we speak of the charge density or of the current den- 
sity in a medium we shall refer to the mean values of p or of pV 
averaged over a volume containing a large number of atoms. 

Charges and currents in a medium may conveniently be grouped 
into three classes. First, we have charged particles which are free 
to move through the medium under the influence of an impressed 
field, except in so far as they are hindered by collisions with other 
charged or uncharged particles. These charges we shall call jree 
charges and indicate by letters without subscripts. In a metallic con- 
ductor they consist of electrons; in an electrolyte they are positively 
or negatively charged atoms or groups of atoms known as ions; in 
an ionized gas they may be in part electrons and in part molecular 
ions. Free charges accumulated on the surface of a metallic con- 
ductor or deposited on the surface of an insulator may be surrounded 
by a dielectric medium, or the current produced by the motion of 
free charges in a metallic circuit may be immersed in a permeable 
medium. In the first case the electric field, and in the second the 
magnetic field, to which the free charges give rise, polarizes the sur- 
rounding medium. The nature of this polarization is an important 
part of our subsequent investigation. 

Second, we have charges which are bound to the atom. These 
may consist of pairs of equal and opposite charges a fixed distance 
apart constituting permanent electric dìpoles , or of pairs of equal and 
opposite charges whose electrical centers coincide in the absence of 
an impressed field but which are slightly separated against an elastic 

2x2 
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force of restitution by an applied electric field so as to form induced 
electric dipoles . A dipole whose moment changes with the impressed 
field but does not vanish when the field is removed, may be con- 
sidered as a combination of a permanent and an induced dipole. The 
charge in the body or on the surface of a medium due to the orienta- 
tion of permanent dipoles or to the production of induced dipoles by 
an impressed field is called a polarization charge and will be distin- 
guished by the subscript P. Dielectrics owe their characteristic 
properties to the presence of such electric dipoles in the medium. 

Third, there exist in the atoms or molecules of a medium currents 
flowing around closed paths. These Ampèrian currents may be due 
in part to the orbital motion of electrons revolving about the nucleus 
of an atom, but they probably have their chief origin in electron spin. 
We shall distinguish Ampèrian currents, which are responsible for 
the magnetic properties of material media, by the subscript I. If 
the vector sum of the magnetic moments of a group of rigidly con- 
nected Ampèrian currents in an ultimate particle of the medium does 
not vanish, the medium is paramagnetic or jerromagnetic. Only in 
this case is a torque exerted on the particle by an impressed mag- 
netic field, but, no matter whether the resultant magnetic moment 
vanishes or not, a changing magnetic field gives rise to an induced 
electromotive force which tends to weaken the magnetic moments 
parallel to H and to strengthen those opposite to H. This last effect 
is known as diamagnctism. 

Finally, since electric charge is conserved, the equation of con- 
tinuity 

V • pV -f- ~~ = o (62-1) 

ot 

must be satisfied for each type of charge in a material medium. 

First we shall calculate the charge and current density in a medium 
at rest in the observer’s inertial system due to the electric dipoles 
which it contains. As the normal state of the medium we take that 
in which the permanent dipoles are oriented at random and the 
induced dipoles have zero moments. Evidently the mean charge 
density is everywhere zero in this state. If the permanent dipoles 
are turned from their random orientations or induced dipoles are 
formed by an applied electric field, the medium is said to be polarized , 
the polarization P being defined as the vector sum of the electric 
moments of all the dipoles in a small volume, divided by the volume. 
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Let qi and — qi be two point charges constituting an electric 
dipole, rii being the position vector of q^ and r 2 % tbat of —qi when 
the medium is in its normal or unpolarized state. If the dipole is a 
permanent one, t%i ^ rii, whereas if it is an induced dipole, r 2 i = ri*. 
The electric moment of the dipole is then 


Pe — — r 2 i) 


and, when the medium is polarized, the change in the electric moment 
is 

App = qi(At u — At 2 ì) . 

If there are dipoles per unit volume of this type, the total electric 
moment per unit volume when the medium is polarìzed is 

P = Sw^CAri,- — Ar 2 i) } 

% 

since the mean electric moment per unit volume is zero when the 
medium is in its normal state. 

Now we are ready to calculate the charge passing through a fixed 
element of area d<t from the negative to the positive side when the 
medium is polarized. Since charges qi per unit volume are dis- 
placed a distance Ar xi and n^ charges —qi a distance Ar 2 i, this 
charge is 

Swi^Arii-^cr — 2 mqiAt 2 i' dcr = Vdcr. 

i i 


Therefore, if p P denotes the polarization charge per unit volume, the 
net charge in a fixed volume r enclosed Ìn a surface <r, due to the 
polarization of the medium, is 




P -d(T = - 



V-P d? 


by Gauss’ theorem, or 


pp = — V * P. 


(62-2) 


It follows at once from (62-1) and (62—2) that the current density 
due to polarization of the medium is 

(pV)p = P. (62 -3) 

Often it is convenient to express the polarization charge on the 
transition layer between two dielectrics (1) and (2) separately from 
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the charge in the interior. To do this, enclose an area A<r of the 
transition layer (Fig. 56) between the two dielectrics in a pill-box 
shaped surface with bases parallel to this layer. If is the polar- 
ization charge per unit area o f the transition layer, no free charge 
being present, and ni is a unit vector normal to 
the layer directed from medium (1) toward medium 
(2), we have for the net charge in the pill-box, 

PepAa = — / P • d<r 

— Px-niAcr — P 2 -niA£r, 

where the surface integral is taken over the bases of the pill-box, 
the integral over the short curved portion of the surface being ignored 
as negligible. Therefore 

P<rp = (Pi — P 2 )-ni. (62—4) 

If the region (2) is empty space, P 2 == o and the polarization 
charge on the free surface of dielectric (1) is 



P«p — Fi • ^ 1 ! 


(62-5) 


per unit area. 

Next we shall calculate the current density and the charge due to 
the Ampèrian currents in the medium. If Ìq is the current and s the 
vector area of an Ampèrian circuit, its magnetic moment p/j is equal 
to Ìqs/c in accord with the definition given in article 58. Now con- 
sider a bounded surface cr lying partly or wholly in the medium. 
The current ij through cr, from the negative to the positive side of the 
surface, due to the Ampèrian circuits which it cuts, is contributed 
entirely by those circuits which are threaded by the periphery X of 

<r, for these are the only Ampèrian circuits 
which do not intersect <r an even number 
of times and therefore make equal positive 
and negative contributions to the current 
through the surface. 

Let d\ (Fig. 57) be a vector element of 
the periphery of cr, and let us direct our 
attention to those Ampèrian currents alone 
whose parallel vector areas make an angle 0 with d\. Through the ori- 
gin and terminus of d\ pass planes of area 5 large compared with s at 
right angles to s, forming the prism BCEF of volume Sd\ cos 8 . If 



Fig. 57. 
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there are dn Ampèrian circuits of the type considered per unit 
volume, there are Sd\ cos 6 dn in the prism under consideration, and 
the proportion of these threaded by d\ is s/S. Therefore sd\ cos 6 dn 
is the total number threaded, and, as each makes the contribution Ìq 
to the current through <r, 

d 2 ìj — ÌQsd\ cos 8 dn — c$H-d\ dn . 

But p H.dn is the contribution dl to the magnetic moment I per unit 
volume made by the circuits under consideration. Hence 

d 2 ij = cdl-dk, 

and summing up over all orientations 

dij ~ c\'d\. 


Finally, integrating around the periphery of <r, we find for the total 
current through the surface due to the Ampèrian circuits which are 
cut. 


ii 



I • d\. 


The vector I is known as the intensity of m agn eti zation and is the mag- 
netic analog of the polarization P. 

If, then, (pV)j is the current density in the medium due to the 
Ampèrian currents. 



c 



I -d\ 



V X I-d<r 


for any surface <r, and consequently 

(pV)j = cV X I. (62-6) 

As the divergence of the curl is identically zero and the medium is 
supposed to be initially uncharged, it follows from (62—1) that 


pj = o. (62-7) 

We conclude that magnetization gives rise to no charges in the 
medium. 

Combining these equations with (62-2) and (62-3) we have for 
the total charge density in a medium containing free charges, bound 
charges and Ampèrian currents 

P Pp Pi — p — V-P, 


(62-8) 



ELECTROMAGNETIC EQUATIONS 


217 


and for the total current density 

pV + (pV) P + ( P V)j = pV + P + cV X I. (62-9) 

The mean magnetic intensity in a material medium is generally 

called the magnetic induction and designated by the letter B. If, in 
accord with this convention, we replace H by B in the field equations 
(51-8), and substitute the expressions just found for the charge and 
current densities, we have, on collecting like terms, 

V ■ (E + P) = p, ( a ) V • B = o, (J?) 

V X E = — - B, (c) VX(B-I)=-(È + P + pV). (d) 

c c 

The form of these equations suggests the desirability of defining 
two new vector functions !D and F by the relations 

D = E + P, (62-10) 

F bs B — I. (62-1 1) 

These are known as the electrìc displacement and the magnetic force 
respectively. Writing the field equations in terms of them, and 
appending the force equation for the free charge alone, we have alto- 
gether the electromagnetic equations 

V-D = p, (a) V • B = o, 

V X E B, (c) V X F = -(!>+- pV), 

c C 

&= p |e + iv x b|, 

for free charges in a material medium which is at rest in the observer’s 
inertial system. These equations reduce to (57-23) for charges in 
empty space, for there D = E and B = F = H. 

As usual the electric field E and the magnetic field B are expressible 
as derivatives of potentials in the forms 


(b) 

(d) 

(e) 


(62-12) 


E = — V3> — -À, 

c 

B = V X A, 


(62-13) 


where 3> is the sum of the scalar potential of the free charges of density 
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p and the scalar potential of the polarization charges of density 
Pp = — V-P (there is no contribution from the magnetization since 
Pi = o by (62-7)), and A is the sum of the vector potential of the free 
currents of density pV, the vector potential of the polarization currents 
of density P, and the vector potential of the magnetization currents 
of density rV X I. 

We obtain an elegant physical interpretation of the vector function 
F by considering alone the field due to the Ampèrian currents in the 
medium. Distinguishing this field by the subscript H , the field equa- 
tions (a ) 3 (, b ), (r), (d) of (62-12) become 

V • Eif = o, (a) V • B h — o, (b) 

V X B h, (c) V X F h = ~ Èjy. (d) 

c c 

Making use of the defining relation F h = B h — I> these may be 
written 

V • E# = o, (a) V • F u = — V • I, (b) 

V X E*r = - - (Ffl + Ì), {c) V X Fj/ = ÌÈ*. {d) 

c c 

Comparing with (53-6), we observe that these are exactly the field 
equations of a distribution of magnetic charge of charge density 
— V I per unit volume and current density Ì per unit cross-section. 
But comparison with (62-2) and (62-3) reveals the fact that — V-I 
and Ì are just the magnetic charge density and magnetic current 
density that would exist if the medium were composed of actual 
magnetic dipoles instead of Ampèrian currents, each dipole having a 
magnetic moment equal to that of the Ampèrian current which it 
replaces. Hence F^ is the magnetic field that would be produced by 
substituting for each Ampèrian current a magnetic dipole of equal 
moment. We can therefore write 


(62-14) 


F h = — V <h// Àffj 

c 

E h = — V X A//, 


(62-15) 


in accord with (53-4) and (53-5), where is the scalar potential of 
the magnetic charge density —V • I, and A H the vector potential of the 
magnetic current density ì. If free and polarization charges and cur- 
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rents are present as well as Ampèrian currents, the resultant E is the 
vector sum of the electric intensity due to these charges and the fìeld 
Ejy, and the resultant F is the vector sum of the magnetic force due to 
these currents and the fìeld F //. 

The boundary conditions at the surface of discontinuity between 
two material media, or between a material medium and empty space, 
are obtained from equations (62—12) in precisely the same manner as 
those at a charged surface in empty space were obtained from (51—8) 
or (51-9). We need only write down the results, using the notation 
of Fig. 47. Corresponding to (52-1) we have 


D 2 * n i ~ Dj-iii + p ay 

B 2 Hi = Bi-ni, 
and corresponding to (52— 2) 

E 2 *ti = Ei *ti, 

F 2 -ti = Fi *tx + ^ pa V X Hi-ti, 


(62-16) 


(62-17) 


where p ff is the free charge per unit area on the surface of discontinuity 
and V the velocity with which it is moving. 

As before the scalar potential <£> and the vector potential A of 
equations (62—13) are continuous at the interface, and also the poten- 
tials <f>// and A // in terms of which we can express the portion of the 
total field due to the magnetization of the medium. For the latter 
field alone the boundary conditions may be put in the form 


and 


E// 2 *ni = E//i-ni, 

F//2 • ni = F//i -ni + (Ii — I 2 )’ni, 

E // 2 -ti = E//i • ti, 

- 

F// 2 -ti = F//i*ti, 


(62—18) 


(62-19) 


the eflfective magnetic charge per unit area of the surface separating 
the two media being (Ii — I 2 )-ni, an expression analogous to (62—4) 
for a polarized dielectric. 

As they stand, equations (62-12) do not suffice to describe the 
field in a material medium in terms of an assigned distribution of free 
charge density p and free current density pV, for they fail to specify 
the relation between D and E on the one hand, and that between 
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B and F on the other. The establishment cf such relations, which 
requires more detailed assumptions regarding the physical properties 
of material media, will occupy our attention in the next few articles. 
The reader must be warned, however, not to place too much credence 
in the numerical part of the coefficients calculated on the over-simpli- 
fied hypotheses we shall make, for we know far too little about the 
structure of matter to make more than crude approximations to these 
coefficients. Some improvement in such calculations may be effected 
by using quantum mechanics, but that is outside the scope of this 
book. 

Problem Ò 2 a. Show that D in a dielectric is the electric field that would 
exist if each electric dipole were replaced by a closed magnetic current of elec- 
tric moment equal to that of the dipole. 

Problem Ò 2 b. Show that the surface current flowing in the transition 
layer between two magnetic media is c(Ii — I2) X ni per unit breadth of the 
layer, where ni is a unit vector normal to the surface of separation, as in 
Fig. 56. Apply to a uniformly magnetized cylinder. 


63. Dielectrics. — In this article we shall deduce constitutive rela- 
tions between D and E for a dielectric. The initial step is the deter- 
mination of the field responsible for the polarization of the medium. 

By definition the electric intensìty 
E in a dielectric is the mean field 
averaged over a volume Ar large 
enough to contain a great many 
atoms. This field may be analyzed 
into two parts: the mean field E2 
due to the electric dipoles actually 
lying in the region Ar and the field 
Ei due to the dipoles and other 
charges outside this region. We shall 
calculate E 2 , taking Ar as a sphere 
of radius b (Fig. 58), since the sphere represents the average shape 
of a large number of small volumes chosen at random. First con- 
sider the mean field E 2g due to the single point charge q situated at a 
distance R from the center O of the sphere. Retaining only the 
zero order term in (56—9), we have 




— f - 3 — 

Àry Ar 4-7T r 3 



T2 

cos 6 sin 6 dr dB^ 
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where 6 is the angle between r and the common direction of R and 
the X axis. The upper limit r 2 o f r is 

r% = — R cos 6 + cos 2 6 b 2 — R 2 . 

Hence 




3Ar 


+- R- 

3Ar 


(63-1) 


If, now, there are present inside the sphere two charges q and — q 
at vector distances Ri and R 2 respectively from O, the mean field 
E 23 > due to the dipole of moment = q ( Ri — R 2 ) is 


K 2 p =-—Ve, 

independent of the location of the dipole. 

In the actual dielectric there are a large number of dipoles inside 
Ar, the polarization P being the vector sum of their electric moments 
divided by Ar. Hence 

I ^ T 

E 2 -s— = - “ P. (63-2) 

3 Ar 3 

Therefore the field responsible for the polarization of the medium 
in the region Ar is 

Ei = E — E 2 = E + JP- (63—3) 

On the other hand, if we have a uniform distribution of unbound 
charges of either one or both signs, as in the case of the free electrons 
in a metallic conductor, it follows from (63—1) that E 2 = o and there- 
fore that the field responsible for the conductivity of a metal is the 
mean electric intensity E itself. The difference in the results obtained 
in the two cases lies in the fact that we are considering the dipole as 
the ultimate entity in the first case and the charged particle in the 
second. 

We would expect the polarization in A r to be a linear vector 
function of E t , a supposition which is well confirmed by experiment. 
Hence we may write for either an anisotropic or an isotropic dielectric 

P = a-Et, (63-4) 

where a is the dyadic 

a = oinii + OÌ12ÌJ + oii^ik 
+ OÌ2\jì + OÌ 22 JJ + Oi23jk 
+ OÌ3 1 ki + « 3 2 ft/ ~\~ Oi3$kk. 
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The work done by the field Ei in increasing the polarization from 
P to P + <s?P is 

dW = Ei-^P = Ei-a-^Ei. 


We shall consider only perfect dielectrics in which no dissipation of 
energy occurs. Then, d'W must be an exact differential and otij — otji. 
As a is symmetric in this case, it can be put in the normal form 

a == ot x ii + ctyjj + ct z ì ik ( 63 - 5 ) 

by a proper orientation of the axes. The directions so specifìed are 
the principal electrical axes of the dielectric. If the dielectric is 
isotropic, ot x = ot y = ot z = ot and (63-4) assumes the simpler form 

P = otEi. (63-6) 


Eliminating Ei between (63-3) and (63—4) or (63-6) we get 


where 



€ • E 
eE 


for anisotropic dielectrics, 
for isotropic dielectrics. 


OL, 


€ = 


I — 




U + 


Ot 


V 


I — 




* • t 

JJ + 


Ot, 


V 


I — 


3 a z 


kk. 


OL 


e = 


I - 


( 63 - 7 ) 


(63-8) 


The three elements of € are known as the principal electric snsceptibil- 
ities of an anisotropic dielectric, and e as the electric snsceptibility of 
an isotropic dielectric. Finally, as D = E + P, 


D = 


where 


K*E for anisotropic dielectrics, 
kE for isotropic dielectrics. 


K = K x ii + Kyjj + K z kk 


I + %a x .. , x + *ot 




* 3 a * 

I + %Ot 


I 3 a 


3 a * •* 1 

T— “ + 


I — o-a 


3 “V jj 1 + 3 °tz 


V 


1 

3 «* 


kk , 


( 63 - 9 ) 


(63-I0) 


The elements k Xì k Vì k z of K are called the principal pc?'?nittivities or 
dielectric constants of an anisotropic dielectric, and k the per?nittivity 
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or dìelectric constant of an isotropic dielectric. Solving (63-10) for 
aora we get 


~ — 1 11 -j_ hi 3L jj _j_ l kk = -cl *° r a ™ sotro pi c 

+ 2 Ky + 2 k z + 2 3 dielectrics, 

K ~ 1 _ £ for isotropic 
K + 2, 3 dielectrics. 


(63-n) 


Since a and a, rather than K and /c, describe the physical character- 
istics of a dielectric, the important quantities to be determined experi- 

,11 . K x I Ky I K% I K I 

mentally are not k x , k v > k z or k but , — , or 

+ 2, Ky 1 K z -\- 1 K + 2 

It is important to note that no polarization charge can exist in the 
interior of a homogeneous isotropic dielectric in which no free charge 
is present. Consequently polarization charge in such a dielectric 
must reside entirely on the surface. To prove this, we have 
V-E = — V-P = p P from (62-10), (62-120) and (62-2). But, as 
D = kE, where k is not a function of the coordinates in the interior of 
the dielectric on account of the homogeneity of the medium, (62-12*2) 
gives V*E = o. Hence p P = o everywhere except on the surface. 
Of course, this conclusion does not imply that the polarization current 
P must vanish in the interior of the dielectric. 

Finally, it follows from (51-10), where p represents the total 
charge per unit volume of whatever classification, that the scalar 
potential of any static fìeld * must be a solution of Laplace’s equation 
in the portions of a homogeneous isotropic dielectric in which no free 
charges are present. 

We shall not attempt to calculate the values of the coefficients 
<x x , a Vì a z for a typical anisotropic dielectric, but shall confine our- 
selves here to the simpler case of an isotropic dielectric which is polar- 
ized by a static or slowly changing electric field. We shall treat, 
first, a dielectric composecl of permanent dipoles of moments pE = po 
(a constant), second, a dielectric the dipoles of which are induced by 
the impressed field, and third, a dielectric containing both permanent 
and induced dipoles. 

The torque exerted on a permanent dipole by the field Ei in which 
it lies is p 0 X Ei by (5H-21). Hence, if d is the angle which the elec- 


* The statement that the potential of the electrostatic field of charges immersed 
in a homogeneous isotro]iic ilielectric is that of empty space divided by k, which 
appears in many texts, is not of gcneral validity, as is shown by the example on p. 2 ,93. 
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tric moment p 0 makes with Ei, the energy of the dipole due to its 
orientation in the field is 

U = / PqE\ sin 6 d6 = — PqEi cos 0, 

if we take the energy when p 0 is at right angles to as zero. Now 
the tendency of a field Ei to orient the permanent dipoles in a gaseous 
dielectric is opposed only by the disorganizing effect of thermal agita- 
tion, and even in many solids thermal agitation seems to be the chief 
opposing influence. We shali neglect other possible restraints, and 
make use of the expression 

dn = Ae~ u/kT sin 6 dd = Ae voEl cos e/kT sin 6 d6 


given by statistical mechanics 1 for the number of dipoles per unit 
volume which make angles between 6 and 6 + dd with E x when the 
medium is in thermal equilibrium at the absolute thermodynamic 
temperature T, where k = i. 37 (io )“ 16 erg/i° C is Boltzmann’s con- 
stant. The total number n of dipoles per unit volume is obtained by 
integrating this expression with respect to 6 between the limits o andir. 

If we put x = poEi/kT and jl = cos 6, the polarization of the 
dielectric is 


/ Pq cos 6 dn = ApQ J e x 

i 

ApQ e XfX fi dji. 


cos 6 


cos 6 sin 6 d6 


But 


Therefore 


n 


/ 7 T 


4! e x co * 9 sin 6 dd 


= e^dy.. 


P = np 0 


/: 


e*»» dji 


/; 


np o 


e^d/ji 


d 

dx 


•”«/: 


e Xtx dji 


= npQ 


cosh x i 
sinh x x 


( 63 - 12 ) 


1 L. Page, Theoretical Physics , Chap. VIII. 
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Since the ratio cosh .v/sinh x approaches unity as x increases without 
limit, the polarization of a dielectric should approach the saturation 
value npo for very large fields. However the fields available in the 
laboratory are too weak to saturate ordinary dielectrics and, in fact, 
the largest values of x = poEi/kT attainable at ordinary tempera- 
tures are very small compared with unity. Therefore we can gener- 
ally use the approximate expression 


1 »p<? 

3 kT 



{63-iZ) 


to which (63—12) reduces for small x. Using the value of a defined by 
this relation, (63—11) becomes 


k — i i npo 2 

k —j— 2 9 kT 


(63-14) 


In the case where the polarization of an isotropic dielectric is due 
to the presence of induced dipoles we can write 


Pu = tEi (63-15) 

for the electric moment of an individual dipole, where r is an atomic 
or molecular constant known as the polarizability . Then, if there are 
n such dipoles per unit volume, 

P = n p E = wrEi, (63-16) 

and putting the value of ot so defined in (63—1 1), 


K — I 
K + 2 



( 63 - j 7 ) 


We can obtain an approximate value of r by supposing the N 
electrons in an atom to be uniformly distributed through the volume 
of a sphere of radius a. The center of this sphere coincides with the 
nucleus of the atom when no external field is present, but, under the 
influence of the field E\, it becomes displaced a distance R. < a suffi- 
cient to give rise to a force of restitution equal and opposite to that 
exerted hy the external fiekl. The force of restitution on the nega- 
tive sphere is most easily obtained by calculating the equal and 
opposite reaction on the nucleus. The latter, being due to that por- 
tion of the charge on the negative sphere lying inside the spherical 
surface of radius R , considered as located at its center, is 


j*r= 





R _ N 2 e 2 
R “ 47 TYZ 3 R 



226 


MATERIAL MEDIA 


Hence, as the force exerted on the negative sphere by the impressed 
field isiWEi, we fìnd that Ei == JVeR/^. 7 ra 3 — p.g/47r<a: 3 , or 


pjs? = 47r^z 3 Ei. 

This makes r — 47 ra 3 and (63—17) becomes 


(63-18) 


K — I 4 o 

— ■ — = — itncr . 

K + 2 3 


(63-I9) 


It is interesting to note that the right-hand side of (63-19) is just the 
fraction of the volume of the dielectric which is actually fìlled by the 
atoms of which it is composed. By measuring k for a gas, the radius of 
the molecule can be computed if the number of molecules per unit 
volume is known. 

Finally, let us consider the more general case of an isotropic 
dielectric containing n atoms or molecules per unit volume, each of 
which possesses a permanent dipole of moraent po and acquires an 
induced dipole under the action of an external fìeld. Combining 
(63—14) and (63-17) we have in this case 


k — 


k + 2 




r+-^)- 

3 kT/ 


(63-20) 


K. — 1 


As both r and po 2 are atomic or molecular constants, this equation 
states that the ratio of k — 1 to k + 2 at constant temperature is pro- 

portional to the density, a theo- 
retical prediction which has been 
verified for many gaseous dielec- 
trics. Furthermore, by varying 
the temperature at constant 
density it is possible to separate 
the portion of the dielectric 
effect due to permanent dipoles 
from that due to induced di- 
poles. If ( k — i)/(k + 2) is 
plotted against i/kT for an actual dielectric, a straight line such as 
AB (Fig. 59) is generally found. If this line is horizontal, no permanent 
dipoles are present, whereas if it passes through the origin, the 
entire effect is due to permanent dipoles. From the intercept on 
the vertical axis nr can be calculated, and from the slope npo 2 can 
be obtained. 
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64. Steady Current in a Closed Circuit. — Before deducing con- 
stitutive relations between B and F for a magnetic medium composed 
of Ampèrian currents we must derive expressions for the magnetic 
field of a closed circuit in which a steady or slowly varying current is 
flowing, and for the force or torque which such a current experiences 
when located in an external magnetic field. Whatever the cross-sec- 
tion of the current may be, we can consider it to be made up of cur- 
rent filaments each of which carries a current i which has the same 
magnitude at any one instant all the way around the closed filament. 

As the current is changing slowly if at all we can neglect all the 
terms except the first in the series (56—5) for the vector potential, a 
procedure all the more justified by the fact that the second term in the 
series makes no contribution to the magnetic intensity. If d\ is a 
vector element of the current filament, eV == id \ 3 and the vector 
potential at the field-point x 1} yi 3 21 due to the current element at the 
point x 2 , y 2} z 2 is 


where 


dA. 


idk 
47 rcr 5 


r = Ì(x 1 — x 2 ) + j(yi — yz) + — z 2 ). 


Therefore the vector potential due to the entire filament is 

A = -Ì— <f— 

47r c J r 

and, if we define Vj and V 2 as in article 21, 

H = V,XA = - <fvt (-) X d\ — <fv 2 (-)x 

47 rc J \r/ 47 rr J \r/ 


(64-1) 


d\ 


since V 2 (i/r) = — V\(i/r). By means of (18—2) we can express H as 
a surface integral over any surface <r bounded by the filament, getting. 


H 


= — /”v 2 U-v 3 (-)} - — f v 2 -v 3 (i) d<T 

47r c J ff l \ r/ ) 47 rc J a \r/ 

—V! I d<j'V 2 / V 2 -V 2 (—) dcr. (64—2) 

4?r c J a \r/ 47 rc J a \r/ 


We shall consider first the case where the field-point P lies outside 
the surface v, and then the more general case where P lies either out- 
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side or in a. In the first case the integrand of the second integral 
vanishes identically, and, if dQ is the solid angle at P subtended by dt r. 


dtr-V^ 



do’’T 


= — dQ. 


Therefore, omitting the subscript i on the operator V, the field H 0 
outside the surface is 

H 0 = — V\E r 0 , (64-3) 

where the scalar potential \I> 0 is 

iQ 

%= (64-4) 

4-7TC 


Incidentally it may be remarked that this is just the potential in 
Heaviside-Lorentz units of a thin magnetic shell 2 of constant strength 
i/c coincident with the surface a. 

Provided the linear dimensions of the circuit are small compared 
with the distance of the field-point P, 




P H'T 


where is the magnetic moment of the circuit, and 


* 

0 4 7 rr 3 J 


(64-5) 


givmg 


j 

H 0 — — V^ 0 = g {‘ipn’iT -h (p H X r) X r} (64-6) 

47rr 


in agreement with (58-11). 

In order to include the case where the field-point P lies in the 
surface a of (64-2) we shall replace the current filament by a current 
sheet of small width l normal to the surface a as shown in section in 
Fig. 60, the current entering the section at F and emerging at G. I f 
ELi is a unit vector normal to <r, and i the total current in the sheet, 
(64—2) becomes in this case 



2 L. Page, Theoretical Physìcs , 2nd Edit. p. 412. 



STEADY CURRENT IN A CLOSED CIRCUIT 229 


the volume integrals being taken through the interior of the shell of 
surface <x and thickness / bounded along its periphery by the current 
sheet. If we put dr = dl dv, where dl is measured in the direction of 
Hi, the first integral becomes 

/ niVa (7) dv = /fiO dlda= /i da ' ~/i da *> 

where r± and r% are, respectively, the distances from points on the 



bounding surfaces and cr 2 of the shell to the field-point P. 
fore, the magnetic fìeld at any point P is given by 


H = - V* - 



There- 


( 6 4 ~ 7 > 


where we have omitted the subscript 1 on the fìrst V as in (64—3), and 
where 



(64-8) 


But is just the potential that would be produced by a uniform static 
magnetic charge i/lc per unit area on the surface and — i/lc perunit 
area on the surface o- 2 , the double layer constituting a magnetic shell of 
strength (magnetic moment per unit area) i/ c and thickness /. This 
shell is known as the equìvaleyit magnetic shell for the current circuit 
under consideration. 

The field H 0 outside the shell is given by 


H 0 


( 64 - 9 ) 


since the integrand of the second term in (64-7) vanishes identically, 
the expression (64—8) for SF reducing to (64—4) for any fìeld-point 
whose distance from the sheJJ is large compared with /. For a field- 
point inside the shell, however, the integrand of the second term in 
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(64-7) does not vanish. Instead — V 2 (i /r) is the fìeld intensity at 
x 2 , y2> z 2 due to a static charge 4T at Xi 3 yi, zi and its divergence is the 
charge density at #i, yi , Zi- Hence 



tlidr — — 471 - 11 ! , 


where ni in the right-hand member is the normal unit vector in the 
neighborhood of #i, yi, Zi. Consequently the magnetic intensity H a - 
at a point between the surfaces <ri and cr 2 is 

i 

Hj = — VS& + — ni. (64-10) 

LC 


Although the fact that the position of the equivalent magnetic 
shell is immaterial provided that its periphery coincides with the cir- 
cuit shows that the magnetic field of the current is everywhere con- 
tinuous, we shall prove in detail that there is no discontinuity in the 
field (64—7) as we pass across the surfaces cri and <y 2 . The portion of 
the field specified by — VSEq since it is identical with that produced 
by the equivalent magnetic charges on the surfaces <ri and <x 2 , has a 
value at a point A (Fig. 60) just outside the surface cri which exceeds 
its value at a point B just inside by the number i/lc of tubes of force 
originating on a unit area of the charged surface, that is. 


(-V*) A 


(-VV)b 4- 7 ni. 

LC 


Consequently and H B , specified by (64-9) and (64-10) respec- 
tively, are equal. 

Finally we note that the line integral of H around any closed 
curve C encircling the current is 



Hd\ =- 



W-d\ 4 - - 

c 


i 


c 


9 


in accord with Ampère’s law (51-9^). 

Evidently the magnetic moment per unit volume inside the shell 
of Fig. 60 is i/lc. Therefore the magnet equivalent to a straight 
solenoid with 71 turns per unit length each of which carries a current 
i is a bar filling the interior of the solenoid which is uniformly magnet- 
ìzed parallel to its axis with intensity of magnetization ni/c. The 
field due to the solenoid is identical with that of the equivalent mag- 
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net at all points outside the latter; at inside points the field of the 
solenoid exceeds that of the magnet by the intensity of magnetiza- 
tion ni/c . 

Now we shall turn our attention to the calculation of the force 
and torque experienced by a rigid closed filament carrying a current i 
which is located in an external magnetic field H. From the force 
equation (57-22) we have for the force on a current element i d\ 

• 

dC/C = - Jk X H, (64-11) 

c 


and, using (18—2), the resultant force on the entire circuit is 

Ctf = l - <f> d\ X H = t J VSi-dv (64-12) 

since V*H vanishes everywhere by (51— 83 ). If N = / H**/<r is the 

<T 

magnetic flux through the circuit, this may be written in the form 


-VN 

c 


(64 - J 3 ) 


for a pure translation in which every di t remains constant in direc- 
tion as well as in magnitude, showing that the circuit tends to trans- 
late in such a direction as to increase the flux through it. 

The torque about an origin 0 on a current element at a vector 
distance r is 

dSS= r X dCK = - r X (d\ X H) (64-14) 

c 


from (64-11) and, making use of (18-3), the resultant torque on the 
entire circuit is 

SS= (^ x H) 

/ V X riH -d<x -- / V Hr x d<r. 

C 0- C 

As V -H = o and V X r vanishes identically, this becomes 


se 


Jf 


r X VH-dfo* 


- f n 

C J a 


Vr X dv. 
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Furthermore, 

H- Vr X dcr = j H x — + H y — + H z — | {i{yd<r z — zdcr y ) + etc. } 

— i {Hyda-g — Hgdcr y ) + etc. 

= H X da. 


So the torque about 0 is 



r X VH'* + - f d <r X H. 


(64-15) 


The fìrst term evid.ently represents the torque of the force given 
by (64—12) about the origin, and the second, since it is independent 
of r, is a turning couple. 

The rate at which work is done against the force (64—13) during 
a pure translation with velocity V in a static field is 


dUr 

dt 


— = - - V-ViV = - 

c 


idH 
c dt 9 


(64-16) 


and for a pure rotation about the origin 0 with angular velocity <0 
the rate at which work is done against the torque (64-15) is 


dU B 

dt 




(co X r-VH ^cr + H-o) X dcr) 



d<r + H 


it da ) 


idN 

c dt * 


(64-17) 


since co X r ìs the linear velocity of a point on the surface <r due to 
the rotation and co X drj ìs the time rate of change of the vector drr. 
Hence the total energy of the rigid circuit with respect to an external 
magnetostatic field is 

U=-ÌN (64-18) 


provided the current is maintained constant. 

If the circuit is so small that H is effectively constant over the 
surface bounded by it, (64--12) may be written 

— VH * ^ = VH*pjy 


(64-19) 
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in agreement with (58-18), and the turning couple specified by the 
second term in (64—15) becomes 

X. - Oj) X H = v a X H (64-20) 

in accord with (58-21). Furthermore the energy in a magnetostatic 
field is 

V — • H = - p^r-H (64-21) 

c 

from (64—18). 

65. Magnetic Media. — The first step in deducing constitutive 
relations between B and F for a magnetic medium consists in the 
determination of the field responsible for the magnetization of the 
medium, keeping in mind the fact that B represents the mean mag- 
netic intensity averaged over a volume Ar large enough to contain a 
great many atoms. As in the case of a dielectric, we separate B 
into two parts: the mean field B 2 due to the Ampèrian currents 
actually lying in the region Ar and the field Bi due to currents and 
moving charges outside this region. As in the dielectric analog, we 
take for Ar a sphere of radius b (Fig. 58). 

Now the part of the field due to an Ampèrian current represented 
by the term — VSk in (64— y) is identical with that of the ec[uivalent 
magnetic shell. But this shell is merely a collection of magnetic 
dipoles, the vector sum of the magnetic moments of all the equivalent 
shells in Ar divided by the volume of the region being the intensity 
of magnetization I in the medium. Consequently, following the same 
analysis as in the case of the dielectric, the contribution to the field 
B 2 of the term — V'SE r in (64—7) is 

(B 2 )ì - - i I. 

All that remains is to calculate the contribution to B 2 due to the 
second term in (64-7). This term vanishes everywhere outside the 
equivalent magnetic shell, giving rise to the field (i / in the interior 
of the shell, as indicated in (64-10). Its volume integral over the 
interior of the shell is 
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where pjy is the magnetic moment of the Ampèrian current. There- 
fore the contribution of the second term in (64—7) to B 2 is 

?p „ 

(Ba) a = -i- I. 

Ar 


Adding (B 2 )i and (B 2 ) 2 , we have 

Ba = f I. (65-1) 

Consequently the field responsible for the magnetization of the 
medium in the region Ar is 

Bi=B-B 2 = B- fl 

= F + ì I (65-2) 

since F = B — I. It should be noted that Bi is given in terms of F 
and I by an expression of the same form as that expressing Ei in a 
dielectric in terms of E and P, as specified by (63—3). 

In a paramagnetic or diamagnetic medium the intensity of mag- 
netization is a linear vector function of Bi. Hence we can write 


I 


a • Bi for anisotropic media, 
a. Bi for isotropic media. 


(65-3) 


where a is a symmetric dyadic for a perfect magnetic medium and 
therefore can be put in the form (63—5) by a proper orientation of 
the axes. Eliminating Bi between (65—2) and (65—3) we get 


where 


[ c-F for anisotropic media, 
[ e F for isotropic media, 


€ = 


OLn 


I — ^OL. 


ii + 


Oi 


V 


X 


I — %QL 


jj + 


OL, 


V 


Ì <*2 


kk. 


Oi 


e = 


1 — 3 « ' 


(65-4) 


the three elements of c being the prìncipal magnetic susceptibilities 
of an anisotropic medium, and e being the magnetic susceptibility of 
an isotropic medium. Finally, as B = F + I, 


M-F for anisotropic media, 
ju F for isotropic media. 


B = 


(65-5) 
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where 


M = /J, X H + Hyjj + /L 2 kk 


1 + | Oi x I + fay , I + §<*z L1 _ 

H - jj 


IX = 


1 3 a x 

I_+_|o: 

I - 


I - §Q! 


y 


I ~ f « 2 


*35 


( 65 - 6 ) 


The elements /ìj:, j u y , ju z of M are called the principal permeabilities of 
an anisotropic medium, and /x the permeability of an isotropic medium. 
As in the case of a dielectric, if we solve ( 65 — 6 ) for a or oc we get 


— I j| _j_ 1 jj _j_ itl £ = — a for anisotropic 

ix x + 2 fiy + 1 /x z + 2 3 media, 

ix I I . • • 

= — a for ìsotropic 

^ 2 3 media. 


( 6 5 “ 7 ) 


On account of hysteresis, the magnetic induction B in a ferro- 
magnetic medium cannot be expressed as a function of the magnet- 
izing force F alone, since the relation between these two vectors 
depends upon the past history of the specimen. 

It is important to note that we may show from (60.-14^), by pre- 
cisely the same argument used for a dielectric in article 63, that no 
effective magnetization charge of density — VT can exist in the 
interior of a homogeneous isotropic paramagnetic or diamagnetic 
medium for which the relation B = /jìF is valid. However it must 
not be inferred from this conclusion that the magnetization current I 
must vanish in such a medium. 

Consider a magnetostatic field. Such a field can be produced only 
by steady currents fiowing in closed circuits or by permanent mag- 
nets, or by a combination of the two. So let us direct our attention 
to a group of closed circuits carrying steady currents and of permanent 
magnets, all immersed in a homogeneous isotropic paramagnetic or 
diamagnetic medium, and consider the field in the interior of the 
homogeneous medium. The portion of the field due to the current 
circuits is given by H 0 = — VM / 0 by (64—3), and, as V-H 0 = o, the 
potential >1 r 0 satisfies Laplace’s ecjuation V-VSPo = o. The magnetic 
force due to the permanent magnets and the magnetization of the 
medium is given by F u = — in accord with ( 62 — 15 ), where <$// 
satisfies Laplace’s equation V • V+r/ = o by ( 53 — 8 ), since the field is 
static, and, as we have just shown, there is 110 magnetization charge 
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in the Ìnterior of the medium. Hence the resultant magnetic force 
F = H 0 + Fjy in the medium is given by 

F = -V 3 >, (65-8) 

where the scalar potential 3> = + $? H is a solution of Laplace's 

equation 

V • V = o. (65— 9) 

The function «S> is called the magnetic potential. 

An isotropic paramagnetic medium is the magnetic analog of 
an isotropic dielectric composed of permanent dipoles, if we suppose 
the Ampèrian current circuits to have magnetic moments which 
remain effectively constant in magnitude however much the magnetic 
fìeld in which they lie may change. As the energy with respect to 
the field of an Ampèrian current with a permanent magnetic moment 
p 0 making an angle Q with Bi is 


U = — PqBi cos 6 


from (64-21), we can translate (63-13) at once into the magnetic 
relation 


/ = 


1 npp 2 

3 kT 



(65-10) 


which describes the characteristics of many isotropic paramagnetic 
media with a fair degree of accuracy, since the magnetic fields avail- 
able in the laboratory are far too weak to produce saturation. This 
relation is known as Curiè’ s law. The value of a which it defines, 
when substituted in (65—7) gives 


M 1 _ £ npQ 2 

fj> “l - 2 9 kT 


(65-11) 


To explain the diamagnetism of an isotropic medium we shall 
assume that the dimensions of an Ampèrian circuit, whether consist- 
ing of a ring of electrons revolving about the nucleus of an atom, or 
of the spins of individual electrons about a diameter, remain unal- 
tered when the impressed magnetic field is changed. First we shall 
consider the orbital motion of an electron in an atom. In the absence 
of an impressed magnetic field its equation of motion may be written 

mi = M (65-12) 
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relative to the observer’s inertial system, where C/C is the force, what- 
ever its nature, to which the electron is subject. In the presence of a 
magnetic field H, supposed to be constant over the small region in 
which the orbit of the electron lies, the equation of motion is 

mt = +-VXH. 

c 

Taking the origin at the nucleus of the atom, let us refer the motion to 
a set of axes X'Y'Z' which are rotating about this origin with con- 
stant angular velocity <o. If V' is the velocity and f' the acceleration 
of the electron relative to the rotating axes 3 

V = co X r + V', 

f = o X (co X r) + 2 <o X V' + f', 

where r is the position vector of the electron. Hence the equation of 
motion becomes 

?ni' = + 2 mV'X I <o H h! + ?n(<& X r) X ico H H f 

l imc J [ mc J 

relative to X'Y'Z'. Now, if we make 

co — H, 

imc 

we have 

mi' = C/C — m ( H^) X r} X ( — H^ 

L \imc / J \imc / 

= CX 

to a sufficient degree of approximation, since the angular velocity 
( eji?nc)H is so small compared with the other angular velocities 
involved that its square may be neglected. Comparing (65—14) with 
(65—12), we observe that the equation of motion relative to rotating 
axes in the presence of the magnetic field is the same as that relative 
to fixed axes in its absence. Hence the effect of the magnetic field is 
to superpose 011 the normal motion of an electron a precession about 
the lines of magnetic force with angular velocity — (e/imc}1cL. This is 
known as Larmor precessio ??. If the magnetic moment due to the 
orbital motion of an electron is in the direction of the impressed mag- 
netic field, the effect of the field is to make the electron revolve less 
rapidly and therefore diminish its magnetic moment, whereas if the 
3 L. Page, Theoretical Physics, and Edit. pp. 101, 103. 


C 65 — X 3> 

(65-14) 
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original magnetic moment is opposite to the field, the application of 
the field causes the electron to revolve more rapidly and thereby 
increase its magnetic moment. 

In the absence of an impressed field we must suppose that each 
elementary particle of a diamagnetic medium contains a number of 
rigidly connected Ampèrian circuits of such moments and so oriented 
that the resultant magnetic moment of the particle is zero. Let p % be 
the normal magnetic moment, the normal current and co* the 
normal angular velocity about the nucleus, of the electrons constitut- 
ing the current in one of these Ampèrian circuits. Then, if p» makes 
an angle 6 with an impressed magnetic field Bi, the added magnetic 
moment A pi and the added current A i 4 - are given by 


A pj _ Aù 
Pi 


e 


'imc 


B 1 


COi 


cos 0. 


As the intensity of magnetization is zero in the normal state, the dis- 
tribution in angle of the ni Ampèrian circuits per unit volume of the 
type under consideration must be random. Therefore the intensity of 
magnetization due to the field Bi is 


/ 


-£/ 


n i 


Api cos 0 — sin 6 dd 
1 


=-z 


enipi 

6 mca>i 


Bi. (65-15) 


As the coefficient a of B\ is very small even for the most strongly 
diamagnetic substances, such as bismuth, (65-6) gives fx = 1 -J- <x. 

To discuss the diamagnetic effect due to electron spin we use 
(60—8), neglecting the second order term on the right. Then we have 

Pff — — 27 T< 3 3 H, 


and integrating, we find for the diamagnetic intensity of magnetiza- 
tion due to the field B 1:> 

/ = — iTrna z Bi 3 (65—16) 

where n is the number of spinning electrons per unit volume. 

66. Motion of Ions in Uniform Electric and Magnetic Fields. — 
Before investigating the theory of metallic conduction, we must 
examine the motion of free ions or electrons in uniform electric and 
magnetic fields. We shall suppose the charged particles to be so 
widely separated that they suffer no collisions with one another and 
do not modify appreciably the uniform external fields in which they 
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are situated. Then we can treat each particle as if all the others were 
absent. We shall neglect the radiation reaction of the field of an ion, 
but shall take account of the variation of mass with velocity, writing 
the equation of motion in the form (57—14). We have four cases to 
consider: (I) a uniform electric field alone, (II) a uniform magnetic 
field alone, (III) crossed uniform electric and magnetic fields with 
j E 2 < H 2 , (IV) crossed uniform electric and magnetic fields with 
E 2 > H 2 . 

(I) Unìform Electric Field E. The equation of motion is 

E. (66-1) 


If we put "B = "V/c this equation may be written 

d B e 

— 7 ■ ■ = — E, (66-2) 

dt Vi — B 2 mc ' 



and, if r is the position vector of the particle, the energy equation is 


1 

Vi - B 2 


e 

mc 2 


E* r. 


(66-3) 


the constant of integration being made zero by a suitable location of 

theorigin. 

Integrating (66-2) and using (66-3) to eliminate v 1 — B 2 , 
we have 

E*rB — E*r 0 B 0 = E ct, (66-4) 


where r 0 is the position vector of the particle and B 0 is the ratio of 
V to c when t = o. 

Let us orient the axes so that the Y axis is parallel to E. Splitting 
(66- 4) into its component equations. 



— yoHox 


= o. 


1 


yf t -yoYo v = c 2 t, 
dz * 

y di~ yoF ° z = °’ 


(66-5) 
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x = j> 0 B 0 x log 

y = yo \[i 


V 


1+2 — t H 2 / 2 + B 02/ + — / 

yo yo j'o 


i + B 


0 y 


, y *V , f 2 
+ 1 — *t + — t 2 , 

y o yo 


z = y 0 B 0s log 


v 


I + 2 V*' + + 2 + Bo„ + - 

yo yo__ j > 0 


(66-6) 


1 + B 0v 

where y 0 is related to B 0 by the equation 

S. = V i - B 0 2 — E (66-7) 

y 0 mc v 

obtained from (66—3). 

To investigate the nature of the path we can make B 0y = B 03 = o 
without loss of generality. Then the trajectory lies in the XY plane, 
and its equation is ’ 


x = y 0 B 0 log 


+ V+ 


y — yo 



y 0 

with the slope 

dy 


(66-8) 


= =h ~ ^o 2 

dx y 0 B 0 


The trajectory, illustrated in Fig. 61, 
is much like the parabola o f the 
Newtonian dynamics. 

(II) Uniform Magnetic Fielrf H. 

~r ■» • 


1S 


dt 


I V 2 mc V X H * 

V 1 --x 


(66-9) 


Taking the scalar product with V and integrating, we find 

1 

V7 Z b 2 . = Constant ’ (66-10) 
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where B = V /c as before. Hence the speed remains constant through- 
out the motion. Orienting the axes so that the Z axis is parallel to H, 
the component equations of (66—9) are 


7r* {x + ìy) 

d 2 z 

It 2 



mc 






(66-11) 


where i == *v— 1. The second tells us that the velocity in the Z direc- 
tion is constant. Putting 


a =- Vx 

the first gives on integration 


B 2 — H, 

mc 


x — *o + i(jv — yo) = *\ 


(66-13) 


where a:o, yo> a and e are constants of integration. Therefore the pro- 
jection of the motion on a plane perpendicular to H is motion with 
constant angular velocity 12 in a circle of radius a , positive ions 
describing the path in the negative sense and negative ions in the 
positive sense. If B « 1, the angular velocity O is effectively inde- 
pendent of the speed of the ion. 

Evidently 


a 


2 



± vl 

o 2 


(66-14) 


showing that the radius of the circular projection of the path on the 
plane perpendicular to H is proportional to the projection of the veloc- 
ity on this plane. 

Combining the motion perpendicular to H with that parallel to 
the field, we see that the paths of the ions in space are helices about 
the lines of magnetic force. 

(III) Crossed Electric and Magnetic Fields^ E < H. Orient the 
axes so that the Y axis is parallel to E and the Z axis to H Ìn the 
observer’s inertial system S. Then, as shown in article 47, the elec- 
tric fìeld is zero in an inertial system S' moving in the X direction 
relative to S with velocity v = (/£///)r, and the magnetic field in this 
inertial system is 


H' = H Vi - p 2 = V // 2 - E 2 


(66-15) 
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in the Z' direction. Relative to S ' , therefore, an ion describes a helical 
path whose projection on the X' Y' plane is a circle of radius given by 

, 2 _ *v 2 + *y a 

n ' 2 

traversed with angular velocìty 

Q' = — V 1 - B' 2 — H'. 

mc 


If we take the origin 0 ' of S' on the circumference of this circle, 
the projection of the motion on the X'Y' plane is specified by 


x' + iy' 


a 


{ 


e K O'i'-O 



(66-16) 


in accord with (66-13), and the X and Y components of the initial 
velocity Vq' of the ion are given by 

V'ox + W'o v = uz'fì'e -1 *’ = a'£l' sin d + xa’Sl’ cos e'. (66-17) 


Transforming to S by means of (42-2), 


where 



mc 


(66-18) 


(66-19) 


We see from (66-18) that the motion at right angles to H consists 
of a steady progression in the X direction with a constant velocity 
(E/H)c determined by the two fields alone and independent of the 
charge or mass of the ion, accompanied by oscillations in the X and Y 
directions. As the motion along Z' in S' takes place with constant 
velocity Vq Zì the motion along Z in S is given by the equation 


z = 



(66—20) 


In article 101 we shall obtain the exact trajectory for this type of 
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motion. Here we shall consider only two limiting cases of interest. 
(a) E <KH and therefore /3 <K i . Then 


x = c t a' { cos (kQ't — e') — cos e' } , 

JUL 

y = a’ {$\n(kQ' t — e') sin e'}, 
z = V o zt. 


(66-21) 


The projection of the ion path on the XY plane is a cycloid generated 
by a circle of radius p = cE/kQ,'H rolling along a line parallel to the 
X axis. The cycloid is prolate, common, or curtate according as a' is 
less than, equal to, or greater than p. The generating circle lies above 
(in the sense of the Y axis) the line on which it rolls for a positive ion, 
and below for a negative ion, but in each case it rolls in the direction of 
increasing x at a rate independent of the charge or mass of the ion. 
When a' = o the prolate cycloid existing for small a' degenerates into 
a straight line parallel to the X axis, along which the ion moves with 
constant speed {/E(H)c under the action of the equal and opposite 
forces due to the electric and the magnetic fields respectively. In this 
case the ion is at rest in S'. 


(k) kQ' 




<3C 1. In this case we investigate the initial 


phases of the motion, making no restrictions on the relative magnì- 
tudes of E and //, other than E < H , or on the initial velocity Vq of 
the ion, other than Vq < c. Expanding the exponential in (66—18) 
through terms in the cube of the exponent, we have, with the aid of 
(66-17), 


kx -f \y = kvt -|- (— \Vq x -f Vq v ) 


[ik (/ - f-) 


- ì k * a ' - ~C X ) + •••}. 

= K*k(t-£ x y 


( 66 - 22 ) 


Using (43-1) to express the components of V</ in terms of those 
ofV 0 , and remembering that 

Vi - B„ 2 eH 


/PO' = 


i — i3B 0 x mc 
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from (66—19), we find, if we solve for / — (f3/c)x by successive approxi- 
mations, 

3 f eE / e 2 HE 

,_£* = ( 1 _ /3B 0x ) / - ■ Vi- B o 2 B 0b / 2 + 7-T2 (J - B 0 2 )B 0 x/ 3 

c L imc om c 

^E 2 1 

- (1 - B 0 2 )(i - 3 B 0h 2 )/ 3 + • • • } (66-23) 

Substituting this series in the expressions (66—22) for x, y, z we 
get, through terms in / 3 , 

- = B 0I / + — Vi - B 0 2 B 0 y t 2 - — Vi - B 0 2 B 0 x B 0b / 2 

c imc 'imc 

JìtjZ Z-T J7 

- (I - Bo 2 )B 0 */ 3 + ^ (I - B 0 2 )(i + B 0 x 2 - 3 B 0 „ 2 )/ 3 

e 2 E 2 

- ^2 (1 - B 0 2 )(i - 3 B 0!/ 2 )B 0 x/ 3 + • • -, (66-24) 

- = B 0b / - — Vi - B 0 2 B 0i / 2 + — Vi - B 0 2 (i - B 0 „ 2 )/ 2 

c imc imc 

e 2 H 2 ie 2 HE 

“ 6^? (I “ B ° 2)B V 3 + 0 - B 0 2 )B 0i B 0t/ / 3 

e 2 E 2 

— - 2~2 (1 — B 0 2 )(i “ B 0ì , 2 )Boj/ 3 “h * * - 5 (66-25) 

im c J 

z ^ / e 2 HE 

- = EW - — - Vi - B 0 2 B 0 y B 0 z t 2 + — (1 - B 0 2 )B 0x B 0z / 3 

2W2f 0772 (T 

e 2 E 2 

— ~ B 0 2 )(i — 3B 0 i/ 2 )B 0z / 3 + • • *. (66-26) 

If B 0ar , B 0l/ , B 0z are small enough so that we can neglect their 
squares and products, these expressions reduce to 
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eH e 2 H 2 

x = v ax t + ~ V 0y t* - f-T-5 F 0I / 3 


imc 


+ 


— 


6m 2 c 2 


ct z — 


6m 2 c 2 

g 2 £ 2 

6m 2 c 2 


r Qx t z + 






amc 

eHP 

6m 2 c 2 

e 2 E 2 

6m 2 c 2 


H i a x / 2 + 


imc 


ct‘ 


e 2 E 2 

y 0 yt Z - —2^ *w s + 


<zm 2 c 2 


(66-27) 


1 02/ 3 + 


(IV) Crossed Electric and Magnetìc Fields^ E > H. As before, 

we orient the axes so that the Y axis is parallel to E and the Z axis 

to H in the observer’s intertial system S. Then the magnetic field 

vanishes in an inertial system S' moving in the X direction relative 

to S with velocity v = (H/E)c in accord with (47-4), and the electric 

field is / / — 

E/ = EV 1 - / 3 2 = VE 2 - H 2 (66-28) 

in the Y direction. Relative to S' the equations of motion of the 
ion are given by (66—6) with primes on the coordinates and the com- 
ponents of the initial velocity. Transforming to S by means of (42—2), 


k(x — vt ) = yo'B Qx log 

y = yo'E(x> *)> 

z = j 0 'Bo z log 


Pjx, t) + Qjx, /) 
1 + B 0l , 

P( x, t) + Q(x, t) 


1 + B' 


where 


(I v 


(66—29) 


P(x,t) = /1 k(t - 

?k (t-E). 


.2 


+ 




/2 


k/ 




Q(X> t) = Bq y + 


The components of the initial velocity relative to S' are given in 
terms of those relative to <S by (43—1). In terms of E , 


—, k = v 'i - iv 2 

y 0 


eE 


mc 


(66-30) 
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Let us discuss *the same two special cases as in (III). 

( a ) H <5C E and therefore /S < 5 C 1 . We neglect /3 in the terms on 
the right of (66—29), and put k = 1. Then 




rr X - + 2 T * + 72 /2 + + 7 * 

. /T»' 1 _ ' JO V V 

^ / + jro Bo. log 


X = 


J' = J'o 


1J1 + a / + -^75 / 2 , 

J'o J'o 






z = 


J'o'Bi, log — y ° 


1 + Bc 


0 y 


(66-31) 


which show that the trajectory differs from that of (I) for a uniform 
electric field alone only in the addition of the constant velocity 
(H/E'ìc in the X direction. As in the case where E <3C H , this drift 
along the X axis is independent of the charge or mass of the ion. 

t — — x^ < 5 C 1. This condition restricts us to the initial 

phases of the motion, but allows us to consider any initial velocity 
less than that of light, as well as any value of the ratio H/E less than 
unity. Expanding the right-hand members of (66—29) through terms 
in the cube of t — (/ 3 /c)x and expressing the components of V 0 ' in 
terms of those of V 0 by (43—1), we find, if we solve by successive 
approximations. 


t--x= (r - £B 0 *> + — Vi - B 0 2 B 0! ,(B 0 a. - /3)l 2 
c imc 


+ (1 - Bo 2 ){(B 0 * - /S)(i - ffBo.) 

— 3-^02/ 2 (B O a: — / 3 ) }/ 3 + ‘ (66—32) 

Substituting back, we get identically the equations (66— 24) to (66—26). 
Therefore the initial phases of the motion, through terms in the cube 
of the time, are given by the same equations for all values of the 
ratio E/H. 

67. Conducting Media. — In a metallic conductor the valence 
electrons are supposed to have become free from the atoms of the 
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metal, leaving the latter positively charged. Since the mean kinetic 
energy of translation of a particle at temperature T is % kT, the 
electrons, on account of their much smaller masses, have much larger 
velocities than the residual atom cores. Therefore we can consider 
the atom cores as approximately stationary, the electrons moving in 
the interstices between them and suffering collisions with them. On 
account of the small dimensions of the electrons as compared with the 
atom cores, we can neglect entirely the infrequent collisions of one 
electron with another. 

When an electric field E is present in a conductor, the free elec- 
trons are accelerated by the field and in consequence they acquire a 
velocity in the direction of the field in the interval of time elapsing 
between two successive collisions. This added velocity in the direc- 
tion of the field is lost, however, at the next collision with an atom 
core, with the result that a general drift in the direction of the field 
ensues with a mean velocity which is a linear vector function of E. 
While in the case of a macroscopically isotropic conductor we have 
the simple relation 

j = crE (67-1) 

between the current density j, the conductivity cr and the electric 
intensity E, in the case of a single crystal we need the more general 
tensor relation 

j = 2 -E, (67-2) 

where 2 is the conductivity dyadic. The crystal structure of all common 
metallic conductors requires 2 to be symmetric, although it is possible 
that it may contain a skew-symmetric part in the case of certain less 
common conducting crystals. In any event 2 can be written in the 
form 

2 = cr x i 1*2 + <Tyjij2 + Vzk 1^2 (67—3) 

by a proper orientation of axes, as shown in article 27. 

When we measure the conductivity, or its reciprocal the resistivity, 
of a conducting substance, we place the latter between two electrodes 
which are maintained at a constant, known, difference of potential. 
The electric field due to this potential difference we shall call the 
applied field, and designate it by E 0 . Of necessity the current, as 
soon as a steady state has been reached, has the direction of E 0 . The 
ratio of Eo to the measured current density j is the experimentally 
determined resistivity. In the case of an isotropic conductor this 
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represents the true resistivity p = i/<r since the electric intensity E 
inside the conductor is identical with E 0 . In the case of an aniso- 
tropic conductor, however, the initial current must flow in such a 
direction as to build up charges on the surface of the conductor sufH- 
cient to produce a resultant field in the interior in the direction speci- 
fied by (67—2). Hence, in the steady state, E is not parallel to E 0 , 
although the component of E in the direction of the current is still 
equal to E 0 . Consequently the measured resistivity p m is 

E- j 


Solving (67-2) for E we get 

E — S *-j = (pxhh + Pyhh + p3&2&i)*j 
where p x = i/<r x , p y = 1 / <r Vì p z = 1/0-3. Therefore 

E’j = yipxHh + Pyj 2 Jl + Pzk 2^1) j. 

Let the crystal be oriented relative to the electrodes so that the 
direction cosines of j with i u j u k x and z 2 , j 2 , k 2 are 4, m u n x and / 2 , 
n 2 respectively. Then 

j = JWi + m i3i + njkj) — i(/ 2 i 2 + m 2 Ò 2 + n 2 kj) 

and 

Pm = Pxhh + p y mim 2 + p z n±n 2 . (67-4) 

We are most interested in the case where 2 is symmetric. Then 
h = l 2 = /, 97 21 = m 2 = m,ni = n 2 = n and 

Pm ~ px ^ 2 + py m 2 -f- p z n 2 . (67-5) 

Making the current parallel to each of the principal axes of the crystal 
in turn, we measure the principal resistivities p x , p y , p z . 

If two of the principal resistivities are equal, as is often the case, 
(67—5) assumes the simpler form 

Pm — Pxl 2 + Pyijn 2 + n 2 ) 

= px cos 2 Oi + Py sin 2 Oi, (67-6) 

where o: is the angle which the current makes with the unique axis of 
the crystal. 

We shall calculate both the electrical conductivity o and the 
thermal conductivity <Th of an isotropic conductor which, to make the 
results more general, we shall assume to be in a uniform magnetic 
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fìeld at right angles to both the electric field and the temperature 
gradient. As we are interested more in the interrelations of the various 
phenomena involved than in the numerical factors of the physical 
coefficients, we shall apply the Maxwellian law of distribution of 
velocities to the conduction electrons, even though we thereby miss 
the improvement in the numerical parts of the coefficients which can 
be obtained by the use of the newer quantum statistics developed by 
hermi. 

Consider an electron which has just suffered a collision with an 
atom core and starts off on a free path with initial velocity V. Orient- 
ing our axes with the Y axis parallel to E and the Z axis to H, as in 
article 66, we may write for the components of the initial velocity 

V x = sin 0 cos 0, * 

V y = V sin 0 sin <j > 3 
V z — Vcosd 3 

where 6 is the angle which V makes with the Z axis, and <f> is the 
azimuth measured from the XZ plane. If, then, we put 

= e_E = eH 

^ mc ’ mc 5 

equations (66-27) for the initial phases of the motion become 
x = Vt sin 6 cos <f> + oVt 2, sin 6 sin <f> — \o?V, t 3 sin 6 cos <f> 

+ \a>'YCt 3 — \y 2 Vt 3 sin Q cos 0 + • • •, 
y = Vt sin 0 sin <f> — \ooVt 2 sin Q cos <£ + \ yct 2 

— \co 2 Vt 3 sin Q sin <f>— \y 2 Vt 3 sin Q sin <f> + — , 
z — Vt cos Q — \y 2 Vt 3 cos Q + • • 

through terms in / 3 . These equations provide a sufficiently good 
approximation to the motion, since the velocities of the conduction 
electrons in a metal are small compared with the velocity of light, and 
the free paths are short. 

Differentiating with respect to t we find the element ds = 
y/ dx 1 + dy 2 + dz 2 of the path as a function of /, and integrating 

s = Vt + \yct 2 sin Q sin <f> — \o>yct 3 sin Q cos <f> 

+ 7 —7- / 3 (1 — sin 2 Q si n 2 <f>) + • • *, 
6 V 

provided we discard terms in V 2 j c“ as compared with unity. 
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Solving the last equation for t by successive approximations, 

S 1 y C 2 • « • , 1 q . „ 

t «* “ — - ^3 j' ' sin 0 sxn <f> + - -^- sin Q cos <f> 

s 3 (i — 4 sin 2 0 sin 2 </>) + ••• . 


i 

6 


Putting this in the expressions above for x, y , z the coordinates of 
the displacement of the electron are expressed as functions of s by the 
following series: 

x — s sin Q cos 4> + — ~z^s 2 sin 6 sin <f> 775 s 2 sin 2 6 sin <b cos d> 

2 V i V 2 

I CO 2 

— — —5 j- 3 sin 6 cos <i> 

6 ^ 2 

+ -g j 3 (i + sin 2 6 cos 2 <£ — 3 sin 2 0 sin 2 <£) 

1 -y 2 q . 

— — -775 j sin 0 cos 4> 

6 

1 -v 2 r 2 

1 T 6 3/_ ? 2 


6 


j 3 (i — 4 sin 2 6 sin 2 <f > ) sin 6 cos <£ + 


1 co 


^ = 


JL gy * 

j sin 0 sin <j> — s 2 sin Q cos d> 

2 V 

1 yc 


A y C n. • 9 » • 9 \ ICO q. 

H J v 1 — sin ^ sin 0) — T "7^2 Sln ^ sin 0 


2 /^ 2 


6 /^ 2 


2 co'yc: I y 2 , . 

H 775" J sin 0 sin <f> cos <f> 775 s à sin 6 sin d> 

3 V* 2 V 2 

2 'V 2 £- 2 

^4- j 3 (i — sin 2 Q sin 2 <f) sin 6 sin <f> + • • •, 

3 

I *y c « I oo 'yc 

s cos 0 — — ~y2 •> sin ^ cos ^ sln 0 + ^ sin 0 cos 0 cos </> 

X I 

— j3 cos ^ j3 sin2 ^ sni2 ^ cos ^ ‘ • 

Next we must find an expression for the number of electrons orig- 
inating in the volume element dx dy dz at 0 (Fig. 62) which pass 


2 = 


f (67-7) 
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through the area ( dy dz ) p at P per unit time. Since equations (67—7) 
give x 3 y 3 z as functions of s 3 0 3 <f> we have 


{dy dz) P — ds 
ds 


J ds dd d<f> 


where J is the Jacobian 


dx 

dx 

6x 

~ds 

~dd 

6<f> 

dy 

dy 

6y 

ds 

68 

6<f> 

dz 

6z 

6z 

ds 

68 

6<f> 


_ y=l —d 

J - f\ r\ f\ / 


Hence 


{dy dz) p — — dd d<f>, 

C/X 


and, if the number of electrons per unit 
volume per unit time which start out on 
a new free path with initial speed in 
the range V to V + dV after collision 
with an atom core is denoted by dN 3 then 
the number leaving the volume element 
dx dy dz directed toward the area (dy dz) p 
is, per unit area at P 3 


/sinfldtfd# 



Fio. 62. 


dN sin 8 dd d<f> dN dx sm 8 _ _ 7 

— — — dx dy dz — — dx dy dz. 

47r \dy dz) p 47r ds J 

But dx dy dz — J ds dd d<f>. Therefore this number is 

dN dx . 

sin 8 ds d8 d<f>. 

47 r ds 

Of these, however, only the fraction * e~ a/l will reach P before suf- 
fering a collision, where / is the mean free path of the electrons. 
Furthermore, if dn Q is the number of electrons per unit volume at O 


* The derivation of the Kinetic Theory expressions used in this article may be 
found in L. Page, Theoretical Phystcs , 2nd Edit. Art. 102 and 103. 
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with speeds between V and V + dV, dN is related to dn 0 by the 
equation 

V 

dN = — dn 0 . 

i> 

Consequently the number of electrons of initial speed between V 
and V 4 - dV , whose paths originate in the volume element at O, 
which pass through a unit area at right angles to the X axis at P 
per unit time is 

dnc\ V /7 dx 

— e a/l — sin 6 ds dd d<f>. (67—8) 

^TT l ÒS 


If there is a temperature gradient at right angles to the Z axis, as we 
have assumed, dn 0 varies with the position of the point O. Hence, if 
dn is the number of electrons per unit volume at P with speeds 
between V and V dV, we must put 


dn 0 — dn — x — (dn) 

dx 



( dn ) 


before integrating over s , 6 and <f> to find the total number of elec- 
trons passing through the unit area under consideration at P. Next, 
integrating <f> from o to itv, 9 from o to 7 r, and s from o to 00 in (67—8) 
and similar expressions for unit areas at P perpendicular to the Y 
and Z axes, we get for the numbers dv Xì dv Vì dv z of electrons passing 
through unit areas perpendicular to the X , Y, Z axes respectively at 
P per unit time: 


dv x 


1 dn <? 2 / 2 
3 rrPV^c 


EH — — VI— ( dn ) 
3 dx 


3 mc dy 


( dn)tì \ 


dv 


V — 


2 dn el g 

3 m V 



(dn') + ^ — j- (dn)H, 
3 mc dx 


(67-9) 


dv g = o. 


To obtain the three components of the electric current density j 
we must multiply these expressions by the charge e of an electron 
and integrate with respect to n , whereas to obtain the three com- 
ponents of the heat current density j/j, we must multiply by the 
kinetic energy ^mV 2 of an electron and integrate. Now dn is given 
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in terms of the total number n of electrons per unit volume by 
MaxwelFs distribution law 

LL JA a -TV*TS 2 jTS 


dn = -~= z- V 2 V 2 dF, 

'V 7T 


where r = m/'ikT , k being the Boltzmann constant and T the abso- 
lute thermodynamic temperature. Hence 

and similarly for the derivative with respect to y. Substituting in 
(67-9) and integrating with respect to V from oto «>, we get for the 
electric current density 


jx = f edv x = 
j y = / edvy = 

7* = J* edv z = o. 


4 *zg 2 / 

3 'V / ‘iirmkT 


1 ne z l 2 2 7z<?/& 3T 

3 mckT 3 inrmkT 

2 72<?//è 5T 

3 V^ ‘ 1 'irmkT dy 


and for the heat current density 


IX = 


I n<?p rTT „ a*rar 

— 2T2/& 'V — 

6 mc * o# 


hv ~ 1 1 


— mV 2 dv v — — nel 
2 3 


ikT 


— 2«/& 


1 nel 2 k TT dT 

~Z // T j 

2 772^ qy 


'i.kT dT 


jhz = “ mV 2 dv z *= o. 


1 nel 2 k rr àT 

+ ” // T~ j 

2 #2C OA7 


which we can express more simply in the vector forms 
a ne 2 l f_ k _L\ . 1 ne z l 2 _ v 


3 V^ iTr?nkT 


-7T +—EXH, (67-10) 
2<? J 3 mckl 
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5 % 



6 


E X H 


. i nel 2 k 

H H X VT. (67-1 1) 

First we consider the special case where no transverse magnetic 
field ìs present. As the electrical conductivity c is the ratio of j to E 
when all parts of the conductor are at the same temperature, and 
the thermai conductivity c h is the ratio o fj h to | -VT| when no elec- 
tric current is flowing, 

— 4 

3 V 27 VmkT ’ 


5 „ fekf 

<rh = ~ nlk •v/ 

Although there are too many unknown quantities in these expressions 
to make comparisons with experiment possible, if we take the ratio of 
the thermal to the electrical conductivity we are led to the simple 
expression 



known as the law of Wiedemann and Franz. A relation of this form 
holds well for pure metallic conductors, but with a numerical coefli- 
cient slightly greater than 3 instead of 

The term in j h involving E represents the heat current due to the 
excess of the energy gained in the course of a free path by electrons 
moving in the direction of eE over that lost by electrons moving in the 
opposite direction. The coefficient k/(—ie) of VTin the expression 
for the electric current j is the Thomson coefficient or specific heat oj 
electricity . To investigate its significance, consider a metallic con- 
ductor in which both an electric field and a temperature gradient are 
present. Multiplying (67-10) by the resistivity p = i/c of the metal, 

pj = E + (Z^) VT * (67-13) 

When no current is flowing, there is an electric field in the opposite 
sense to VT, since e is negative. This is due to the transpiration 4 

* L. Page, Theoretical Phys'tcs , 2nd Edit. p. 347. 
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of elec.trons from the hotter to the cooler end of the conductor. If we 
àpply an equal and opposite field by external means, so that the resul- 
tant E in the metal is zero, a current will flow from the cooler to the 
warmer end, the energy necessary to maintain the current being 
supplied by the heat lost by the electrons in traveling from the hotter 
to the cooler end of the conductor. So when a resultant E in the direc- 
tion ofVTis present in the metal, a greater current flows than would 
exist if all parts of the conductor were at the same temperature. The 
energy relations involved are made more apparent by taking the scalar 
product of (67—13) with j. Then 

pj 2 = E-j + j-VT, 

showing that the rate pj 2 of production of Joule heat per unit volume 
exceeds the power E • j supplied per unit volume by an amount exactly 
accounted for by attributing a specific head k/{ — le) to each unit 
charge. The experimentally measured values of this coeffìcient are, 
however, much smaller than that given by our theory. 

Next we consider the special case where a transverse magnetic 
field is present but there is no temperature gradient in the metal. 
The better to visualize the phenomena involved we may think of the 
conductor as a thin strip of metal with its surface at right angles to the 
magnetic field. In terms of the electrical conductivity cr we can write 
(67-10) in the form 

j “'{ E + iS' EXH )- (67 ~ I4) 

Solving forE, 

E = p j — ffE X H, 

Snec 

where p is the resistivity i/cr. As the second term is very small com- 
pared with the first, we can substitute j for crE in it, obtaining 

E = pj + ~~ H X j. (67-15) 

8nec 

This equation shows that the electric field is not in the direction of 
the current, the factor 371-/8 nec in the transverse component being 
known as the Hall coefficient. This coefficient is measured experimen- 
tally by finding the angle which E makes with j, which is equal to the 
product of the Hall coefficient by the magnetic intensity divided by 
the resistivity of the conductor. 
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As the charge of the electron is negative, the Hall coefficient 
should be negative for all metals. Unfortunately for the simpie 
theory which we have developed, this coefficient is positive in nearly 
as many cases as it is negative. 

The term involving E X H in (67-11) shows that an electric 
current flowing along a strip of metal placed in a magnetic field is 
accompanied by a transverse heat current the direction of which is 
independent of the sign of the carrier. This heat current produces a 
difference in temperature between the two edges of the strip, known 
as the Ettinghausen ejfect. While the temperature difference has the 
sense indicated by the theory in the case of most conductors, it has 
the reverse sense in the case of iron, a result which may be due to the 
unusual magnetic properties of this metal. 

Finally, consider an electrically insulated metallic strip, along 
which a temperature gradient exists, which is placed in a magnetic 
field perpendicular to its surface. Putting the value of E obtained by 
equating (67—10) to zero, in (67— 11), we find for the heat current 

+ — Hxvr. (67-16) 

The temperature difference between the edges of the strip due to the 
transverse heat current proportional to H X VT is known as the 
Righi-Leduc efect. Although exceptions exist, the sense of the effect 
is generally that predicted by the theory. 

The electric field in the strip, obtained by equating (67—10) to 
zero, is 

E=-V 7 ' + (67-17) 

2 e 8 c v mT 1 ' J 

The transverse component of E may be measured by observing the 
current through a galvanometer connected to opposite points on the 
edges of the strip. This is known as the Nernst effect. While the 
Nernst effect is in the sense predicted by the theory in bismuth, it is 
in the opposite sense in iron. 

68. Moving Media. — If a material medium has a constant 
velocity v relative to the observer’s inertial system S, it is generally 
simpler to discuss any specific problem involving the medium relative 
to the inertial system S' in which it is at rest and to which the equa- 
tions derived in this chapter apply, than to discuss it relative to the 
observer’s reference system. Then, if desired, the solution of the 
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problem can be expressed in terms of measurements made in 5 by 
means of the transformations already deduced. 

In some cases, however, it may be more convenient to make use 
of the electromagnetic equations relative to S, which we shall now 
derive, limiting our investigation to the case of an isotropic, but not 
necessarily homogeneous, medium at rest in S', for which the relations 
D' = kE' and B' = juiF' hold, where k and /jl may be functions of the 
coordinates and even of the time. Since E' and B' represent, respect- 
ively, the true electric and true magnetic fields in S', we shall first 
express the electromagnetic equations relative to S' in terms of these 
vectors alone. We have from (62—12), 

V'-OcE') = p', W 

V'-B' = o, ( 'p) 

V'XE'= — -J, W 

c dt 

= p' |e' + -V' X B'J ■ 0 ) 

As usual, we shall take the X and X' axes in the direction of the 
velocity v relative to S of the reference system S' in which the medium 
is at rest. The transformations for the components of E' and B' are 
given by (47—2) and (47—4) respectively with the components of the 
magnetic induction replacing those of the magnetic intensity. From 
the Lorentz transformation (42-2) we find for the diflferential oper- 
ators 

A = 1 \± , ? J!.l 

dx' Vi — /3 2 \dx ’ r c dt J 5 

d d_ 

dy' dy 5 

d _ a 

dz' dz 3 

— 7 _ fl . 1 

di' \/ 1 — l dt dx 1 9 
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and from (59-1) we have for the current and charge density 

, r V x — v 1 


- p /— 

V 1 

-P 2 

II II 

vV x 

1 

> 

W 

1 

c 2 


-0* 


(68-3) 


The transformation, although laborious, is straight-forward. The 
equation for the force per unit volume on the free charge retains, of 
course, the same form relative to S as relative to S'. The field equa- 
tions (#), (£), (c ) 3 (d) become respectively: 


.{ k ( E + Iv 


X B 


p 2 v 

c 


(*E) + pV 


V - |b — - v x E I = ^ v* — , 

l c J c 2, dt 

V X E + — v V • B = — — — , 
c c dt 


VX {? + 7( K -5 VX ( E + 7 V >< B )} 

-? vV K k - 3 vX ( b - 7 vXE ) 


W • (kE) 


I d \ k 2 

= 1 kE H 

c dt { c 


(-:) 


vX^B--vXEj| + - P (V - v), (d) 


c 01 L C \ p/ \ c / J c 

where, as usual, k = 1 /'V / 1 — /S 2 . 

Eliminating first pV and then p from (a) and (d), and first V X E 
and then V-B from ( b ) and (r), we find that the five electromagnetic 
equations assume the standard form (62-12) relative to S provided we 
now define D and F by the relations 


d s «e + ~(-ì)vx(b-^xe), 

»_2 + £(«_i) vX ( b + I txb ). 


(68-4) 


(68-5) 
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If we solve this pair of equations for D and B as functions of E and 
F we get the more symmetrical relations 

P = *E + - ~ l vx|f--tXke|, (68-6) 

c I — /3 /c/x l c J 

B = - - Ktl ~J vX E+'tXJ • (68^7) 

C I — ( 3 2 KfX { C ' J ' 

This pair of equations can also be expressed in the simpler but less 
useful form 

D + ìv X F = k(e + ìv X Bj, (68-8) 

B-ÌvxE = m (f-^vXdV (68-9) 

first obtained by Minkowski. 

Implicit in (68—4) and (68—5) are the transformations for the com- 
ponents of D and F. For instance, taking the X axis in the direction of 
v and using (47-5) and (47—6) to transform the components of E and 
B respectively, we have from (68-4) 

D x = xE x — kE x — D x , 

Dy = kE v + k 2 (* - 0 W 2 E„ - $B Z ) 

= k (kE v ’ + /3 = KDy' + / 3 F/), 

and similarly for D z and the components of F. Rewriting (47—5) and 
(47-6) with the components of B in place of those of H, we have then 
for the four fìeld vectors the transformations: 


E x = E x \ 

Ey = k { Ey + &Bz' } , 

E z = k{E 2 ’ - /35/}; 
D x = D x ' , 

Dy = k{Dy' + PF,’}, 
D z = k{D z ’ - 0F V '}; 


Bx = B x ' , 

By = k{By’ - HE Z '}, 
B z = k{B z ' + /3£ v ' } ; 

F x = Fx', 

Fy = k { Fy' ~ / 3 D Z ’}, 

f z = k{F z ’ + /szy}. • 


(68-10) 
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It is worthy of note that the pair of transformations for D and F are 
identical in form with the pair for E and B. The inverse transforma- 
tions are obtained from these by interchanging the primed and 
unprimed components and changing the sign of the terms in /3. 

An experiment performed by H. A. Wilson in 1904 affords a test 
of (68—4). In this experiment a slab of dielectric k (Fig. 63) is trans- 
lated with velocity v between the plates A B and CD of a condenser 
through a magnetic fìeld B z parallel to the Z axis. Neglecting terms 
in / 3 2 in (68—4) we have for this case 

D y — kE v — (k — i) / QB Z 

since n = 1. Now the electric intensity outside the dielectric, which 
is due entirely to the polarization charges of equal magnitude and 



opposite sign on the two surfaces of the medium, is negligibly small. 
Hence the electric displacement D y , since it is continuous at each sur- 
face, must vanish inside the dielectric as well as outside. Conse- 
quently 

Ey = pBg, (68-11) 

K 

which is (k i)/k times the electric field due to the charges produced 
on the surfaces of a conducting slab moving with the same velocity 
through the same magnetic fìeld. Each plate of the condenser assumes 
the potential of the adjacent face of the dielectric, and the potential 
difference E y d is measured by the electrometer E. The formula 
(68—11) was well verifìed by the experimental observations. 

The reader s attention must be drawn to the fact that, when a 
dielectric of permittivity k is moving with velocity v relative to the 
observer’s inertial system, B and F are not in general the same inside 
the medium even if its permeability /z is unity. This is easily made 
evident in the situation described in Fig. 63. Relative to the reference 
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system S', in which the dielectric is at rest, D y ' = kE v ' and B z ' — F z \ 
But relative to S we find from (68-10) that B z — k{F z ' + f 3 E y '} and 
F z = k{F z ' + fiicEy' } . Hence F z exceeds B z by 

F z - B z = pk(K — i)E y '. 

This difFerence, of course, is due to the currents produced by trans- 
lating with velocity v the dipoles in the medium which have been 
lined up by the electric field E y ' . The true magnetic intensity B z 
includes the fields due to these dipole currents, whereas F z does not. 
Similarly D and E are not in general the same in a permeable med- 
ium with k = 1 which is in motion relative to the observer. 

If the moving medium is conducting, the current density relative 
to the reference system S' in which the medium is at rest is p'V' = o-E', 
where v is the conductivity. Hence 

0 rE x = k(pV x — pv) y 

ck{Ey — $B Z } = pV y , 

<rk{Ez + fiBy } = pV. , 

by (68-3) and (68-10). These may be combined in the vector equa- 
tion 

ok I 

p(V — v) = yE+— vX B - -v x E , (68-ia) 

where p(V — v) is the current density relative to the moving con- 
ductor, as measured in S\ Even when B = o, the current is not 
exactly in the direction of E unless E is either parallel or perpendicular 
to v. We can, when B = o, write (68-12) in the form 

p(V - v) = S-E (68-13) 

where 2 is the symmetric dyadic 

S = v ii + akjj + akkk. (68-14) 

k 

Probìem 68 a. From (68-10) obtain the transformations for P = D — E 

and I = B — F. 
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69. Energy Equation. — In thìs article we shall derive expressions 
for the electromagnetic energy and the flux of energy in an electro- 
magnetic field. Inasmuch as we have established the electromagnetic 
equations for material media 3 we shall be able to treat concurrently 
the case of charges and currents in empty space and the case of 
charges and currents in a material medium at rest in the observer’s 
inertial system. Specifically we shall develop the theory for the latter 
case, that for the former requiring only the substitution of E for D 
and H for B and F. 

We proceed from the field equations (62-12*2) to (62-12 d). 
Taking the scalar product of F by (62-1 2r) and of E by (62-nd) and 
combining, we have 

E-D+ F-B + cV- (E X F) + pV-E = o. (69-1) 

At first we shali exclude ferromagnetic media, and limit ourselves 
to anisotropic media in which the relations D = K*E and B = M-F 
hold, where K and M are symmetric dyadics, or to the simpler case of 
isotropic media where D = kE and B = /xF. In an anisotropic 
medium 

E-D = E K È = j {lE K-E} = f {§E-D} 

Of 01 

since the medium is at rest and therefore the elements of K are not 
functions of the time, or in an Ìsotropic medium 


E-D = (cE-È = i { J«B-B} = | {ÌE-D}, 

and similarly for F*B. So, in either case, if we integrate (69-1) over 
a fixed volume r, 


/ (*E-D + ^F-B)Jr + c J *E X F 'dv + /*pV-E^r = o, (69-2) 
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the second term having been expressed as a surface integral over the 
surface <r bounding r by Gauss’ theorem. 

Now the last term in (69-a) represents the rate at which work is 
done on the free charges in the region r by the electromagnetic fìeld, 
since it is the volume integral of the scalar product of the force 
per unit volume expressed by (62-1 2^) and the velocity V of the free 
charge p. Even if the volume r is large enough to contain a com- 
pletely isolated group of charges, this integral does not, in general, 
vanish. Therefore, if we wish to retain the law of conservation of 
energy, we must conclude that work may be performed by an electro- 
magnetic field on a group of charges at the expense of other forms of 
energy analogous to the kinetic and potential energies of dynamics, 
which we may consider to be electromagnetic in character. Further- 
more, we must recognize the fact that, if E and F do not vanish over 
the surface a bounding the volume r, we cannot consider the region r 
to constitute an isolated system in so far as the electromagnetic field 
is concerned, but must take into consideration the possibility of a 
flow of energy out of or into the region r through its boundary. The 
law of conservation of energy may therefore be expressed in the 
following words: the time rate of increase of the electromagnetic 
energy in the region r, plus the time rate of flow of energy out of r 
through the bounding surface <r, plus the rate at which work is done 
by the electromagnetic field on the charges within r, is equal to zero. 
This statement leads to the following interpretation of the quantities 
appearing in (69-2): in each unit volume there is present an electric 
energy 

u B = |ED (69-3) 

and a magnetic energy 

ur — (69-4) 

and through the boundary there is a flow of energy given in magnitude 
and direction by the Poynting flux 

s = cE X F (69-5) 

per unit cross-section per unit time. We need not consider alterna- 
tive interpretations, for all interpretations consistent with (69-2) 
must lead to the same results in so far as measurable energy changes 
are concerned, and it Ìs obvious that we have chosen the interpreta- 
tion most directly suggested by the form of the equation. 
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In an isotropic medium these expressions become 

u E = ÌkE 2 3 uh = s = cE X F, (69-6) 

and for charges and currents in empty space 

u m = iE 2 , u B = \H 2 3 s = fEXH. (69-7) 

The restriction on the type of medium which we made in deducing 
(69—2) from (69—1) was necessary to enable us to express the first two 
terms in (69—1) as derivatives with respect to the time. If we do not 
introduce this restriction we still have for the time rate of increase of 
electromagnetic energy in the volume r the expression 

(E-D +F-B)^r, 



which gives for the electric and magnetic energies per unit volume 

ue = f E • dD, uh = f F • d&. (69—8) 


These expressions are valid in any medium, even ferromagnetic. The 
expression for the Poynting flux, of course, remains as before, what- 
ever the nature of the medium may be. 

We shall now consider some examples, the medium being either 
one for which the constitutive relations assumed in deriving (69-2) 
are valid, or empty space. 

In the case of an electrostatic system of charges all at rest in the 
observer’s inertial system, F is everywhere zero and the Poynting 
flux vanishes. In this case the total electromagnetic energy is 


U E 



^E-D dr 


(69-9) 


integrated through all space. This represents th & potentiul encvgy of the 
group of charges. For example, consider an isolated sphere of radius ci 
Wlt h ^ uniformly distributed surface charge Q 3 the sphere being sur— 
rounded by an infinitely extended isotropic dielectric of permittivity k. 
Then E vanishes inside the sphere and is given by Q/^ttkv 2 outside. 
Hence 


U B = - f E 2 A irr 2 dr = - 

2 J a 87 TKU 


(6 9 -Io) 


We recognize this as the expression calculated by elementary methods 
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for the potential energy of a charged sphere. From it we conclude 
that the capacity of the sphere is ^mca. 

Again, in the case of a purely magnetostatic system of current cir- 
cuits all at rest in the observer’s inertial system, E is everywhere 
zero, the Poynting flux vanishes, and the total electromagnetic 
energy is 

U s = J §F-B<fr (69-n) 

integrated through all space. This may be interpreted as the kinetic 
energy of the currents since it reduces to zero if the moving charges 
are brought to rest. For instance, consider a circuit consisting of two 
coaxial cylindrical shells of radii a and b (b > <a), connected at their 
ends by perpendicular planes, between which there is present a para- 
magnetic or diamagnetic medium of permeability \ u. If a constant 
current i flows around this circuit, (62— ìld) shows that F = il'iircr 
between the shells and is zero elsewhere, r being the distance from 
the axis. Therefore if l is the length of either cylinder, 

Uh = — f F 2f iTrr dr = ~~2 i°g “ j (69-12) 

a 


4 TTC 


a 


giving (iiI/'Ittc 2 ) log b/a for the self-inductance of the circuit. This 
expression for the magnetic energy of the circuit agrees with that cal- 
culated by elementary methods. 

In general, however, we do not secure agreement with our ordinary 
definitions if we interpret electric energy as potential and magnetic 
energy as kinetic. To illustrate this fact we shall calculate the energy 
of a Lorentz electron moving through empty space with constant 
velocity v relative to the observer’s inertial system S. The electric 

and magnetic energies are \F 2 dr and \H 2 dr respectively, 

which we need integrate only from the surface of the electron to 
infinity since the field Ìnside the electron vanishes. The integration 
can be carried out most conveniently in the inertial system S in 
which the electron is at rest, for in that inertial system the electron is 
a sphere of radius a. Taking the X axis in the direction of v, we have 

H x = o. 


E* = E, 




Ey = kEy', Hy=- k$E Z ', 
E s = kE s ’, H s = kfìEy', 
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from (47—5) and (47—6). Also, on account of the Fitzgerald-Lorentz 
contraction 3 dr = dr' /k. Consequently 

U B =f §E 2 Jt = ±f [E x ' 2 + k 2 {EJ 2 + E x ' 2 )}dr’, 

U H = f \H 2 dT = ~-f ( E y ' 2 + E x ' 2 )dr'. 


From symmetry 



Both Ue and Uh are functions of / 3 , and Uh alone does not accord 
with (57—18). Even if we add Ue and Uh to get the total energy C/, 
and subtract from U the energy U 0 for v = o, we get 


U - 




(69-13) 


which does not agree with the change in kinetic energy 

T ° - = £a{v7TT 2 ~ (69_I4) 

obtained from (57—18). 

The discrepancy is due to the fact that the electron is not a rigid 
structure, but contracts as its velocity relative to the observer 
increases. Since U — U 0 represents the increase in total energy it 
includes, in addition to the increase in kinetic energy, the work done 
against the electromagnetic stress on the surface of the electron as 
the volume of the electron diminishes. 

We shall calculate this stress now. Let the broken circle of 
radius a (Fig. 64) represent a section of the electron as viewed from 
the inertial system S' in which it is at rest, and the solid ellipse the 
same section of the electron as it appears to an observer in the inertìai 
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system S. If a is the angle which the normal to the surface 
element d<j makes with the X axis, evidently tan a = Vi — (3 2 tan 0' 



= (1 — 0 2 ) tan 0. The components of the force £ per unit charge 
just outside d<j in S are 

~ E X ~ E x y 


Hence 




E 


V 



Ey 

k E x 


— tan 6' = tan a 
k 


y 


showing that is normal to the surface. As the electromagnetic 
field vanishes inside the electron, the force to which a unit charge on 
the surface is subject is 


JL 

2 




_J_ 


p 


1 2 


e 

87 ra 2 



cos 2 0' + 


sin 2 B' 


(69-15) 


To hnd the charge p a per unit area on the surface of the electron, 
we have p a d<j = pjda' and p/ = e/^Tra 2 . Therefore, as 


d<j = d<j f 


sj cos 5 


e ' + 


sin 


0' 


k* 



2.68 ENERGY, STRESS, MOMENTUM, WAVE MOTION 


wefind 


Ptr — 


4 ra 




cos 2 6 ' + 


sin 2 6 ' 

~1T 


(69-16) 


Multiplying (69-15) by (69-16) we get for the force per unit area 
or stress 

^ (69-w) 

along the normal to the surface. It should be noted that this is a 
hydrostatic tension independent of the velocity of the electron. The 
work W done against this stress when the velocity increases is 
measured by the product of the stress by the decrease in volume, 
that is, 

^ = ^ {l-ÌVi -6 2 }. (69-18) 


Adding this to (69-14) gives (69-13). 

The Poynting flux finds its chief field of usefulness in radiation 
problems. Here we will give only one simple iliustration. Consider 
a long, straight conductor of circular cross-section carrying a steady 
current i. If R is the resistance per unit length, the electric intensity 
just outside the conductor is E = Ri parallel to the current. The 
magnetic force just outside is F — i/iirac perpendicular to the cur- 
rent, where a is the radius of the conductor. Therefore there is a 
Poynting flux through the surface of the conductor directed inwards 
amounting to s = cEF = Ri 2 Jiira. This represents a flow of energy 
into the conductor through its surface in the amount Ri 2 per unit 
length per unit time, accounting quantitatively for the Joule heat 
produced. Evidently this calculation is valid whether the conductor 
is surrounded by a material medium or not. 

70. Stress and Momentum in a Homogeneous Medium. — In 
this article we shall limit ourselves to a homogeneous medium at rest 
in the observer’s inertial system in which the constitutive relations 
D = K*E and B = M-F or D = kE and B = jjlF hold, including 
empty space as a special case. If, then, a material medium is under 
consideration, the only free charges which may be contemplated are 
elementary charges, such as electrons, which may be present in the 
medium without disturbing its homogeneity. If, on the other hand, 
the medium is empty space, our formulas are valid for extended free 
charges of any dimensions. 
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Eliminating p and pV from the equation (62-12«?) for the force per 
unit volume on free charges immersed in a material medium by 
means of (62-12«) and (61-nd) we get 


gr = vde + (vxf)xb--dxb. 

C 

Also, from (61-iib) and (62-1 ic) } 

o = V-BF + (V X E) X D + - B X D. 

c 

Adding, expanding the triple vector products, and combining terms, 
8F = -"(DXB) + V • (DE + BF) - VE-D - VF-B. (70-1) 
IfD = KE, 

VED = VE-K-E = Jv{E-K-E} = Jv{E-D}, 

as the medium is homogeneous and therefore the elements of K are 
not functions of the coordinates; or, if D = kE, 

VED = kVE-E = |v{kE-E} = |v{E-D}, 

and similarly with VF-B. In either case 

“ (D X B) + V • (DE + BF) - §V(D-E+B-F). (70-a) 


The electrom agnetic force on all the free charges in the portion of 
a homogeneous medium lying inside a fixed volume r is, therefore, 
given by the integral 






/ 


X B dj + / (ED + FB) da 


f (E D 

rr 


+ F-B)^cr, (70-3) 


where the last two terms have been expressed as surface integrals with 
the aid of (17-4) and (17-3). In this expression the force is specified 
entirely in terms of the field vectors without explicit reference to the 
free charges and currents on which it acts. The part 

-y f D X B<fr 

c dtj r 


( 70 - 4 ) 
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remaining as a volume integral represents a body force distributed 
through the volume r, while the part 



(ED 4 * FB) • d<r - 



(E-D + F-B)c/cr 


(70-s) 


expressed a.s surface integrals represents stresses acting on the surface 
g bounding r. 

We can write (70—5) m the form 



d<r-W 


where $ is the stress dyadic 


(70-6) 


M* = DE + BF — i(E-D + F-B)I, (70-7) 


I being the unit dyadic ii + jj + kk. In terms of its elements, 

¥ = ii{Ì(E x D, - EyDy - E Z D Z ) + i(F x B x - F y B y - F X B X ) ) ] 

+ij{ E V D X + F V B X } + ik { E Z D X + F X B X } 

+ ji{E x Dy + F x By} + jj{ì(E- y D y - E X D X - E X D X ) 

+i(F y By - F X B Z - F X B X ) } +jk{ E Z D V + F x By } } (70-8) 
+ ki { E X D Z + F X B X \ + kj{E y D x + F V B Z \ 

+ kk{^(E Z D Z — E X D X — EyDy) 

+ 4 ( F Z B Z F X B X FyBy) } . 


As the stress on the surface element d<s is the force per unit 

volume due to the stress system is V-^ from (25—4). 

In any electrostatic or magnetostatic field the body force van- 
ishes, since D X B is not a function of the time. If we are intercsted 
only in the mean force the same is true for any steady radiation field, 
for, although D X B varies during a single period, its mean value 
remains unchanged. In either of these cases the mean resultant 
force is given completely by integrating the stresses over the boun- 
dary of the region r. 

On the other hand, if the electric and magnetic fields vanish every- 
where on the surface cr the entire force on the free charges within this 
surface is given by (70—4). This condition can always be met by 
making the boundary <r sufficiently remote provided E and F fa.ll off 
at least as rapidly as the inverse square of the radius vector r for 
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all r > R, for then products of two components of E or of F fall off 
at least as rapidly as r -4 for r > R and the surface integrals in (70—3) 
vanish with r ~ 2 . This is the case with any static or uniformly con- 
vected system of charges, or with any radiation field which does not 
extend to infinity. Under these circumstances we may write (70-3) 
in the form 

— f D X BJt = o, (70-9) 

c dt J 

where the volume integral is taken over all space. We see from this 
equation that the electromagnetic forces which the free charges exert 
on one another do not, in general, form a system in equilibrium, as do 
the mechanical forces between particles on the Newtonian dynamics. 
Hence the law of action and reaction no longer holds, if we limit our 
consideration to the forces on charges alone. We can reestablish 
this important law, however, if we introduce in addition to forces on 
charges a force 

-7 A> X Bdr 

cdt J 

on the electromagnetic field. The fact that this force appears as a 
time derivative enables us to interpret 

G; ® — ^'d X B dr (70—10) 

as the linear momentum of the electromagnetic field, and 


gi = -D XB 
c 


(70-1 1) 


as the linear momentum per unit volume. Provided we always take 
into account this electromagnetic momentum, the law of action and 
reaction and its corollary, the law of conservation of linear momen- 
tum, remain valid for charges in an electromagnetic field. 

The concept of a force acting on an electromagnetic field in which 
the volume integral of D X B is not constant in time Ìs not limited, 
however, to the case where the surface integrals in (70—3) vanish. 
For, if we write this equation in the form 




1 d 
c dt 


/dX 

= / (ED + FB ) da - è J (E-D + F-B)rf<r, (70-12) 
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we can still interpret the second term on the left as the force on the 
electromagnetic field inside the region r. Then the equation states 
that the sum of the force on the free charges in r and the time rate 
of increase of the linear momentum of the fìeld in r is equal to the 
force due to the stresses on the surface c bounding r. 

In an isotropic medium (70—11) becomes 

g* = ^EXF=^s (70-13) 

and in empty space 

gi = jEXH = pS, (70-14) 

where S is the Poynting flux. 

As an example we shall calculate the electromagnetic linear 
momentum of the field of a Lorentz electron moving through empty 
space with constant velocity v relative to the observer’s inertial 

system S. It is clear from symmetry that Gi y = Gi z — o. Using 

the relations given in the last article, 

= {EyH, - E t Hy)dr = fjf (Ey ' 2 + E z ' 2 )dr 

_ ** £ 

67 rac 2 -y/ 1 — fì 2 

We have, then, for the vector momentum of the field 

Gz “ eè? 1 V 7 = m,v ’ (7 °" I5) 



where m t is the transverse mass of the electron. 

If, now, the electron suffers a very small acceleration, we may 
still take (70—15) to represent the linear momentum of its fleld at 
every instant to a high degree of approximation, since the field in the 
immediate neighborhood of the electron, which is effectively that of a 
charge moving with constant velocity, contributes by far the larger 
part to the integral representing the electromagnetic momentum. 
Hence the derivative of (70—1 5) with respect to the time represents 
the force exerted on its field by the electron, and the negative of this 
derivative gives the force exerted on the electron by its field, in 
agreement with the result found in (57-14) by a more direct method. 
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As another example of the significance of electromagnetic linear 
momentum consider the infinite parallel plate vacuum condenser 
depicted in Fig. 65, which is placed in a uniform magnetic field Hq 
parallel to the plates. Take the Y axis perpendicular to the plates 
with the Z axis in the direction of the magnetic field. We shall 
suppose that the plates have been given equal and opposite charges 
and then insulated. At the instant o we liberate a layer of ions of 
charge p ff per unit area from the positive plate by suitable means. 
The electric field between the plates due to the unequal charges 
remaining on the plates we shall denote by Eq. The initial resultant 



electric field is, then, Eq + \p ffì and, if the distance between the 
plates is /, the initial electromagnetic linear momentum, per unit 
area of the plates, is 

Gzo = “ { EqH 0 + ^ p ff H\ 0 } (70—16) 

c 

in the X direction. 

We shall assume that both Eq and p ff are very small compared 
with Hq. Then the velocities of the ions will at all times be small 
compared with c, and we can use the approximate formulas (66—21) 
for the ion paths, putting —eHjmc for k£l ' in accord with (66—19). 
For an ion starting from rest at the origin O, e' == 7 r/i and 


x = 


y = 


Eq mc 

c 7T q ‘ 7 h 0 2 


2 E q . eH Q ( 

sin /, 


mc 


mc 2 Eq \ 


cIL 


Hj l 


cos 


0 


mc 


(70-17) 


We are going to compare the electromagnetic momentum when 
the ions are at the tops of their cycloiclal paths with that existing 
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initially. For simplicity we shall suppose that the ions just fail to 
reach the negative plate of the condenser. Then 


mc 2 Eq 


(70-18) 


At the tops of their paths the ions have a velocity v = icEq/Hq 
in the X direction and therefore give rise to a magnetic field p„ Eq/Hq 
opposite to H 0 in the region between the plates. The resultant 
electric field between the plates is now Eq — §p„. The electromag- 
netic linear momentum per unit area of the plates is then 

Gi = l - {£ 0 - Ìp*} {tfo - p. • ( 7 0-19) 

The loss in electromagnetic momentum per unit area is therefore 

Giq — Gi = - poHq 

c 


to our degree of approximation. Using (70-18) this becomes 

E 0 


mc £Lq p<r 

Giq — G 1=1 — p„ —— = m — v. 

e H 0 e 


(70-20) 


But, as p a /e represents the number of ions per unit area of the layer, 
this is just the mechanical momentum gained. We have here a 
conversion of electromagnetic momentum of the field into mechanical 
momentum of the ion stream, the total linear momentum being 
conserved. 

The electromagnetic torque SB about any fixed origin O on all the 
free charges in the portion of a homogeneous medium lying inside 

a fixed volume r is / r X ^r, where r is the radius vector from O 

tc the volume element dr. Using (70—2) for 

^=--4 / r X (D X B)a?r + / r X {v • (DE + BF) }dr 
c dt J T J T 

J r X V(D-E + B-F)</r. 
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Now, with the aid of (17—4), 


f r X (V -DE)ifr = -j/v-DE X t dr — fj) Vt 

= fzX EDdcr + J~ E X Ddz, 


Vr X E dr 


since 


= 6 - 
\ dx 


Also 


. d d 

+ J ~ b ~ 

oy oz 


) (I ' 


(ix ■+ j'y + kz) = b + jj + kk. 


f r X VCD-EVr f V X (E-D)r dr + / D 


E V X rdr 


= f E • 

cr 


Dr X ^cr, 


if we use (17—5) and note that V X r vanishes identically. Similar 
expressions hold for the corresponding integrals in B and F. Con- 
sequently 

92 = -~ c J t f r X (D X B )dr +f (E X D + F X B)dr 

+ / r X (ED + FB) • d<r — J / (E D + F B)r X d<r. (70-21) 

Comparing with (70—3), we notice that the integrand of each 
term is the vector moment about 0 of the integrand of the correspond- 
ing term in (70—3), with the exception of the second volume integral, 
to which no term in (70—3) corresponds. This volume integral, 
which fails to vanish only in an anisotropic medium, represents a 
couple independent of r. It is, however, exactly compensated by an 
equal and opposite couple dvie to the unsymmetrical stress system 
represented by the two surface integrals. For we can put the torque 
specified by these integrals in the form 


-/ 


r X G'/tr • Ì F) 


(70-122) 


where is the stress dyadic (70—8). Then (25—5) shows that the 
stresses give rise to a couple 

= D XE + BXF 


(70-23) 
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per unit volume. If this compensation did not take place, each ele- 
mentary free charge in an anisotropic medium would acquire an 
infinite angular acceleration in the presence of an impressed electro- 
magnetic field. 

To interpret (70-21) we arrange the equation in the form 


SB+ - f t x (D x ~B)dr = f r X (ED + FB) ■ da 

C at J r J a 

J (E-D + F-B)r X d<r + J (EXD + FXB)*. 


Since 


go = - r X (D X B) = r X gz 
c 


(70-04) 

(70-05) 


is the vector moment of the electromagnetic linear momentum, or the 
electromagnetic angular momentum, per unit volume, the equation 
states that the sum of the torque on the free charges in r and the 
time rate of increase of the angular momentum of the field in r, is 
equal to the torque due to the stresses on the surface <r bounding r 
less, in the case of an anisotropic medium, the couple produced by 
the unsymmetrical stress system. Provided we attribute to each 
unit volume of the electromagnetic field the angular momentum 
specified by (70—25), the law of angular action and reaction and its 
corollary, the law of conservation of angular momentum, remain 
valid for charges in an electromagnetic field. 

We can write (70—25) for an Ìsotropic medium in the form 


ga = — rX(EXF)=-;rXs (70-26) 

c c 

and for empty space in the form 

ga = ~ r X (E X H) — ^ r X s, (70-27) 

where s is the Poynting flux. 

As an illustration of the concept of electromagnetic angular 
momentum we shall develop the theory of a famous experiment first 
performed by Trouton and Noble in an attempt to detect the motion 
of the earth relative to the ether. Consider a vacuum parallel plate 
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condenser (Fig. 66) which has a velocity v in a direction making an 
angle a with the normal n to the plates AB and CT) relative to the 
inertial system S (the ether). Take the X axis parallel to v and the 
Y axis in the plane of v and n. 

We shall calculate the electro- ^ 
magnetic momentum of the field 
between the condenser plates, 
treating the condenser as if the 
plates were infinite in extent. 

The first step is to find 
the field between the plates of 
the condenser. Evidently the 
angle a' which the normal to 
the plates makes with X' in 
the inertial system S' in which 
the condenser is at rest is 
given hy tan a' = tan a/vT— ~ ~Ì 3 

charges per unit area of the plates in S and S' respectively, 

, cos a' a/ i — /3 2 



X 


Also, if p ff and p a ' are the 


Pa Pa 


cos a 


— Pa 


In S ' , then, 


E x “ pff cos a pff 


E v ' = Pff' sin a' = Pff 
H z ' = o. 

Hence, by (47—5) and (47—6), 

E x = E x ' = Pff 


V7 

— /3 2 cos 2 a 


- /3 2 ) cos a 

1 — 

(3 2 cos 2 a 5 

VT 

— /3 2 sin a 

1 — 

/3 2 cos 2 a ’ 


(1 — /3 2 ) cos 


a 


/d2 2 » 

p cos a 


Ey kEy Pff 


sin ol 


Hz = P*E V ' = P ff 


, /j2 2 > 

I — p cos a 
(3 sin a 


, /j2 2 > 

I — p cos a 
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in S. Consequently the electromagnetic linear momentum per unit 
volume is 

2 @ • 

p a — sin OL 

g, - ~ c (E X H) = (l p2 cos 2 ffi )2 {' sin “ - j (I - / 3 2 ) cosaj. (70-28) 

If r is the volume of the condenser, the electromagnetic angular 
momentum about the point O is 


-X 


r X g \dr 


and the time rate of decrease of this vector is 
d G 


ÌGa _ r 

dt J r v 


X g 1 dr = kpa 2 ( 3 2 r sin ot cos a (70—29) 


if we neglect terms in / 3 2 as compared with unity. Trouton and 
Noble concluded that a moving condenser would experience a torque 
of this magnitude tending to turn the plates parallel to the direction 
of motion. Experiment, however, supported the relativity principle 
in showing that no such torque exists. 

How are we to explain this apparent paradox? It might be 
suspected that the torque (70-29) is balanced by an equal and 
opposite torque which our analysis has not revealed because we have 
neglected the edge effect in treating the condenser as if its plates were 
infìnite in extent. That no signifìcant error has been introduced by 
this approximation may be made evident, however, by considering an 

equivalent problem which we can sol ve 
exactly by elementary methods. The 
discussion of this problem will dis- 
close the answer to the paradox. 

In this equivalent problem we 
consider two point charges e and — e 
(Fig. 67) held apart by an insulat- 
ing rod of length / which is moving 
with velocity v in a direction mak- 
ing an angle a with its length. 
Let the rod lie in the XY plane with the X axis in the direction of v. 
From (54-3) and (54-4) we have for the electric fìeld at — e due to e 



X 


E = 


e(i - ( 3 2 ) 


47t/ 2 (i — jS 2 sin 2 a) 


H 
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parallel to the rod, and for the magnetic field 

e(i — j 3 2 )/3 sin a 


H = 


47 ri 2 (i — / 3 2 sin 2 cx) % 
along the Z axis. Therefore the force on the charge — e is 

& — — e |e + -^ V X h| 

? 2 (i - 0 2 ) ( 

4 x/ 2 (i - ^ 2 sin 2 «)* 1 COS “ _ J ' (l “ ^ > sin “}* 

and the force on e is equal and opposite to this. As, however, these 
forces do not act along the line joining the two charges, they give 
rise to a couple whose torque is 

„2 


3 — k / 3 2 sin a cos ol 

47T/ 


( 70 - 30 ) 


if we neglect terms in j8 2 as compared with unity. This torque is of 
exactly the same form as (70-29), showing that our analysis of the 
Trouton-Noble experiment was not vitiated by our failure to include 
the edge effect. 

If we view the mechanism of Fig. 67 from the inertial system S' 
it is evident that it cannot experience an angular acceleration. 
Hence we must conclude that the torque 3 given by (70—30) is bal- 
anced by an equal and opposite torque. The latter, obviously, is 
supplied by the forces exerted on the charges by the insulating rod 
which holds them apart, a pair of forces which we have hitherto 
neglected. I he relativity principle requires the forces exerted by 
the rod to suffer the same aberration when the mechanism is in 
motion relative to the observer as do the electromagnetic forces which 
the charges exert on each other. If all forces are electromagnetic in 
character, this is (juite in accord with expectations. 

Our analysis of the Trouton-Noble experiment was incomplete, 
then, in that we failed to take into account the forces exerted on the 
plates by the insulating separators which hold the plates at a fixed 
distance from each other. d'hese forces must give rise to a torque 
equal and opposite to that specified liy (70—29). 

As a final example of electromagnetic angular momentum we 
shall analy/e the motion of an ion Ìn the field of a particle fixed at 
the origin which has an electric charge q anci a magnetic moment pfl- 
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parallel to the Z axis. To a first approximation this is the type of 
field existing near the surface of the earth. The electric and mag- 
netic intensities due to the charged magnetic dipole at a point P 
whose position vector is r are respectively 

q — i 


E = 


.3 r > 


„ H = 5 {^Pff-rr + (Pa- X r) X rj, (70-31) 

4‘7ir'' 477-r 

by (58—11). In this field there is a Poynting flux s = f E X H 
directed along the circles of latitude about the Z axis, and an angular 

electromagnetic momentum G a = (i /c 2 ) C . r X s dr parallel to the 

Z axis. As the Poynting flux has no component along the radius 
vector, however, there is no flow of energy away from the dipole. 

Now suppose an ion of charge e is present at P. We shall limit 
our discussion to velocities small compared with <r, so that we can 
neglect the variation of the ion’s mass with velocity and neglect its 
magnetic field as compared with its electric field, taking for the 
latter that of a point charge at rest. On account of the term in 
V X H in the force equation, there is a torque on the ion about the Z 
axis amounting to 

,2 6 sin 6 cos 6 


£Z = -k-{ r X (V XH)} 


epH d ( sin J 
47rr dt \ r 


-)• 


epH J r sin 

47TC 


— 2 


(70-32) 




where 6 is the angle which r makes with pjy. This represents the 

time rate of increase of the angular 
momentum of the ion about the Z axis. 

To simplify the computation of the 
electromagnetic angular momentum about 
the Z axis due to the electric field of 
the ion and the magnetic field of the 
dipole, we shall first calculate the an- 
gular momentum of the fields of an 
ion e (Fig. 68) and a single magnetic 
pole m a distance r apart. If p and 
R are the distances of the field-point Q 
respectively, 

m 


Fig. 68. 


from e and m 


E = 


4 np 


2 > 


H = 
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It is evident that the entire electromagnetic angular momentum 
G a is along the line joining m to e. If a is the angle between r and R 
and y that between E and H , 



1 

c 



2i r 

R sin a EH sin y IttR 2 sin a da dR 


mer R sin 3 a 

87 rr *Jq Jq /> 3 


da dR 


since p sin y — r sin a. Changing the variables of integration from 
a and R to p and R by means of the relation p 2 = R 2 — iRr cos a + r 2 , 
we have 



/{■ - ( ! 


+ R 2 - p‘ 


(r 2 - R 2 )' 

4 -R 2 r 2 


iRr 

1 r 2 + fl 2 
p iR 2 r 2 


)’} 



ilR 2 r 2 


,3 


For R < r the limits of p are r — R and r + i?, whereas for R > r the 
limits are R — r and R + r. Hence 


G a 


me 

ÒTrr 2 c 



RdR - 


mer 

6ttc, 


I 


00 dR 

R 2 


me 

47T c 


(7 °“ 33 ) 


independent of the distance r of the charge from the pole. 

Since we can form a magnetic dipole of moment p// along the 
7 axis by placing a magnetic charge — m at the origin and a magnetic 
charge m at the point 2 — pn/m , the component of the electromag- 
netic angular momentum along the 7 axis due to the electric field of 
the ion and the magnetic field of the dipole originally considered is 


G 


a 


cpji d_ 
47 rc dz 


cos 6 = 


epu sin 2 0 
^ttc r 


( 7 °- 34 ) 


Comparing this with (70-32) we see that the angular momentum 
acquired by the ion is at the expense of the electromagnetic angular 
momentum of the field. If, for instance, a group of ions of opposite 
sign to that of the electric charge q on the dipole, which are initially 
at rest, approach the dipole under the electrical force of attraction, 
they will acquire angular momentum due to the torque exerted on 
them by the magnetic fieìd. If, finally, they strike the dipole, this 
angular momentum will be transferred to the latter. This gain in 
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mechanical angular momentum, however, is just compensated by the 
loss of electromagnetic angular momentum of the held. 

71. Stress and Momentum in a Non-Homogeneous Medium. — 
The application of the results obtained in the Iast article to material 
media is severely limited by the fact that, in order to pass from (70—1) 
to (70-a), we were forced to restrict ourselves to a homogeneous 
medium in which D = K-E and B = M-F. Not only are the 
equations of article 70 inapplicable to a ferromagnetic medium, but 
we are not even warranted in using them to calculate the force on a 
charged conductor surrounded by a dielectric fluid, since the medium 
is not homogeneous throughout the volume over which we must 
integrate. These limitations are due to the fact that our analysis 
rested on the expression for the force on the free charges and currents 
alone. By calculating the force on all the charges and currents 
present — electric dipoles and Ampèrian currents as well as free 
charges — we shall now be able to deduce expressions of such broad 
applicability that no constitutive relations need be assumed, and no 
restrictions on the homogeneity of the medium need be made. 

Distinguishing the forces per unit volume on the free charges, 
electric dipoles and Ampèrian currents, by and respec- 

tively, we have from (70—1), 

(D X B) + V-(DE + BF) - VE-D - VF-B. (71-1) 

c dt 

In calculating the electric force on a dipole of moment pj © which 
constitutes part of a material medium, we must make use of the 
mean electric intensity E less the contribution Ep to E made by the 
fields of the charges constituting the dipole. Thus the electric force 
on a single dipole is pp?-V(E — Ep) and the force per unit volume is 
P*V(E — Ep). Now whatever the value of Ep may be, it is certain 
that Ep in any portion of the medium must be proportional to the 
polarization existing there. So we can write Ep = aP, where a is a 
constant. Furthermore, if the electric moment is changing with the 
time, there is an additional force pp X (B — Bp)/r on each dipole 
due to the magnetic field, where Bp is the contribution to the mean 
magnetic field B made by the oscillating dipole itself. It is, however, 
quite clear from symmetry that Bp = o. Therefore the force per 
unit volume due to the magnetic field is P X B/r and 

= P- VE — P-VEp -j — P X B. 

c 
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But V X Ep = o since Bp remains always zero, and hence 

o = (VXE ? )XP = P-VEp — VEp-P = P-VEp — - VP 2 . 
Also, from (62— \ic) 

o= — (VXE) XP — — BXP= — PVE + VEP + - P X B. 

c c 

AddÌng the last three equations 

^• = -7,CPX b )+VE-P-- VP z . (71-2) 

No force is exerted on an Ampèrian current by the electric field, 
but a force VH-p// is exerted on a circuit of moment p // by an external 
magnetic field H in accord with (64-19). In the case of an Ampèrian 
current constituting part of a material medium, we must use for H 
in this formula the true magnetic intensity B less the contribution 
B/ to B made by the magnetic field of the circuit itself. Evidently 
B/ must be proportional to the intensity of magnetization I, so we can 
write B/ = (1 + y) I where 7 is a constant. Hence, as B — I = F, 

^ = VF-I -+/ 2 . (71-3) 


Adding (71-1), (71-2) and (71-3) we find for the total electro- 
magnetic force per unit volume 

&e = “““(EXB) + V* (DE + BF) 
c ot 

- | V(£? +- F z ) - \v{aP z + yT 2 ) . (71-4) 

From this we find for the electromagnetic force on the free charges 
and the material medìum lying inside a fixed volume r 


Ctt ' E = - J J . E X B dr +- J (ED + FB) -dtr 

~ hj ( K 2 + F 2 )d<r- l J ( a P 2 + yl z )d<r. (71-5) 


This expression is valid for any kind of medium or body, no matter 
what constitutive relations may cxist lietween D and E and between 
B and F. 
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However, it must be borne in mind that (71—5) gives only the 
electromagnetic force on the matter located in the volume r. There- 
fore it represents the total force only in the case that no mechanical 
forces, even though they be of ultimate electromagnetic origin, are 
acting. The total force on a body such as a permanent magnet, for 
instance, is obtained by evaluating (71-5) over the region enclosed in 
a surface lying just outside the body only when the exterior medium 
is empty space. Then, since P = I = o and D = E, F = B every- 
where on the surface <r, 

i jf E x B+r + J (EE + BB)-t?<r — § J {E 2 + B 2 )da. 

(71-6) 

If, on the other hand, the body is immersed in a fìuid, the field 
exerts forces on the fluid elements which in turn are transmitted to 
the body in the form of mechanical stresses on its surface, and the 
force due to these stresses must be added to the electromagnetic force 
(71-5) to find the total force. To deal with problems of this kind we 
shall find the electromagnetic force &e/ o n a homogeneous region of 
an isotropic fluid of permittivity k and permeability ju, in which no 
free charge or current is located. As V-D and V-B both vanish, 
(71—4) gives for the force per unit volume 

I ^ 

(E X B) -|- /cE* VE -J— /jlF * VF 

- |V(E 2 + F 2 ) - JV(aP 2 + y/ 2 ). (71-7) 

But, since V X E + B jc = o and V X F — D/r = o, 

E -VE = %VE 2 — - B X E, 

c 

F-VF = +-DXF. 

C 

Hence 

&B, = £ (E X B) + V£ 2 + ^^VF 2 - |v («P 2 + yl 2 ) 

- “ (DXB) - - 1 - (E x B) + |V(D -E+B-F) - Jv(£ 2 + F 2 ) 
c dt c dt 

- \-w( a P 2 + yl 2 ), (71-8) 
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which vanishes, as it should, when k = /jl = i. If, now, the homo- 
geneous portions of the fluid medium are at rest in the observer’s 
inertial system, as we shall assume, this electromagnetic force must 
be balanced by a mechanical force *Wm — — &Ef- The total zero 
force per unit volume, then, may be expressed as the sum of an d 
Using (71-4) for &E) we get by addition 


o = &E + 9 'm + (DE + BF) 

C dt 

— ■g'V (X 5 • E B • F) . (7 1-9) 


This agrees with (70-2), which, since it represents the force per unit 
volume on the free charge in a homogeneous medium, must vanish 
in regions where no free charge is present. Not only does this 
agreement furnish a check on the reasoning in the present article, but 
it shows us that the total electromagnetic linear momentum per unit 
volume in the homogeneous portions of the fluid medium is given by 
the same expression (70—11) as was found in the case discussed in the 
last article. 

The mecha?iical force on any portion r of the homogeneous medium 
is obtained by integrating the negative of (71-8) over r. It is 


= 


- - 4 /*E X Brfr - i f { (/c —— x)£ 2 + (jx - 1 )F 2 \d<r 

C Clt J> m / QT 

+ i f {cP 2 + yP)d* 

m/ tr 

--4 f T>XBdr+-4 f E X Bdr — ì f (E-D+F-B)<&- 

c dt J r c dt J r J a 

+§ f (E 2 + F 2 )d<? + § jT ( a P 2 + 7/V0-, 


the surface integrals representing a hydrostatic tension over the sur- 
face <r. I his mcchanical tension is, of course, transinitted through 
the boundary without diminution. Therefore the total force on any 
body immersed in a homogeneous isotropic fluid is obtained by adding 
to (71-5) the three surface integrals in the expression for C^Cm> pro- 
vided the surface a is located in the homogeneous jìuid just outside the 
body> so that D = kE and B = juF, where k and /x refer to the homo- 



a86 ENERGY, STRESS, MOMENTUM, WAVE MOTION 


geneous portions of the fluid. This gives for the total force on the 
matter inside the surface cr 




= ~ L 7 f : 

c dt J r 


£ 


EXB dr+ / (ED + FB) • d<r 


-Ì f (E -D + F B)d<r. 

*s<r 

(ji—io) 


It should be noted that the surface integrals in (71—10) are identical 
with those in (70—3) and therefore that the stress system is specifìed 
by the same dyadic (70— B). 

We are almost always interested in cases where the fìeld inside the 
body on which we wish to calculate the force is either static or, if 
radiation is passing through the body, the mean value of E X B does 
not change with the time. In such cases (71—10) reduces to 



(ED +FB )-dtr - 



(ED + FB )d<r. 


(71-11) 


We shall now make a few applications of (71-11) to static fields. 
First consider a charge q x distributed through a small sphere in such 
a way that the charge density is a function of the distance from the 
center alone. We shall suppose this sphere to be immersed in a 
homogeneous dielectric fluid of permittivity k of great extent. Then 
(61-iia) gives for the electric intensity at a point P outside the sphere 
at a distance R from its center, 


E 0 


gi 

47r kR 2 


We shall place at P another similar sphere of radius a very small 
compared with R, having a charge q 2 . In the neighborhood of P we 
can consider that the field due to q Xì before q 2 is placed in position, is 
uniform and equal to E 0 . Now consider the field in the dielectric 
near q 2 after q 2 has been placed in a cavity òf radius a at P. As 
shown ìn article 63, the scalar potential $ must be a solution of 
Laplace’s equation. If r is the radius vector from the center of q 2 
and 6 the angle which it makes with the line drawn from q x to q 2 , the 
appropriate solution of Laplace’s equation is 


3 > = — E 0 r cos 0 -f , 

4 tt Kr 

provided the radius of q x is small compared with R , for then this 
potential yields for the electric intensity the superposition of the 



STRESS IN A NON-HOMOGENEOUS MEDIUM 287 


field Eq due to q x and the field qn/^-jra-' 2 due to q 2 . For r 

COS « + . 

- - (jS)r- a - - Sln *• 


a we get 


^.TTKa 


The radial tension on a surface <x lying just outside q 2 is, then, 
= (/c/a)(£ r 2 — E e 2 )^ and the shear in the direction of increasing 
6 is £f e — KE r E e . "" 

Therefore the repulsion exerted by on q 2 is 


Sff= / (eS^r cos 6 — ff e sin d)iTra 2 sin 6 dd — q 2 Eo 


47 r/cr 2 


(71-ia) 


Our analysis, although only approximate for spheres of fìnite 
radius, approaches exactness as the radii of the two spheres become 
smaller and smaller compared with the distance R between their 
centers. Therefore we may conclude that the force between two 
point charges immersed in a homogeneous dielectrìc fluid is given 
exactly by (71-12,). But the reader must be warned that this for- 
mnla does not , in gencral, lcad to thc co?'rect forcc hetwecn two extcjìdcd 
distributions of charge hnmersed in a homogeneous cUclectric fiuid , as 
will be illustrated by a problem investigated later in this article. 

Next consider a charged conductor immersed in a homogeneous 
dielectric fluid. As the surface of the conductor is an equipotential 
surface, D and E in the homogeneous medium just outside must be 
normal to the surface. Therefore the stress specifìed by (71-11) is 
the pure tension 



Furthermore, the equation V D = p requires tliat D be etjual to the 
free charge p a per unit area on the surface of the conductor. Hence 
we may write (71-13) in the form 

Sf ? ~ \p a E — — pf . (71-14) 

Ol K 

Let us suppose that the charged conductor is a sphere o f radius a lying 
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in a unìform external field Eo* If r is the radius vector from the 
center of the sphere to a field-point in the medium, and 6 the angle 
which it makes with E 0 , the appropriate solution of Laplace’s equa- 
tion to represent the potential outside the conductor is 

^ / <* 3 \ A 

= - £ 0 l 1 ~~ ~^) r cos 6 + ~ > 


since this function is constant over the surface of the conductor and 
leads to the uniform field E 0 at great distances. As the field just 
outside the conductor is 

/ d&\ A 

E r = — ( — ) = 3 e o cos 6 H ^ 

\dr / r=a a 

we have, from the boundary condition (62-16), for the charge per 
unit area on the surface of the conductor, 

kA 

P<r — 3 kE 0 COS ^ H 2~ 5 

a 


from which it follows that the total charge on the sphere is Q = 4 ttkA. 
The tension on the surface of the conductor is 




K 

2 


] 2 e o c °s 6 + 


Q 

47 VKO 2, 


2 


from (71—13). From symmetry it is clear that the resultant force 
is in the direction of E 0 . If i is a unit vector in this direction. 



cos 0 da = <2E 0 , 


(7 1-1 5) 


which is the same as if the conductor were located in the field E 0 in 
empty space. 

Now take the case of a straight wire of radius a carrying a steady 
current i and immersed in a paramagnetic fluid in which there was, 
before the introduction of the wire, a uniform magnetic force F 0 at 
right angles to the wire. In this case we look for a solution of (65—9) 
in the homogeneous fluid from which we can obtain F by (65—8). As, 
however, (65-8) and (65-9) do not hold in the wire, we must solve 
the problem in two steps, first finding the field in the medium as 
modified by the presence of the cylindrical cavity in which the wire 
lies, and then superposing the field produced by the current. 
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Evidently cylindrical coordinates r, 0, z are indicated, with the 
Z axis along the wire and 0 measured from the direction of Fq. We 
can satisfy the boundary conditions by taking the solution 


<1 > 0 = — Fq r cos 0 + 



cos 0 


of Laplace’s equation for the magnetic potential in the medium, and 

= Ai r cos 0 

in the cavity. Determining A 0 and Aì by (62-16) and (62-17) we 
have 

$0 = — ( 1 + ^ , * “ 2 ) r cos 0, 

\ m + 1 rv 



1/x 

M + I 


r COS 0 . 


Superposing the magnetic field of the current, we have for the two 
components of the magnetic force in the homogeneous medium just 
outside the wire 


F r = 
F e = 


fs< K\ 

2 

\ dr ) r =a 

M + * 


i 

— H 

\rdd / r=a 

'l'irac 


F 0 cos 0, 


77 • ^ 1 * 

2? 0 sln Q _| 

fj. + I 27 rac 


Let i and j be perpendicular unit vectors in a plane at right angles to 
the wìre, i having the direction of F () . 'Phen, if we apply (71— 11) 
to obtain the resultant force on a unit length of the wire. 




r 

\i 


(j F r cos 0 — F e sin 0) + j{F r sin 0 + F e cos 0) \ F r a dd 


-ÌM f 


2rr 


. 1VF0 

= 7 = -1 X B 0 , 

c c 


(F r 2 + F 0 2 )(i cos 0+7 sin 6 )add 

(71-16) 


where B 0 = mFo is the magnetic induction in the homogeneous fluid 
before the introduction of the wire and i = k i is the vector current. 
It is interesting to note t.hat this is just the force the current would 
experience in the field B 0 in empty space. Equation (71—16) is valid 
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whatever the angle between i and Bq may be, since a magnetic field 
parallel to the current exerts no force on the wire. 

In the examples investigated so far, we have calculated the force 
on a body immersed in a homogeneous fluid by evaluating the surface 
integrals (71— n) over a closed surface just outside the body. When 
the force is due to radiation impinging on the body, it is generally 
more convenient to transform these surface integrals into a volume 
integral over the entire homogeneous fluid outside the body. To do 
this we integrate (71—9) over the volume r (Fig. 69) between a surface 
<r with outward drawn positive normal lying in the homogeneous 
medium just outside the body B and a second surface 2 so far distant 
as to enclose the entire radiation field. Then, when we convert the 
last two terms in (71—9) into surface integrals, the integrals over 2 
vanish as E and F are zero there, and, as the positive normal to <r is 
inward drawn with respect to r, we get 

0 = _ I J / D x a, T _ ( ED + FB) + 1 J (E-D +F-B)<*r. 
Adding to (71— 11), the force on B is found to be 

^ — h 7 t j^ D x b ^ t (71-17) 

N 




Fig. 69. 


integrated through the entire homogeneous fluid lying outside B. As 
this equation is identical with (70-4), we can attribute the electro- 
magnetic linear momentum (70—11) to the radiation field and employ 
the law of action and reaction to find the force on the body B. 

The surface of discontinuity between two homogeneous isotropic 
fluids is not generally in equilibrium under the action of the stresses 
specified by (71-11). To illustrate this fact, let MN (Fig. 70) be the 
surface of discontinuity separating two fluid dielectrics of permìttivi- 
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ties ki and k 2 . To find the stress on the surface we integrate (71—1 1) 
over the surface of the pill-box ABCD of unit base. Denoting com- 
ponents in the directions of the unit vectors Hi and ti, parallel respec- 
tively to the normal and to the tangential components of the field, by 
the subscripts n and /, 

S? — n l { \(E 2 n D 2 n — E>2tB>2t) “ \(E\ n Di n — E u Du) } 

+ l\{E2tD2n — EuD\ n }. 

Using the boundary conditions D 2n = Di n , E 2t = E Uì we see that 
the tangential stress vanishes and the normal tension may be written 



Therefore the surface tends to move from the dielectric of higher per- 
mittivity into that of lower permittivity. This phenomenon is 
known as elect?~ostriction. If we put k 2 = 1 we find that the tension 
on the free surface of a dielectric is \E 2 2 (i — i/ki) when the lines of 
force are normal to the surface, and \E 2 2 (ki — i) when the lines of 
force are tangential to the surface. The effect of these stresses on 
a solid dielectric is to urge it from the weaker toward the stronger 
parts of the field. 

Now we shall calculate the electromagnetic torque on the free 
charges and the material ?nediu?n lying inside any fixed volume r. 
Following the analysis used in deriving (70—21) we get for the volume 
integral of the vector moment of the electromagnetic force (71—4) 
about any fixed origin O: 


j' r X ~ ~ j' r X (E X B )dr + j" (E XD + FX B )dr 

+ / r X (ED + FB) d<y - \ ( (E 2 + F 2 )r X d<r 

+S a <7 



(otP 2 + yl 2 )r X d< T. 


This does not, however, represent the total electromagnetic torque, 
for, in addition to the torque of the electromagnetic force, there 
is a couple p# X (E — Ep) on each electric ciipole and a couple 
pjyX (B — B/) on each Ampèrian circuit. l lie first gives rise to a couple 
P X (E — aP) = D X E per unit volunie, anci the second to a couple 
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I X (F - 7I) = B X F per unit volume. Therefore we must add 
/ (D X E + B X F)dV to the torque of the electromagnetic force 
to obtain the total electromagnetic torque 

f r X (E X B)^r + f r X (ED + FB) -d<r 

C dt t/ t cr 

-4 / (E 2 + F 2 )r xd<r- §/ (aP 2 + yl 2 )r X d<T. (71-19) 

Like (71-5) this expression is valid for any kind of medium or body, 
no matter what constitutive relations may exist between D and E 
and between B and F, but it gives only the torque of immediate elec- 
tromagnetic origin. 

To find the mechanical torque on any homogeneous portion r 
of an isotropic fìuid in equilibrium, we must integrate the vector 
moment of the negative of (71-8) over r and add the negative of the 

couple / (D X E + B X F)^r. This gives 

3 ?m — — —~t f r X (D X B)dr + - -7, f r X (E X B)dr 

c dt 7* c dt 

+ I (E X D + F X B )dr - 2/ (E D + F-B)r X da 
+ i f (£ 2 + F 2 )r Xd<r + ì f ( aP 2 + yl 2 )r X d<r. 

<r *S<r 


As the portion of the mechanical torque represented by the surface 
integrals is transmitted undiminished through the boundary, the total 
torque on any body immersed in a homogeneous isotropic fluid is 
obtained by adding to (71—19) the three surface integrals in the 
expression for SCmì provided , as bejore^ that the surface cr is located in the 
homogeneous jluid just outside the body. Then the total torque on the 
matter inside c r is 


^ = ~~j t J r X (E X BVt +/r X (ED + FB )-d<r 



+ F*B)r X dcr. 


(71-20) 
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We are nearly always interested in cases where the field inside the 
body is either static or, if radiation is passing through the body, the 
mean value ofE X B does not change with the time. Then (71—20) 
reduces to 



r X (ED + FB) d<r - 



(E D +F B)r Xd<r, 


(71-21) 


which is just the torque of the stress system defìned by (71— 11). 

We shall give a couple of illustrations of the use of (71—21). First 
consider two permanent magnets M and M' (Fig. 71) in the form 
of uniformly magnetized spheres of radii a and a' respectively, which 
are immersed in a homogeneous fluid of permeability jli, the distance 



R between the centers of the magnets being large compared with the 
radius of either. We shall calculate the turning couple exerted by 
M on M' when the magnetic axes of the two magnets are perpendicu- 
lar, as indicated in the figure. 

First consider the field due to M at a point P in a surrounding 
homogeneous medium of great extent. If we use spherical coordi- 
nates r, 9 , <f> with origin at the center O of M, the boundary conditions 
at the surface of the magnet can be satisfied by taking the solution 


= Ai r cos 6 


of Laplace’s equation for the magnetic potential inside the magnet, 
and the solution 




A 0 


cos 9 


for the magnetic potential outside. If / is the intensity of mag- 
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netization of M the boundary conditions are 



from which we find the values of Aì and A Qì getting in the case of the 
latter, A 0 = + i). As I = n>PH/A^ aZ > where pn is the 

moment of the magnet, this gives for the magnetic potential outside 
the magnet 

x PH n 2/i + i 

<$>o = 2 cos e > v = (7 1 - 22 ) 

• 4 iryr 3 

The magnetic force at the point O', where we are going to place the 
center of M' , is therefore 

in the direction of the line OO'. As R is large compared with a ' , 
we can consider that M' is placed in a unìform field of this magnitude. 

Now we turn our attention to M ' , introducing a set of axes X'Y' Z' 
with the X' axis parallel to OO' and the Y' axis to M' . With O' 
as origin and O'Z' as polar axis, we locate a field-point by the spherical 
coordinates r', 6 ', 4>\ the azimuth <t>' being measured from the X' Z’ 
plane. The solutions of Laplace’s equation appropriate for the mag- 
netic potential inside and Qf outside M' are 

$>i — A\i r' sin 6' sin <j>' + A r' sin 6' cos 4>' y 

A' A ' 

&o' = — j£- sin 6' sin 4>' — For' sin Q' cos 4>' H Jr sin 6' cos 4>'> 

r r 


the term in containing Fq satisfying the boundary condition for 
a'<Kr'<KR. If I' is the intensity of magnetization of M\ the 
boundary conditions at the surface of the sphere are 



+ I' sin 6' sin 4>' 




y 



r' sin Q'd4> 



—a f 
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These give 

A \ 0 = 


a 


3 r 


pii' 


A'zo = - . 1 a’ 3 F, 


0> 


2/x I 47ry 2ju + I 

where pH is the magnetic moment of M Consequently 


= 




4 x*yr 


72 sin 6 ' sin <f>' — \ 1 + ~ , “73 \Fqt' sin 6 ' cos <f>'. (71-24) 

The turning couple experienced by M' is clearly about the Z' 
axis. Hence we need only the shear juiv-^V, and, as the lever arm 
is r' sin 6', the torque is 

-SS' = M /**' f'~,~ (r' sin e’)(r’ 3 sin 6' J6' d*’) 

J Q Jq dr r sm 6 d<j> 


i a 


/3 



Finally, putting in the value of F 0 given by (71-23) we have 



( A 2 ' 1 PHPH 
vy/ 4 xju/? 3 5 


7 = 


2ju + I 

3 


< 7 1—^5) 


It may be noted that the factor (m/t) enters once in the expression 
(71—23) for the magnetic force F 0 , and again in the expression for the 
torque in terms of F 0 .* The coefTicient y is a shape coefficient in that 
the value which we have found for it is valid only for spherical 
magnets. In the cases of prolate or oblate spheroids different coef- 
ficients appear. 

Last, consider the symmetrically magnetized permanent magnet 
M (Fig. 72) in the form of a solid of revolution with OZ as axis to 
which is rigidly attached the conducting side-arm QP. A current i 
enters the system at P and leaves at a point R on the axis. The region 
outsid e th e magnet is empty space. We shall calculate the torque 
about OZ on the magnet and side-arm. 

To do this we calculate the torque due to the stresses on any 
closed surface of revolution passing through P and R, such as that 


* Some texts give the expressions qq' /kt 2 and mm' / nr 2 for the force between two 
charges q and q' immersed in a dielectric fluid and two poles rn and m' immersed in a 
permeable fluid, respectively, as Jundamcntal laws of electrostatics and of magneto- 
statics. While these expressions are valid for point charges and for point poles, the 
correct solution of the problem under consideration shows that they do not hold in 
general for extended distributions of charge or of magnetism, and therefore they 
should never be cited as fundamental laws. 
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R t. 


represented in section by the broken curve. Let H n be the normal 

component of the magnetic in- 
tensity at any point on this 
surface, and the tangential 
component in the direction of 
increasing azimuth <f> measured 
about the Z axis. The shear in 
the direction of increasing <j> is 
H n H $ and, if r is the distance 
from the Z axis, the moment of 
this shear is rH n H If, then, d\ 
is an element of the periphery 
of the longitudinal section of the 
surface of integration, 



Fig. 72. 


= J'J'r 3 H n H * d\ dcf> 


where <f> is to be integrated from o to iir and X from O to R. Now we 
can express H n as the sum of the field H n m due to the magnet and the 
field H n due to the current, and similarly with H+. Hence 

£& = JJ r 3 H n m HJ*d\ d$ + JJ r 2 W„VVVX d<t> 

+ JJ +H,;"Hjd\ d<t> + JJ +H n i Hjd\ d<t>. 

The first and second integrals vanish as HJ 1 — o, and the fourth is 
evidently inappreciable. Therefore, since H n m is not a function of <f > 7 

/ R s* 2 tt 

H n m rd\ / Hjrd<t>. 


From (62—12^) 

/ 2tt 

Hjrd<f> = 
Consequently 


- for points on the periphery between P and R y 
c 

o for points on the periphery between 0 and P. 




. s* R 

= f H n 


m iirrd\. 


The integral is equal to the magnetic flux through the portion PRS 
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of the surface, or, by virtue of the equation V *B = o, to the flux iV 
of induction through the plane section PS at right angles to the Z 
axis. So, finally. 



IttC 


(71-26) 


This formula has been verified experimentally. 1 It may be 
obtained directly from the force equation by calculating the torque 
exerted on the current in the magnet and side-arm by the magnetic 
field. This torque is transmitted by the electrons constituting the 
current to the mechanical system. It should be noted that thetorque 
on the side-arm is in the opposite sense to that on the magnet, and 
that the total torque approaches zero as the length of the side-arm 
increases without limit. 

72. Electromagnetic Waves in Homogeneous Isotropic Media. — 

In a homogeneous isotropic medium for which D = kE and B = juF 
and in which no free charges or currents are present, the field equa- 
tions (62—12*3:) to ( 61-iid ) become 

V 'E = o, (a) V - F = o, (b) ' 

IX . K • ( 72 - 1 ) 

V x E = - - F, (c) V X F = - E. (d) 

c c J 


To eliminate F combine the curl of ( c ) with the time derivative of (d) 
getting 

V XV X E E. 

c 2 


Expanding the double curl and using ( a ), this becomes 


V-VE = ^È, (72-2) 

and similarly, if we eliminate E, 

V-VF = -^F. (72-3) 

These are equations of a wave traveling with the phase velocity 

V = C /'s/ KfX. 


Equations ( yi-ia ) and (72-1^) show that E and F are solenoidal 

1 Zeleny and Page, Phys. Rev. 24, p. 544 (1924). 
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vectors. Therefore any solenoidal solution of (72—2) represents the 
electric intensity in a possible electromagnetic wave, or any solenoid 
solution of (72—3) the magnetic force. These two vector functions are 
not independent, however, but must satisfy the first order differential 
equations (72— ic) and (72— icf). If one of these is satisfìed, the other is 
satisfìed automatically. 

A convenient method of obtaining solenoidal solutions of (72—2) 
or (72—3) is to obtain first three solutions 3>i, <E>2> ^>3 of the scalar wave 
equation 

V -V 3 > = - 2 $, v s - 4 =- ( 7 2 - 4 ) 

Then the vector 


V = z 3 > x + /<£ 2 + fe<ì> 3 


is a solution of the vector wave equation (72—2) or (72—3). Although 
this solution may not be solenoidal, such vector functions as V X V 
and V X V X V formed from it are solutions of the vector wave 
equation which are necessarily solenoidal, and therefore may represent 
E or F in a possible electromagnetic wave. 

If the wave is simple harmonic with frequency v = co/ 27 t we may 
write 

V = U (x,y,z)e~ iut 

where TS(x,y,z) may be complex, understanding that the physical 
quantity represented by V is given by the real or by the imaginary 
part of this complex vector function. As differentiation of V with 
respect to the time is equivalent to multiplication by — ico and inte- 
gration to multiplication by i/( — ico) = i/co, we see from (72—1 c) 
that if we take VX V for the electric intensity we have 

E=VXV, F=— — V XV XV, (72-5) 

JJLOJ 

and from (72-icf) that if we take V X V X V for the electric intensity 

E = V X V X V, F — V X V. (72-6) 

c 

Therefore, except for the constant factors, the one case is obtained 
from the other simply by interchanging the roles of E and F. 
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(I) Plane Waves . We shall apply the method outlined above to a 
plane wave advancing along the X axis. Then (72-4) becomes 


d 2 ® 1 d 2 ® 

dx 2 ~ ? ~òF ( 7 2 ^ 7 > 


of which the desired solution is <I>(.v — vt) where <3? is an arbitrary 
function. Hence 


V = — vt) + j<I>2 (x* — vt ) + — ut), 

and, if we take V X V for E to obtain a solenoidai solution of (72—2), 

E = jf(x — vt) + kg(x — vt), (72-8) 

where/ and g are the derivatives of — <£ 3 and 4 > 2 with respect to their 
arguments, respectively. Similarly 

F = jh(x — vt) + ki(x — vt) 

is a solenoidal solution of (72-3). But substitution in (72-1 c) or 
(72-1^) shows that h = — a/ k/\ a g and i = y/ k/h /, so that 


F = 



vt) + k 



f(x — vt). 


( 7 2 ~ 9 ) 


Equations (72-8) and (72-9) show that E and F are perpendicular 
to the direction of propagation and at right angles to each other in 
such a sense that E X F has the direction of propagation. The 
electric and magnetic energies per unit volume are respectively 


= “ (/ 2 + ^)> 


(72-10) 


W =^ 2 =^(/ 2 +£ 2 )- 

We note that ue — uh. The flux of energy is 

s = cE X F = ic yj- (f 2 + g 2 ) = ìvk ( / 2 + g 2 ) = 1 vu (72-11) 


per unit cross-section per unit time, where u =Ue + uh is the total 
energy per unit volume. 

The two arbitrary functions / and g in (72-8) and (72—9) corre- 
spond to the two independent states of polarization of a solenoidal 
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wave. In each state the electric and magnetic vectors are in phase. 
We note that the relation between the electric and magnetic vectors 
implied in (72-8) and (72-9) can be expressed by either of the vector 
equations 

F = - X D, E = — - X B, (72-12) 

C c 


where v is the vector velocity of propagation. 

To express the argument x — vt of E or F in a form independent 
of the orientation of the axes we introduce the wave-slowness S, a 
vector having the direction of propagation and a magnitude equal to 
the reciprocal of the phase velocity. Then, if r is the position vector 
of the field-point x 3 y, 2, we have 

x — vt = v(Sx — t) = u(S*r — /). 

As the two states of polarization are independent, we need con- 
sider only one, and may write 

E = E 0 /(S ■ r - /), 

F = F 0 /(S-r - /), Fo = -SX E 0 , 


( 7 2 -* 3 ) 


where E 0 is a constant vector perpendicular to S. If the wave is 
simple harmonic the electric and magnetic vectors are usually most 
conveniently represented as the real parts, or the imaginary parts, of 
the complex quantities 

E = E 0 e iù,(S ’ r_<) , 

F = F 0 e iw(S ‘ r-i) , 


(7 2 — 1 4 ) 


respectively, where the amplitudes E 0 and F 0 may be real or com- 


Y 

1 



Fig. 73. 


plex, and the angular frequency co is 
equal to Itt multiplied by the true fre- 
quency v. 

Let us calculate the radiation pres- 
sure on a slab MN (Fig. 73) with 
X parallel faces, immersed in a homogene- 
ous isotropic fluid, on which radiation 
in the form of plane waves impinges at 
the angle of incidence <£. Let p r be the 
fraction of the incident energy which is 


reflected, and pt the fraction transmitted. If Ui is the energy density 
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of the incident beam, the electromagnetic momentura in this beam is 
vuìkh/c 2 = uì/v per unit volume from (70—13) and (72—11). Simi- 
larly the electromagnetic momenta in the reflected and transmitted 
beams are respectively p r Ui/v and ptUi/v per unit volume. Hence 
the components of the force per unit area on MN are 


S£ x — — (1 + p r — pt)Ui cos 2 <£, 

Sfy = — (1 — Pr — pt)Ui sin <t> cos <t > , 
5 f-o. 


(7^5) 


The negative sign Ìn the first of these indicates that the normal 
force S% is a pressure. Its magnitude is greatest when all the imping- 
ing energy is reflected and the incidence is normal. Since 1 — p r — Pt 
is the fraction of the energy absorbed, the tangential force £/// is pro- 
portional to the absorption. 

If radiation of the same intensity is incident at all angles on a 
perfectly reflecting surface, the energy diii incident at angles between 
<f> and <f> + d<t> is 

dui — \u sin <j> d<f > , 


where u represents the total energy density. In this case 




7r/2 

cos 2 <f> sin <f> d<f> = — \u. 


1 



o. 


(72-16) 


(II) Spherical Waves. We look now for a scalar solution of the 
wave equation which is a function of the radius vector r alone. In 
this case (72-4) becomes 


from (19—12). 


d 


~ 2 M’) 


1 3 ‘ 


5 (^) 


dr * ' ' v 2 dl 2 

The general solution is 

= — fi(r — vt) H / 2 (r + vt), 

r r 


(72-17) 


(72-18) 


the first term representing a wave diverging from the orìgin and the 
second a wave converging on the origin. We shall confine our discus- 
sion to a simple harmonic wave diverging from the origin, taking 

<l> = — e K«r-«o 


r 


(72-19) 
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where a is the angular frequency, and ( = w/v — 2ir/\, where X is 
the wave-length. 

Putting V = we may take either V X V or V X V X V for the 
electric intensity in a possible spherical electromagnetic wave. We 
shall discuss each case, treating first the wave described by (7 2-6), 
as it is the more important. As V satisfies the wave equation 
V • VV = (i/u 2 )V, 

1 d 2 V 

E=VXVXV = W-V-V-r 

v di 

__ T7 £5 • 1 

dx v 2 dt 2 

Using spherical coordinates r, 6 , <f>, where Q is the angle which the 
radius vector makes with the X axis, 

d<& 9 ® f 1 i e l 

— = — c°s fl = c°s S ^ 

and the components of E in the directions of increasing r, 6 , <f> are 
Kr = A cos 6 {ì - £*} 

— A cos 0 {^cos ( tr — co/) — |- — ^ sin ( er — co/) | , 

£, = -df sin 9 {-4 - ^ - — ] e i<: ' r- “ <) 
lr 3 r 2 r J 

cos («r — «/) -f- sin (er— co/) J , 

E <t> = o, 

where, in the final expressions for E r , £*, we have written explicitly 

the real parts of the complex values. 

At a distance from the origin very small compared with the wave- 
length X = iTvf e, 

iA cos c 0/ 

E r = 0 cos Q, 

r à 

— A cos oot . 

E e = ^ sin Q, 

= o. 


= ^ sin 6 


C--t) 
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Comparing these equations with (58—11) we see that the source may 
be a charged spherical shell with oscillating electric moment 

Pe ~ Poe cos c ot, poE = 4 iryA, (72.— 21) 


along the X axis, where y ss (2 k + i)/3 by analogy with (71-22). 

Using (19-11) for the curl in spherical coordinates, we get from 
(72—6) for the components of F 


F r = O, 
Fg = O, 


F* 


i/cco fd d . .ì 

( — sin 0) — — (<E> cos 0) r 


cr L dr 

\koìA . 


30 


sin 


0 -±* + - 


’ i « 


— yf sin 0 | ^ s * n ( er — w/) — — - cos (er — w/) 


(72-22) 


At a great distance from the source the components of E and F 
of dominant magnitude are 

,2 


27* POE^ ' n f j\ 

JtL e = sin 0 cos (er — c 0/), 


47ryr 




/« fto/g 


ju 47ryr 


sin 0 cos (er — co/). 


(72-23) 


These components constitute the radiation wave. It should be noted 
that the wave is polarized with the electric vector in the plane deter- 
mined by the direction of oscillation of the source and the radius 
vector r, and with the magnetic vector perpendicular to this plane. 
The amplitudes of both vectors are proportional to sin 0, showing that 
the radiation emitted in the direction of oscillation is zero, and at 
right angles a maximum. On account of the factor « 2 , the amplitude 
of each vector varies inversely with the square of the wave-length 
for a given Poe- 

The time rate of radiation is obtained by integrating the Poynting 
flux cEeF^ over the surface of a sphere of radius r. It is 


c 


ùyry 


2 



(72-24) 
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To treat the wave described by (72,-5) we take the three expres- 
sions (72,-20) for the three components of F. Then, in accord with 
(72—5) and (72—6), the three components of E are given by the three 
expressions (72-22) multiplied by —h/k. The field close to the 
origin, therefore, is that of a uniformly magnetized sphere with oscil- 
lating magnetic moment 


Ph = Poh cos CO/ , Poh = 4 
where y = (2/x + i)/3- The radiation field is 


J 4 > 


» 1/ 


pQH ^ 


k 47ryr 

2 


sin 6 cos (er — co/), 


F a = 


Poh* 


47 ryr 

and the time rate of radiation is 


sin 0 cos (er — co/). 


6x7" 


* K 


Poh^ cos 2 (er — co/). 


(72-25) 


(72—26) 


(72-27) 


The field (72—23) is typical of that radiated from an oscillating 
spark gap or a straight antenna, whereas (72-26) represents the 
radiation from a closed circuit or loop of oscillating magnetic 
moment p H . 

73. Waves Guided by Perfect Conductors. — As the electric 
intensity vanishes everywhere inside a perfect conductor, electric 
charge can reside only on its surface, and, as the tangential component 
of the electric intensity is continuous at the surface, the resultant 
electric intensity just outside the conductor must be normal to the 
surface. We shall limit ourselves to simple harmonic waves guided 
by straight conductors immersed in a homogeneous isotropic medium 
for which D = kE and B = /iF. 

(I) Farallel Planes. First we shall consider plane waves traveling 
in the X direction in a homogeneous isotropic non-conducting medium 
filling the space between two perfectly conducting planes y = o and 
y — a. In this case < 3 ? ì s not a function of z and the wave equation 
(72—4) becomes 

d 2< ì> d 2 <3? 1 d 2 & c 

dx 2 òy 2 v 2 òt 2 5 V \/km 

The type of wave in which we are interested is of the form 
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^ _ •^(.y) ® • Substituting in (73“t) we find that Y(_y) must 

satisfy the equation 


<PY 
dy ’ 2 


+ m 2 Y 




(7 3-2) 


where l 2 m 2 = co 2 /u 2 . 

First consider the solution for which m = o. Then / 2 = co 2 /v 2 , 
giving for the phase velocity o ;// = u, and we have the simple plane 
wave discussed ìn the last article. Corresponding to the two inde— 
pendent states of polarization we may have 


E = kAè Qx ~ wt) = kA cos (Ix - ool), 
or 

E = jAo iax ~ wt) = JA cos (Ix - coi). 

As the first solution does not satisfy the boundary conditions imposed 
by the presence of the two conducting planes, only the second can 
exist. 

But other solutions of (73-2) may be found. If m is not zero, 
we may have Y = cos ( my — 5), and 


(73-3) 

(73-4) 


= A cos ( my — 8) e 1 (lx ~ } 


which represents a wave traveling in the X direction with phase 
velocity 


co 

7 



(73-5) 


greater than v. Putting V = i*tl> as before we can get a solution satis- 
fying the boundary conditions from both (72-5) and (72-6). The 
first gives 

E = kA m sin ( my — 8) c i(lx ~ wi) = kAm sin (my - 8) cos (/x — c ot). (73-6) 

If we make 5 = o and m = kir /a, where k is an integer, E vanìshes 
for both y = o and y = a, satisfying the boundary conditions. Simi- 
larly the second gives 

E = Am\im cos (my — 5) — j\l sin (?ny — 8) je 1 ^* - wt) 

= A?n\im cos (rny — 8) cos (Ix — oot) 

+ jl sin (my — 5) sin (Ix — oot) } , (73-7) 
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which satisfies the boundary conditions provided 8 = ir/a and 
m = kiv l a. 

As / = a-rr/Xj where \ is the wave-length, we have in the case of 
either wave the relation 





2 


from / 2 + m 2 — oi 2 / v 2 . Since \ must be real, and the smallest value 
of k is unity, this gives for the minimum frequency necessary to pro- 
duce the wave 


v 


63 c 

2 tt < 2 a\/lqj. 


(73-8) 


As this minimum frequency is approached the phase velocity (7 3—5) 
increases without limit. 

We can give a simple physical interpretation of these waves. 
Since 8 = o in (73-6) we can write this equation in the form 

E = h\Am sin (Jx + my — c ot) — h\Am sin (Jx — my — 03/), (73-9) 

showing that the wave motion is due to the superposition of two trains 
of plane waves traveling with the normal phase velocity v at angles 
with the X axis whose tangents are m/l and —m/l respectively. 
The first is reflected as the second at the plane y = a, and vice versa 
at the plane y — o. The abnormally high phase velocity (73—5) of 
the resultant wave is due to the fact that it represents the reciprocal 
of the component in the X direction of the normal wave-slowness 
S = 1 / v of each of the two component waves. Similarly (73—7) can 
be represented as the superposition of two trains of plane waves 
traveling with the normal phase velocity v by writing this equation 
in the form 


E = \Am { (im — jl) sin (Ix + my — wt) 

— (im + jl) sin (Jx — my — cot) } . (73-10) 

It should be noted that the electric intensity in each component wave 
is normal to the direction of propagation. In fact, the waves (73-9) 
and (73-10) diflfer only in their state of polarization. The first is 
plane polarized with the electric vector at right angles to the XY plane 
in which the directions of propagation of the two component elemen- 
tary waves lie, and the second is polarized with the electric vector in 
this plane. 
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Now let us introduce in addition to the pair of conducting planes 
y = 0j y = an additional pair z = o, 2 = and investigate electro- 
magnetic waves traveling in the X direction inside the tube of rec- 
tangular cross-section so formed. The boundary conditions on the 
components of the electric intensity are: E x = o forjy = 0, a and 2 = 0 , 
E y = o for z = o, b; E z = o for y = o, a, Therefore neither of the 
waves (73—3) and (73-4) can be propagated along the tube, and of the 
waves (73—6) and (73—7) only the first can exist, that is the wave 

E = fcAm sin my cos (Ix — co/), (73—11) 


where m = kicja. We may, however, have the analogous wave 

E = jAn sin nz cos ( Ix — c ct), (73—12) 


where n = kn v/b. Here / 2 + w 2 = c o 2 jv 2 . 

Next we look for waves of the form <ì> = Y(y)Z(z) repre- 

sented by solutions of the complete wave equation 


a 2 $> a 2 <i> 

dx 2 dy 2 ' dz 2 


I d 2 <È> 
u 2 dt 2 ' 


(7 3 _I 3 ) 


Substituting, and separating the variables, we find 


d 2 Y 

dy 2 


+ m 2 Y 


o. 


d 2 7 , 

dz 2 


+ n 2 Z = o, 


where / 2 + m 2 + n 2 = co 2 /u 2 . Therefore we may have 

<& = A cos (my — 5 ) cos (nz — e) e 1<ix— 

This wave function gives rise to two electromagnetic waves satisfying 
the boundary conditions. These are 

E = A{ —jn cos my sin nz + fcm sin my cos nz\ cos (lx — c ot), (73—14) 
and 

E = A{i(m 2 + n 2 ) sin my sin nz cos (lx — c 0/) 

— jlm cos my sin nz sin (Ix — c ct) 

— fcnl sin my cos nz sin (Ix — co/) } , 


(73-15) 
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in. each of which m = k\ir/a and n = k^ir/b, where k\ and k^ are 
integers. The minimum frequency necessary to excite these waves is 


V = 


Va 2 + b 2 


a\/ kjj. 


ab 


(73-i6) 


Each of these waves can be represented as the superposìtion of four 
plane waves traveling with the normal phase velocity v. 

(II) Circular Cylinders . First we shall consider a cable consisting 
of two coaxial cylindrical conductors, the space between being fìlled 
with a homogeneous isotropic non-conducting medium. Taking the 
X axis along the common axis of the two conductors, and using 
cylindrical coordinates r, <f>, x , the wave equation (72,-4) becomes 


i _a/ 92 ® _ _L 32 ^ 

r dr\ dr ) dx 2 v 2 dt 2 


( 73 - 17 ) 


by (19-12), Ìf the wave function 3> does not contain the azimuth <j>, 
as we shall suppose to be the case. 

We are interested in wave functions of the form R(r ) 
Substituting in (73-17) we find that R(r ) must satisfy the equation 


d 2 R 1 dR , , 2 „ 

d^ + ~r~^ + kR = °’ 


( 73 “ l8 ) 


where i 2 k 2 — co 2 / v 2 . The solution applicable to the problem under 
consideration is that for which k = o and therefore the phase velocity 
c o/l — v. We get then 

& = A log r e 1 ^* - 


Next we put V = z'<ì> and use (7 2-6) for E and F. This gives for 
the non-vanishing components 


E r = i — e 

r 


: IdL „ì {ix - «0 = IdL 


sin (Ix — c ot). 




■ 

* ix r 


i Qx — cot) 


' 11 r 


sin (Ix — co/). 


(73-19) 


The li nes of electric force are seen to extend radially from the axis 
of the cable, whereas the lines of magnetic force are circles in planes 
at right angles to the axis with centers lying upon it. The charge 
per unit length on the inner conductor is 


p\ — — IttkIA sin (Ix — co/) 


(73-20) 
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from (62-16), and that upon the outer conductor is equal in magni- 
tude but opposite in sign. The current, which has the opposite sense 
but the same magnitude in the two conductors, is equal to p x w. 

Equation (73-18) has, however, other solutions of much physical 
interest. If we put p s kr in (73-18) this equation becomes 


d 2 R 1 dR 

dp 2 p dp 


+ R 




(73-2!) 


which is a special case of Bessel's equation 


d 2 R i_dR 

dp 2 ~^~ p dp ~^~ 



(73-22) 


We shall be concerned only with cases where n is a positive integer, 
including zero. Assuming a power series solution of this equa- 

tion of the form R = zla p p p we find the recurrence formula 

v 

( p 2 — n 2 )a p + a p —2 = o, which gives a solution 


R = Mp) 


~\ 

i n n ! L 


+ 


2(27/ + 2) 2.4(277 + 2) (277 + 4) 



known as a Bessel function of the first kind of order n. 
of (73-21), then, is 


R = /o(p) » 



+ 


_ 2 2 

2 * 4 


Evidently 


Jo'(p) ^ 

ap 


= - JJp). 


The solution 


(73 -2 4> 

(73- 2 5) 


Consequently we obtain as another solution of (73—17), 

<l> = AJ u (kr) (73-26) 

where / 2 + k 2 — oj 2 / u 2 . The phase velocity along the X axis is 
given by 


03 

1 



V 


2.2 


k*V 


00 


2 


(73-27) 


which is greater than u for real values of k other than zero. 
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Putting V = M> we shall discuss the two cases (72—5) and (71—6). 
For the latter 


Er = \JikJ 0 '(.kr)è (lx -“‘ ) = - AlkJJ(kr) sin (Jx - <xt), 
E 4 , = o, 

E x = Ak 2 J 0 (.kr) e i<fx ~ at) = Ak 2 J 0 (kr) cos (Ix - 0 >t), 
and 


■ (7 3 “ 28 ) 


F r = o, 

Ft-iAk™ Jo' ikr) 

F x = o. 


KCO 


— /o' (&r) sin (Ix — o)t ) , 
c 


( 73 - 2 9 ) 


By a consideratìon of the boundary conditions we shall now show 
that this wave can be propagated inside a perfectly conducting tube 
of circular cross-section without the presence of an axial wire. As 
Jo'(kr) = — krln for very small r, the electric flux through a cylin- 
drical surface of small radius r coaxial with the X axis is proportional 
to r 2 , and therefore vanishes as r approaches zero. Consequently no 
charge is required along the X axis to satisfy the divergence equation 
(62-iia). In fact, as E z does not vanish for r = o, the presence of 
an- axial wire is precluded. However, /o(p), and therefore E Xì 
vanishes for an infinite number of values of p of which the first three 
are 2..405, 5.520, 8.654. Hence we can terminate the electric field by 
means of a perfectly conducting cylindrical tube coaxial with the 
X axis of a radius a specified by any one of the zeros of /o(p)-* If Po 
gives such azero. the wave-length X = 2tv/1\s related to the frequency 
v = co / 27t by the equation 



obtained. from the relation / 2 + k 2 = co 2 /u 2 . As the smallest value 
of the argument which makes /o(p) vanish is 2.405, the frequency 
must be at least as great as 

2.405P i.i5(io) 10 

v = 7= = 7= — cm/sec (71~1o) 

2ira V k/jl a-y/Kn /0 0 J 


* Of course, the wave may also be confined between coaxial cylinders of radii 
specified by any two of these zeros. 
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for the wave to be propagated along the tube. Hence for tubes of 
moderate radius very high frequencies must be employed. It fol- 
lows from (73—27) that the phase velocity increases without limit as 
the minimum frequency is approached. The type of wave under 
discussion is known as an “ E 0 ” wave. 

As in the discussion of spherical waves in article 72, the wave 
described by (72-5) is obtained, except for a constant factor in one of 
the coefììcients, by interchanging the components of E and F in 
(73—28) and (73—29). In this case, then, the boundary condition at 
the surface of the tube requires that Jo'(p) be zero. As the first zero 
of /o'(p), other than the value zero, comes at p = 3.832, the minimum 
frequency for propagation of the wave is 


3 - 8 3 2 <^_ 

27 ra \/ Kp. 


i.8 3 (xo) 10 
a \/ k/à 


cm/sec. 


(73-3 0 


This type of wave is known as an “ Hq ” wave. 

The lines of electric force in the “ E 0 ” wave are shown in Fig. 74 a 
and the lines of magnetic force in the “ H 0 ” wave in Fig. 74^. The 



Fig. 74. 


lines of force of the other field, in each case, are circles in planes at 
right angles to the axis of the tube. 

We have discussed merely the two simplest types of waves which 
may be propagated inside a conducting tube. The theory of these 
waves has been developed by Carson, Mead and Schelkunoff, 2 and 
by Barrow, 3 and confirmed experimentally by Southworth 4 for empty 
tubes and for tubes filled with water (k = 81). 

The fact that the phase velocity c c/l of these waves is greater 
than u indicates, as in the case of the waves (73—6) and (73-7)5 that 
the resultant wave is due to the superposition of elementary plane 
waves traveling with velocity v at an angle with the axis of the tube 

2 Carson, Mead and SchelkunofF, Bell Sys. Tech. Jour. 15, p. 310 (1936). 

3 W. L. Barrow, Proc. I. R. E., 24, p. 1298 (1936). 

4 G. C. Southworth, Bell Sys. Tech. Jour. 15, p. 284 (1936). 
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and reflected back and forth from one side to the other. That this is 

the case has been shown by Page 
and Adams. 5 Since such elementary 
waves evidently must occur Ìn pairs, 
we may conveniently take (73-6) 
and (73—7) as primary waves. Let 
Fig- 75 represent a cross-section of 
the tube. At a point P on the fixed 
Y 0 axis distant r from the axis O of 
the tube the electric intensity due to 
the wave (73-7) with 5 = o and k 
replacing m is 

E = Ak { ik cos ( kr cos Q) cos (Ix — cot) 



--^+ Yr 


+ jl sin ( kr cos 6 ) sin (Ix — u>t ) } , 

since y — r cos 0 , where Q is the angle between the Y and Y 0 axes. 
Now suppose we have primary waves of this type of equal amplitude 
for all values of 6. Then, if we resolve along X , Y 0 , Z 0y the compo- 
nents of the resultant electric intensity at P are 


J vo 


'*0 


But 6 


= Ak 2 {/ cos ( kr cos 6 ) dd^ cos (/x — c ot), 

= Alk Lf sin ( kr cos 6 ) cos 6 ^0 j sin (Jx — co/), 
= Alk Lr sin (kr cos 6 ) sin Q dd'j sin (Ix — ait). 


sin (kr cos 6 ) = iMkr) cos 0 - o.J 3 (kr) cos 30 + 2 / 5 (^r) cos 50 — * • • , 

cos (£r cos 0) = J 0 (kr) — ij 2 (kr) cos 20 + 2 J±(kr) cos 4 0 — • • • . 

If we carry out the integration, replacing JJkr) by — J 0 (k r), we get 
exactly the “ £ 0 ” wave (73-28), since our present E 2q corresponds to 
the former and E y 0 to £ r . Similarly, if we use (73—6) with 5 = o 
and & replacing t?z, 

E = kAk sin (kr cos 6) cos (Ix — wt), 

6 Page and Adams, Phys. Rev. 52, p. 647 (1937). 

6 Gray, Mathews and Macrobert, Bessel Functions, p. 32. 



WAVES GUIDED BY PERFECT CONDUCTORS 


3i3 


which gives, under the same conditions, 
Ex = o. 


Ey 0 — 


Ak {/ sin (i kr cos 6) sin 9 j cos (Ix — co/), 
k sin (kr cos 0) cos 0 j cos {/x — <at). 


E Zo = Ak U sin ( kr cos 0) cos 9 <af0 j cos {lx — ojt), 

leading to the “ H 0 ” wave in the tube. Therefore the “ £ 0 ” and 
“ H 0 ” waves differ only in the state of polarization of the elementary 
plane waves to whose superposition they are due. 

(III) Parallel JVires. A simple harmonic plane wave advancing 
in the X direction with phase velocity v = c/y/ K(i can be represented 
as the real or the imaginary part of the complex function 

<t> = h(y, z) e 1 '—" 0 (73-32) 

where € = c o/v. Substituting in the wave equation (72,-4) we find 
that h(y, z) is a solution of the two-dimensional Laplace*s equation 


d l h 

dy ' 2 dz 2 


= o. 


(73-33) 


Now either the real or the imaginary part of any function F(y + iz) 
of the complex variable y + ìz is a solution of (73-33), since 

d 2 F d 2 F 

__ p'/f _ '2 pt/ _ p/t 

*"' 2 ’ dz 2 


F n . 


(73-34) 


Therefore, if F(y + is) = f(y 3 z) + Ì£-(jy, 2), where f and g are real 
functions, we may take for 4> 

fty> 2 ) v ,v 

*- \, -e 11 — (73-34) 

In this case we can take for E or F in the wave either — V/ or 

— Vg e l ^ tx ~ wt \ since each is a solenoidal solution of the wave equation 
on account of the fact that/ and g each satisfy I.aplace’s equation. 
Let us represent E by the first solution. 'I'hen, from (72—1 c). 


F = 


\ .<v 

I/ dz 


But, as 


dF <f . 

F' = — = -- + i — , 
dy dy dy 


k—\ e i(ea: ~ w<) 

dy\ 


\F' = — = ^ + i 

dz dz dz 
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it follows that 


d/ _ dg Qf = _ dg 

òy dz 1 dz dy 3 


and consequently we may write 



( 73 - 35 ) 


Hence we have the pair of related solutions 

E = - V/ e i( — F =-J^Vg e l( — (73-36) 
and similarly the pair 

E =- F = • Nj FV/e i( “-" i) . (73-37) 

Effectively we have reduced the problem of finding the amplitudes 
of E and F to a two-dimensional electrostatic problem; the ampli- 
tudes of E and F in (73-36) being the negative gradients of the poten- 

tial functions f(y, z) and g(y> z ) respectively, and correspond- 

ingly in (73-37). As Vg-Vf = o by virtue of (73-35), the lines of 
electric force for the case (73-36), since they intersect the curves 
f(y 3 z ) = Constant orthogonally, are defined by the equations g(y, z) 
= Constant, and the lines of magnetic force, since they intersect the 
curves g(y , z) = Constant orthogonally, are defined by the equations 
/Gh z ) = Constant. In the case (73-37) the lines of electric force 
and the lines of magnetic force are interchanged, the former being 
defined by the equations/(y, 2) = Constant and the latter by £-(y, z) 
= Constant. 

The appropriate function for the discussion of waves along a pair 
of perfectly conducting parallel wires of circular cross-section is 


V —t— 12 —I— ly 

F{y + iz) = log— jz _ - =/(y, z) + ig(y, z), 

from which we find that 

x/ \ 1 1 ( y H - b ) 2 “h z 2 

2) = 5 l0g J y - T? + > 


g(y> 2) = — tan 


— 1 


ibz 


y 2 + - b 2 


( 73 - 3 8 ) 

( 73 - 39 ) 


( 73 - 40 ) 
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If we define E and F by (73-36), the lines of electric force are 
specifìed by the family of circles 

y 2 + (z + b cot .g *) 2 = b 2 csc 2 g , o < g < tt, (73-41) 

shown by broken lines in Fig. 76, and the lines of magnetic force by 
the second famìly of circles 

(y - b coth/) 2 -t- z 2 = b 2 csch 2 /, - 00 < / < 00 , (73-42) 

shown by solid lines. By taking any pair of solid circles for the 
traces of the conducting wires we can satisfy the boundary conditions. 


Z 



Fig. 76. 


If the two wires have the same radius #, the distance between their 

axes is d — 2 V^ 2 + /z 2 from (73—42). 

If Eo and Fo represent the amplitudes of E and F respectively, 

= (73-43) 

from (73—36), and 

F „ - - = V; ~ * D (73 “ 44) 

from (73-36) and (7 3-35). Therefore F 0 = '\Zk//j.E 0 everywhere, 
and the boundary conditions (62—16) and (62—17) at the surface of 
the wire make the current density on the surface equal to the charge 
density multiplied by the phase velocity v = cj^/ k/x of the waves. 

74. Waves Guided by Imperfect Conductors. — In this article 
we shall consider simple harmonic waves guided by conductors pos- 
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sessing a fìnite conductivity <y immersed in a homogeneous isotropic 
medium for which D = «E and B = /xF. Outsìde the conductors the 
field equations (72-1) still hold, but inside we must use the more 
general equations (62,-12). However, as pV = <rE and E is a simple 
harmonic function of the time, we can put pV = (icr/a>)È. Also from 
the equation of continuity (62-1) we have p = — V • (hr/oj) E. Hence 
(62— ìia) becomes V • (/c + icr/co)E = o where k is the permittivity of 
the conductor. If, as we shall assume, the conductor is homogeneous, 
k and <r are not functions of the coordinates, and this field equation 
reduces to V - E =0. So, altogether, we have for the field equations 
in the homogeneous parts of the metal, 

V - E = o, (a) V • F = o, (b) 

V X E F ,(c) V XF = + ) È, (d) 

where y. is the permeability of the conductor. These differ in form 
from (72—1) only in that k is replaced by the complex quantity 
k + icr/co. Therefore the wave equations (72—2) and (72—3) become 

V -VE = + i ^) ^ fi, (74-2) 

and 

V-VF = ( K + i;)pF, (74-3) 

yielding the complex wave-slowness S = 's/Jk + i<r/co)p/ c. 

The physical significance of a complex wave-slowness is easily 
revealed by considering plane waves traveling in the interior of the 
homogeneous conductor. If the vector complex wave-slowness is 
written in the form S = S' + iS", where S' and S" are real, we find, 
by taking the real parts of (72—14) for E and F, 

E = E 0 e“ ù,s "- r cos co(S' • r - /), (74-4) 

F = F 0 e“" s ‘ r cosco(S'-r — /), (74—5) 

which show that S' is the reciprocal of the actual velocity of propaga- 
tion and that coS" measures the attenuation of the wave as it pro- 
gresses into the medium. 

It will be convenient to write down the boundary conditions 
(62—16) and (62—17) at the surface separating two homogeneous 


r (74-1) 
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isotropic media which have conductivity as well as permittivity and 
permeability, for the special case where the field is simple harmonic. 
As the efìFective permittivity is k + icr/co, these equations become 


(k 2 + i 




M2E2 n — 


(74-6) 



Fzt = F lt> (74-7) 


where the numerical subscripts distinguish the two media, and the 
subscripts n and t refer respectively to the normal and tangential 
components of E and F. 

We can greatly simplify our notation by putting 

00 / cr \ oj 

^-(k + Ì-), x--/*. (74-8) 

Then the wave equation (72—4) becomes 

V -V<i> + — o. (74-9) 

the pairs of equations (72—5) and (72-6) take the form 

« 

E = VXV, F=— -VXVXV, (74-10) 

X 

E = V X V X V, F = - \\fy V X V, (74-1 1) 

and the boundary condition (74-6) is simply 

\p 2 F 2 n ~ tiì yjlF 2n = Xl-Eln* (74 ^2.) 


(I) Planc Conductor. First we shall consider waves propagated 
in the X direction in a non-conducting medium (i) situated above the 
plane y = o, the region below this plane being occupied by a conduc- 
tor (2). To a fair approximation this Ìs the situation existing when 
radio waves travel horizontally near the surface of the earth. 

The solution of the wave equation (74—9) required to satisfy the 


boundary conditions is 

<E> = 

( 74 - 13 ) 

where 

c? + j3 2 + \p X = 0, 

( 74 -H) 

the parameters «, /3, a 

being, in general, complex. 


We are interested 

in the wave defined by (74—11). 

Putting 

V = z<J> we find 

E = 

( — z‘/3 2 + jc4 3)<3>, F = ftii ^/3<ì>. 

(74 -I 5) 
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Evidently the boundary conditions at the plane y = o can be satisfied 
only if a. as well as co has the same value in the two media. Then 
(74-12) and (74 - 7) give only the two independent relations: 

a 2 fe 2 = arfi 2 , (74-16) 

&2 ì p2@2 = «1^101, (74 _I 7) 

to which we must add the relations 


0? 4- 0i 2 + tiXi = o, 

+ 02 2 + ^2X2 = O, 


(74-18) 

(74-19) 


obtained from (74-14). Solving these four equations for a, ( 3 U ( 3 2 
and a 2 /ai we get 

2 , , ^1X2 — V' 2X1 

Oi = xj/rfz 


1 2 ~ 

0 2 _ . 2 ^1X1 ~ Ì2X2 

01 W- J? 


2 5 


02 2 = ^2 


2 ^lXl — Ì 2 X 2 


xP 2 — 


2 J 


#2 

«1 




(74-20) 


As ^2 is complex, each of these expressions is also complex. They 
can be somewhat simplified for the usual case where ix 2 = m = 1 and 
consequently X2 = Xi* 

The resistivity of common metals is of the order of (io) -5 ohm cm, 
and therefore the conductivity <r is of the order of (io) 18 h.l.u. Conse- 
quently, even for frequencies as high as (io) 6 /sec, the ratio <r/co is 
very large compared with k , which is rarely greater than 10. Hence, 
if we write the expression for ^2 in the form 

. . 0-2 ( . WK 2 \ 

** _1 7V -1 77’ (74_1I) 

the second term in the parentheses is extremely small compared with 
the first for metallic conductors even at the highest radio frequencies. 
In calculating ol we shall neglect the square and higher powers of 
co/<r 2 as compared with unity, and in calculating fa, p 2 and a 2 /a Y we 
shall neglect all powers of this small quantity. This means the 
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neglect of \f/ 1 2 as compared with ^ 2 2 in all cases. Putting = co/vi, 

where vi — c/'s / kijui is the normal phase velocity of a wave in 
medium (1), we find 

1 <0*1 ^2 

Ml 


/ 1 * 1 . - 

a — — a. iei = — 2 € i — r ici> 


Pi — Pi' - W = - ^ (I + Ì) ^ 

I 

CO/12 i 4 


^ <^2 


00/Ci /C0/Z2 

C ^ <T2 


$2 = — Ì02 


// 


' /.tn A 


1 , _ • \ <0/^2 . / ^2 

-\/2L 0“ ’ (OH2 


<0/X 2 ^ / 0"2 “ i 2 


CZ2 

/Zl 


2 2 
00 K 1 

_ 2 
v 2 


V— 

* oo/x 2 


(74-22) 


As Eiy is the dominant component of the wave we shall put 
A = ocfiiai. Then (74-15) gives 


a = ìa Y 


^l e - - /3l'y e i C «1* - Pl"V - « t- ir/4) 


<?2 M 1 

I j ^y e — Ct'x — /3i'v e i ( « 1 * — ffi'v — wf) ^ 


'1 = V 


^1 e ~ Ct'x— fii'v e i(«i*— Pi"v — «<) 

M 1 

for the wave in the non-conducting medium, and 

E 2 = ÌA — e -«'x+/? 2 '2/ e i(eia;-/32"2/-co«-V4) 

* ^2 Ml 

j j^ ^El Q—et'x+fa'v e i(«i» — fà'y— u>t — ir/2) 

<r 2 


(74-23) 


= kAy]— e~ 
Ml 


a'x+/32'2/ -i(«ia: — /32"y — «<) 
c > 


(74-24) 


for the wave in the conductor. For the purpose of discussion let us 
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refer to i, (co/o^)^ and co/<r2 as quantities of zero, first and second 
order, respectively. For ordinary metals these three numbers are in 
the ratio 1 : (io)“ 6 : (10) ~ 12 for frequencies as high as (io) 6 /sec. 

First consider the wave in the non-conducting medium. While 
the amplitudes of the components Ei y and F lz are of zero order and 
bear the same ratio as if the conductor were perfect, the amplitude of 
of Eix is of the first order and therefore very much smaller. The 
attenuation constants a' and jSx' are of the second and first orders 
respectively. Consequently the amplitude falls off more rapidly with 
increase in y than with Ìncrease in x. It is interesting to note that a! 
can be decreased by making the permeability /xi larger. Through 
terms in the second order the velocity of propagation, <0/«!, is the 
same as if the conductor were perfect. Hence, for common metals 
and freauencies not higher than (io) 6 /sec, we have made errors of 
only one part in a million, or less, in basing the theory of guided waves 
developed in the last article on the assumption of perfect conductivity. 

Inside the conductor the amplitude of only the magnetic field is 
of zero order, the amplitudes of E 2x and E 2y being of first and second 
orders respectively. As the attenuation constant jS 2 ' is very large for 
high frequencies, the wave has an appreciable magnitude only in 
the region very close to the surface. Charge exists only on the surface 
of the conductor. As E 2y is negligible compared with Ei v the charge 
per unit area is equal to KiEi y at the surface. The current density at 
any depth y below the surface is equal to <j 2 {ìE 2x + jE 2y ). As E 2y 
is an order smaller than E 2x , the current normal to the surface is 
negligible compared with that in the direction of propagation of the 
wave. Furthermore, as j 3 2 is proportional to \/Z, the distance from 
the surface at which the current density falls to i/e times its value at 
the surface becomes smaller the higher the frequency. This phenome- 
non is known as the skin effect. At sufficiently high frequencies we 
can consider the current to be confined entirely to the surface, as 
with the perfect conductors treated in the last article. 

The fact that the longitudinal current at the surface is not in phase 
with the magnetic field may occasion some surprise. It must be 
remembered, however, that, on account of the term —i(3 2 "y in the 
exponential factor of E 2Xì the phase of the longitudinal current 
changes with the depth below the surface. The integrated current 



<r 2 E 2x dy = cA 



e — a'x — 
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is in phase with F at the surface and, indeed, satisfies the condition 
that ìt should be equal to c(F) y=0 . 

Xhe mean fìux of energy into the conductor per unit time per 
unit area is given by the time average of the component cE lx F lt of 


the Poynting flux. 


It is 


equal to the Joule heat 



developed per unit time per unit area 3 each being given by 


4 


A*c^ 

Ml 



(II) Cable. We shall now reconsider the problem of the cable 
which we treated in article 73 on the assumption that the two coaxial 
cylindrical conductors had infinite conductivity. Here we shall 
attribute to the inner conductor of radius a a permeability p 2 and a 
finite but very large conductivity <r 2> neglecting entirely its permit- 
tivity k 2 as compared with <r 2 /co. The permittivity and permeability 
of the intervening non-conducting medium we shall designate by 
and mi, and we shall suppose the outer conductor of radius b to be a 
perfect conductor of infinite conductivity. As the example just 
investigated suffices to convince us that the wave in the non- 
conducting medium is described to a very high degree of approxima- 
tion bv the solution obtained in article 73, we shall confine our 
attention to the wave inside the inner conductor, with special refer- 
ence to the calculation of the effective resistance and effective self- 
inductance per unit length of the cable. 

Using cylincirical coordinates as in article 73, we look for a solution 
of the wave equation (74-9) of the form 

<ì? = R(f) e (otx - iwi) . (74-25) 


Following the method of the previous article we find that R must 
satisfy the modified Bessel’s equation 


d 2 R 
dp 2 


t dR 

4- - 7- - R = o, 

P dp 


(74-26) 


where p = kr and 


a 2 + k 2 + \px — o. 


(74-27) 
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We are interested in the case (74—11). Putting V — i3> we have 
for the non-vanishing components of E and F 


E r = ck d J e'**- 1 " 0 , 

dp 

E x = — 

F+ = i+k ^ . 

dp 


(74-28) 


Evidently /oOp) is a solution of (74-26) which remains hnite on 
the axis of the wire. The independent solution 7C 0 (ip), contains the 
logarithm of p and becomes infinite for p = o. Therefore the solu- 
tion of (74—26) applicable to the inner conductor is 

3> = CJ 0 (ikr) 

where we have neglected the small attenuation in th e dir ection of 
propagation. Here e = ei = co/vi where ui = c/'s/ kiMi and, as 
\j/ = 2 = i<r 2 A s.nd x — X2 = it follows from (74-27) that 




co 2 f . 

2 1 “ 1 

Ul l 


0*2 M2 


CO /C1/X1 


)■ 


Since, however, <t 2 /o3 is of the order of (io) 12 for common metals and 
frequencies not greater than (io) 6 /sec, the first term in this expres- 
sion is negligible compared with the second, and we may write 


k 2 =- i 


C00- 2 P2 


(74-29) 


The axial electric intensity inside the wire is therefore 

E x = AJo(\kr) e lCe *~ wi) (74“3°) 

from (74-28). The axial current density pV x is equal to <t 2 E x , that is, 

P V X = a 2 AJ 0 (ikr) e iC “— f) . (74"30 

Also the magnetic force inside the wire is 


r 7 1 4 djpjikr) i(ex _ 

-k? A dr 


O>0 


= dj&kr) e i (e!B _ tt0 
cop2 dr 


(74-32) 
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and the time rate of increase of magnetic induction is 

•B* - m 2 B* = cA 

dr 

Therefore the excess of the electromotive force on a current filamcnt 
at a distance r from the axis over one at a distance a due to changing 
magnetic flux is, per unit length of the cable, 

/ CL 

B+dr = — A { Jo(ìka) — J 0 (ikr) } e i(w:-wi) . (74-33) 

Let 8 be the electromotive force per unit length due to the time 
rate of decrease of the magnetic flux outside the wire. Evidently 8 
is the same for all current filaments. Then Ohm’s law gives for the 
applied electromotive force 8 0 per unit length of the cable 


S 0 — — pk^x — S — A8 
0-2 

= - 8 + AiJoCika) 

which is independent of r, as it should be. The total impedance per 
unit length of the cable may be written R e — ic oL e where R e is the 
effective resistance per unit length of the cable and L e the effective 
self-inductance, the negative sign beìng due to the fact that d/dt — — i« 
in our notation instead of io> as in the usual circuit theory notation. 
Now the total impedance is the quotient of the applièd electromotive 
force 8 0 by the current i. The current is 


/ a 

Jo(Skr)r dr e”""" 0 


(74-34) 


from (74—31). But, if L s is the self-inductance of the surface of the 
wire, S/z = ic oL s , where 

■^3 Io 8 “ (74-35) 


L. = 


ITTC 


a 


from (69-1 2 ) . Consequently 

j R. e — icoj L e ic oL> s | 


JoC-ka) 


2'KO' 2 


/ a 


JoCkr)rdr 


By equating the real and imaginary parts of this equation we can find 
R e and L e . 
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Now, from (73—24), 

/ a s*a> 

J 0 Q.kr)rdr = / 
•sQ 


1 + -?■ + sr? + ■ " \ rdr 


a 2 \ , k 2 a 2 , k*a* , 

= — \ i H h - - + 

2 L 2-4 Q,-4-4*o 


and hfcnce 


ìcoZi^ i^Z/j I 


jj JoQka) 
1 ira<r 2 J 1 (i&<*) 




( 74 ~ 3 6 ) 


If the frequency*is low, so that is small, the series (73—23) for 
J n converges rapidly. Using these series we find 

JoCika) _ 2 f £ 2 *z 2 £ 6 # 6 _ & 8 # 8 1 3 & 10 # 10 _ 1 

JiC-ka) 'ika 1 8 192 307Q 46,080 8,847,360 j. 


from which it follows, if we use the value of k 2 given by (74—29), that 
the effective resistance R e per unit length is given by 


R e — Rq ) 1 ■+ 


2224 4448 

<0 <72 M2 a 00 <r 2 1x2 a 




46,080^ 


"'J 


. (74-37) 


where i?o “ i/(ira 2 c rj) is the resistance for zero frequency, and the 
efFective self-inductance per unit length by 


J-> e Ra + 


o) 2 <T2 2 jU2 3 ^ 4 , 1 3<u) 4 <r2 4 ju 2 5 # 8 

20~]1ttc g 8,847,3607 r/: 10 


• ( 74 “ 38 ) 


We note from the latter that the self-inductance for zero frequency 
is not L s but 

r r , M2 Ml b , M2 

-M) I o 2 * 2 "1 o 2 > 

ottc 'Ittc a Sttc 

the second term of which is large if the permeability /j , 2 of the wire 
is great. In electromagnetic units (74—37) and (74—38) are 

Rem = ^Omì 1 4 TT 2 O) 2 <T m 2 fl 2 2 ^ 7r 4 C0 4 <r m 4 /X 2 4 tf 8 + * * ‘ }, 

L 12 180 J 

L em = 2/ai log 1 n 2 q ’ ( 74 “ 39 ) 

«2 48 

+ l 3 44 4 R S 

— .j 
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It should be noted that the resistance increases with increasing fre- 
quency due to the concentration of the current in the outer portion 
of the wire, whereas the self-inductance decreases. 

The series just obtained for R e and L e are useful only for moderate 
frequencies. For very large values of the argument 7 


JnCika) = i* 


Jca 


lirka 


(74-4°) 


Hence, for very high frequencies 

Jo(ika) 




Jidka) 

Under these circumstances (74-36) gives 


Rp. = 


v 


I /“M 2 


2 v 27rac °2 


and 


L e Lg “h 


js/ lirac 


M2 

W<T 2 


(74-41) 


(74-4 2 ) 


or, in electromagnetic units, 


R 


u>n 2 


em 


* 2 > 
~ira (y ni 


1 u 

L errl = log (- 


M 2 






m 


(74-43) 


The resistance continues to increase indefinitely and the self-induc- 
tance to decrease to the limiting value L H with increasing frequency. 
The reader must be warned, however, that the two expressions con- 
tained in (74-43) are incomplete if the outer conductor has a conduc- 
tivity of the same order of magnitude as that of the wire. 


7 Gray, Mathews and Macrobert, Bessel Functions , p. 58. 
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RADIATION AND RADIATING SYSTEMS 


75. Radiation from a Point Charge. — In article 48 we found 
retarded expressions for the electric and magnetic intensities of a 
point charge moving with an arbitrary velocity V and acceleration f 
relative to the observer’s inertial system S. These expressions contain 
both a term proportional to the inverse square of the radius vector 
[r\ and a term proportional to the inverse first powerof [r]. In this 
chapter we shall be concerned only with the field at great distances 
from the charge producing it. Therefore we can neglect the first 
term as compared with the second in (48-7) and (48-8) and write 
for E and H: 


E = 


H = 



(fX(c-V)ì X c J , 

X ({f X (C - V)} X c)l- 


(75-i) 


( 75 - 1 ) 


This distant field is known as the radiation field of the charge e. Not 
only are E and H perpendicular to each other but both are perpen- 
dicular to the direction c of propagation of the field. 

Since H = (i/f)c X E and E-c = o, the Poynting flux at a great 
distance from the charge is 

s = f(B X H) = £ 2 c. (75-3) 


Therefore the flow of energy in the radiation field is in the direction of 
propagation of the field. 

We wish to calculate the time rate 3 % o f radiation of energy from 
the point charge. To do this as simply as possible we make use of 
the flux of energy through the surface of a fixed sphere of very large 
radius r with center at the position of the charge at time t. As the 
field is propagated with the velocity of light, energy emitted in any 
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3 2 7 


direction from the charge at time t will pass through the surface of 
the sphere at time t -j~ r/c. On account of the velocity of the charge, 
however, energy emitted at the later time / + dt in a direction c has 
to travel a distance r — (c-V dt)/ c to reach the surface of the sphere, 
where it will arrive at time / + dt + r/c — (c-V dt)/c 2 . Hence the 
energy radiated from the charge in the direction c in the time dt will 
pass through the surface of the sphere in a time (i — c-V/c 2 )dt. So it 
follows from (75-3) and (75-1) that the rate of radiation of energy by 
the charge at time t per unit solid angle fì is 


dSt 

d£l 


i67r 2 r 7 


(■ - 97 


{f X (c - V) j X c| ! 


* 2 

f-Vf-c 

-0 2» 

f . C c 

(■ - ?) (t)1 


.(■ -9J (--9)‘~ 

(•-97 1 


(75-4) 

This is a simultaneous expression, giving the rate of radiation at 
the instant when the charge has the velocity V and acceleration f. 
If V is negligible compared with c> 


dSt 

dQ, 


1 67 r 2 c 5 


f X c 2 , 


(75-5) 


which indicates, in agreement with the theory of the electric oscillator 
discussed in article 72, that the maximum radiation of energy occurs in 
directions at right angles to f and that no radiation is emitted in the 
direction of f. 

To obtain the total rate of radiation we must integrate (75—4) 
over all directions. If we introduce spherical coordinates with polar 
axis in the direction of V and azimuth 4> measured from the plane of V 
and f, we have to evaluate the integrals 




sin 9 dO d<fi 
(1 — B cos 0) 3 


47T 

(1 - B 2 ) 2 9 




cos 6 sin 6 dd d<f> 


47 T 


(1 - B 3 ) 


4 

2\3 'S 


B, 


(1 — B cos 0) 4 
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C f* cos 2 Q sin d dQ d<f> 4 x 

/s= 7„ X (i 

_ r 2 * r T si 

= X Xa (i - 


h 


B cos 9 ) 5 (i - B 2 ) 4 + 

sin 6 d$ d<f> at 


, 0 B cos 0 ) 5 (i — B 2 ) 4 

where B = Vjc. In terms of these integrals 


(i + B 2 ), 


TÒ ?\ Jlf2 + ^ BJ 2 ~ (I ” B ^ l /, 2 

~ f (i — B 2 )(/ 4 — / 3 )( f y 2 +/,*) 


/x 2 


+ 


A 2 +/* 


67 rr 3 l(i - B 2 ) 3 ^ (i - B 2 ) 


2 > 


( 75 - 6 ) 


wher ef x is the component of f in the direction of V,f y and f z being 
at right angles. If f' is the acceleration of the charge relative to the 
inertial system in which it is momentarily at rest, we find from 
(43-7) that 



, 2 /' 2 

6 tt r 3 ’ 


( 75 - 7 ) 


Hence the rate of radiation is an invariant of the Lorentz transfor- 
mation. 

We see from (75-6) and (75-7) that a point charge radiates energy 
whenever it is accelerated. In so far as we can consider the Lorentz 
electron as a point charge we may conclude that it must radiate 
whenever it is accelerated and that the rate of radiation is inde- 
pendent of the structure of the electron. Certainly a Lorentz elec— 
tron subject to an inverse square force of attraction cannot describe 
orbits of linear dimensions large compared with its radius without 
radiating energy. On the other hand Schott’s 1 work on the rigid 
electron model indicates that a Lorentz electron may describe orbits 
of linear dimensions less than its diameter without radiating. 

I^ should be noted that the rate of radiation (75 — 7 ) from a Lorentz 
electron is identical with the rate of dissipation (57-2,1) calculated 
previously from the equation of motion. 

It is instructive to trace the formation of the lines of electric force 
in the field of an oscillating charge. For simplicity we shall confine 


1 G. A. Schott, Proc. Roy. Soc. 159, p. 570 (1937). 
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ourselves to a point charge which is executing simple harmonic vibra- 
tions of amplitude a along the X axis. Then we may put 

x — — a cos ù)t , 

v = aoj sin co/, 

for the displacement and velocity of the charge, respectively. 

On account of symmetry we lose no generality by confining our 
attention to lines of force in the XY plane. Consider a moving-ele- 
ment emitted by the charge when it is at rest at time o at an angle oc 0 
with the X axis. Moving-elements forming constituents of the same 
line of force which are emitted at a later time move in a direction 
making an angle ol with the X axis, where 

c y Cy's/ 1 — /3 2 y/ 1 — (3 2 sin ol 0 

tan ol = — = ; — 

Cx Cx “ 1” V COS QJo “I - /3 

by (43-1). We see at once that no radiation is emitted in the X 
direction ( ol 0 = o) and that the maximum radiation is emitted in 



the Y direction («o — w/2). A line of force extending in the latter 
direction is plotted in Fig. 77, the broken lines representing the paths 
of the moving-elements of which it is the locus. Of course, this graph 
represents the exact electric field, both near to and far from the source. 
It should be noted that the ratio of the transverse to the longitudinal 
component of the field increases with the distance from the oscillating 
charge. In (75— 1) we have ignored the latter as compared with the 
former. 

76. Radiation Field of a Group of Point Charges. — In the last 
article we calculated the energy radiated by an isolated point charge. 
If a number of point charges are near together, the resultant radiation 
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field due to the group has an electric intensity given by the vector 
sum of as many expressions of the form (y 5 — 1 ) as there are charges. 
Since, however, the effective positions of the various charges are 
reached at different times, it is necessary, in order to calculate the 
radiation from the group, to refer the configuration of eflfective posi- 
tions to the actual configuration at a specified time. In other words, 
we must take account of the interference with one another of the 

electromagnetic waves proceed- 
P ing from the individual charges. 
To do this, we shall take an 
origin 0 (Fig. 78) somewhere in 
the group of charges at time t 
and develop an expression for 
the resultant electric intensity 
E at a field-point P at a great 
distance r at time t + rjc in 
terms of the position vectors 
of the charges relative to O at tìme t , and their 

time derivatives. 

Since P is at a great distance from 0 the fields at P of the individual 
charges will all have eff ectiv ely the same direction of propagation, 
namely that of the line OP. Hence c for each elementary field is 
parallel to OP. If, then, [r s ] is the position vector of the effective 
position of the charge e 8 for the field-point P at time / + r/c, this 
charge occupies its effective position at the time 



^2 5 




[4] = t + 


m 


(76-1) 


Since [Vj = we get by differentiation 

1 d d 

d[t 8 ] ~ dt 


t" 5 ?] 


(76-2) 


Now, since 
{f X (c - V)} X c = f • c(c - V) 


(- - 7) 


(f-cc — cH) + (V-cc — c 2 V) 


-(-?) 
-{{("‘-?)-(Hx-)x‘. 
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we can write the electric intensity (75—1) in the radiation field of 
the charge e 8 in the form 

£» , i* * c 

c-vA 2+ r 2 

ì 



0- 


y 8 1 


X C X c. (7 6-3) 


In this expression we have replaced the distance of P from e 8 in the 
coefficient by the distance r of P from O, since the ratio of the one 
to the other approaches unity as r increases without limit. 
Combining the two terms in (76—3) and using (76—2), 

1 d f V* 

c V s \dt 6 / c*V s 

-?-) lv - ~F 





(76-4) 


We can find a simultaneous series in powers of 1 /c for [rj from 
Lagrange’s expansion (55-9). Comparing (76-1) with (5 5-1) we see 
that a = i/c, /([/]) = [c*r a /c\ for the present case. Hence 



1 c* r. 


r s + — — V fl + 
1 \c c 


ìc 2 dt 


{(=?)■ 


V fi + 


and the resultant electric intensity E = Se s in the radiation field is 




— '-•( 

4 irrc* \ 


'-f- e 8 V 8 ) 


+ 


(» - 1) 


k- i £(E( 5 ?r-V.) + -}-)x«. <7<H> 
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The successive terms in this series will be referred to as the first, 

second, third, • • • wth • • • order radiation fields. The Poynting flux 

is obtained immediately from (76—5) by means of (75—3). Since the 

Poynting flux is proportional to E 2 , the total radiation from the group 

of particles can vanish only when E = o for every direction of c. 

The first order term in the electric intensity in the radiation field 

of an individual charge is proportional to its acceleration. This 

term vanishes only when S e a f 8 = oorS e 8 V 8 = Constant. In fact, 

8 8 

if the charges remain in a group of small dimensions and do not 
become infinitely separated as t becomes infinite, the wth order term 
in (76—5) vanishes everywhere on the sphere of radius r only when 

n — 1 

e 8 V 8 = Constant 



for all directions of c. If c = c(il + jm + kn ) and r 8 = 
jy 8 + kz 8 , this means that 

'%le 8 (/x 8 + my 8 + nzjY^Xs = Constant, 

8 

2(? 8 (/v 8 + my 8 + nzjf~ Y y s = Constant, 

8 

' 2 je 8 (/x 8 + my 8 + = Constant, 

8 ^ 


ix, + 


(76-6) 


for all /, m, n. Therefore %n(n + 1) scalar relations involving the 
coordinates and velocity components of the charged particles must be 
satisfied in order that the nth. order radiation field shall vanish. 

Consider two Lorentz electrons at opposite ends of a diameter, 
revolving with constant angular velocity co in a fixed circular orbit 
of radius a very large compared with the linear dimensions of an elec- 
tron. Evidently the first order term in (76-5) vanishes and therefore 
the main part of the Poynting flux is due to the second order term. 
We shall calculate the second order radiation specified by this term. 

Take the XY plane as that of the orbit with origin at the center. 
Then the angle which the diameter connecting the two electrons 
makes with the X axis may be denoted by c ot. If we put 
c = c{i sin 6 cos 4 + j sin Q sin 4 + k cos d}, 



leooa 2 sin 6 (cos <f> cos u>t 

+ sin 4> sin co/)(— i sin oot + j cos c ot) 
eua 1, sin 6 {i(sin (<f> — 2c ot) — sin <f > ) 

+ j(c os ( 4> — 2co/) + cos 4 >) } 
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and 


J = ^ ^ e 8 V^ = — 4 eo 3 Z a 2 sin 6 {i sin (<£ — aco/) 

S 

~\~j cos (<£ — 2.00/) | • 

Now the Poynting flux is 


S = £2C = T6ÀV ( ^ 2 - C - J2)C 

* 2 / 2 ^ 2 . . 2 „ -4o 


/r 2 t 6 


{sin 2 0 — sin 4 8 sin 2 0 .{<j> — o>t) }c 


and the total rate of radiation from the pair of electrons is 



sr 2 sin 0 dd d<j> 


8g 2 / 2 (V^\ 

$ttc 3 \ r 2 / 


(76-7) 


Comparing with (75— 7) we note that the second order radiation from 
a pair of electrons may not be negligible compared with the first 
order radiation from a single electron if V 2 is comparable with c 2 . 

77. Radiation Field of the Spinning Electron. — In this article 
we shall investigate the radiation field of the spinning electron with 



Fig. 79. 


electric moment p e and magnetic moment p h-> the kinetic reaction of 
which was computed in article 5 9-. Specifically we shall consider an 
electron whose center is momentarily at rest at the origin O^at time o 
and has an acceleration f and rate of change of acceleration f 3 and we 
shall calculate the electric and magnetic intensities of its field at a 
point P 0 (Fig. 79) at a very great distance r from O at a time r/c . To 
do this we shall use the retarded expressions (50-9) and (50-10) for 
the scalar and vector potentials. In our expansions we shall retain 
all terms which are linear in f and f and in which the coefficients are 
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constants or linear in one of the moments. Also we shall include 
terms which are linear in the moments and their first and second time 
derivatives and in which the coefficients are constants. 

Let a be the position vector of a point Q on the surface of the 
electron at time o. Then the effective position of the charge at 
Q for calculation of the field at P at a time r/c + where t is small, 
is occupied at the time 

"" "" cp 




(77-1) 


where p is the position vector of the point P relative to the nearby 
point Pq, and [a] is the position vector of the effective position of 
Q relative to O. Since 


we find 
n , ca 

W - * + 


[a] = a + 5f [/] 2 + ^f [/] 3 + • • • 

° p , i fc /, , c a c pY 


+ 




<77~ 2 ) 


If Xy y, z are the coordinates of P and x 0ì y 0i z Q those of P 0 , 
c p = c x (x — tf 0 ) + Cy{y — jy 0 ) + c z (z — z 0 ) and V(c*p) = c. Hence 
for t = o and p = o. 


vM = - 


, f -c c a 

1 "jT ~2 
c c 


1 y ( 7 ?) } » ( 77-3) 


d[/] , f-cc a , 

lT" I+ -?-?- + 


! f c/c-aV 

5 7 V77 ' 


(77-4) 


As the velocity of the center of the electron in its effective 
position is 

H = fM + èf M 2 + 



I 



(77-5) 


to our degree of approximation. 

The expressions (59-4) and (59-5) for the charge and current 
elements due to spin must be carried to higher order terms. As in 
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article 59 we find from the equation of continuity that the time rate 
of change of angular velocity of a point Q on the surface of the 
electron is 



in terms of the mean angular velocity <0 and the mean rate of change 
of angular velocity ò>. Hence, as we are neglecting terms in f-aà. 


[^ii 


^ { , CO X 3 * * f r 1 1 £0 X 1 'f r in ì _ 

— ~r | 1 H ~a H + i — — W + * * * (77~ 6 ) 

47T L C C J 

[Vi^J = — | <0 X a + ^ò> X a — <0 X W 

+ Ì<o X a [/] 2 + f[/] + Jf [/] 2 + • • • (77-7) 


Also, adding needed higher order terms to (59—6) and (59—7), we 
have for the charge and current elements due to the electric moment. 


\de^ = — ^~2 (p E'& + Ì*e ' a M + ipjf-a[/] 2 + • • • 

47T/3 


(77-8) 


[V*fcJ = -+ {|(a xps) X a 4- §(a X PiO X a[/] + p s -af[/] 

47 ra 

+ ' af [/ ] 2 + • • • \d£l. (77-9) 

Substituting in (59—8) and (59-9), remembering that [r] = r. 


3> = 


:67r 2 r 


/{.+'/M + ; , /w 




+ f M 2 + 


di 2 


+ 


: 67 r 2 a 2 r 


f {p, -a + [/] + i I/F + P* • a[/] 


1 p# • a f • c r , 2 
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and 

a e C\ v. ( fa\ <oXafc ri itìXaf-c, , n 

A= i6^-cJ r a r7j + ~ H + a~^ [/] 

+ &X a[/J - - X ^ fa [/] + J(iX a[/] 2 + f[/] + JÌ[/] 2 + • ■ • ] dto 

"i" 1 Gir 2 +rc J {^ (a x R®) X a + §(a X p®) X a [/] + p^-af[/] 

+ èp.E • af [/] 2 + (77-11) 

Xo find the component — o f the electric intensity at .Pq 

I dA. 

make use of (77-3) and, to find the component — - , of (77-4). 

Omitting terms which obviously vanish on integration we get, on 
making / = o and p = o, 

-V* = _ -I 


• a c * adQ, 


1 dA 
c dt 


i6ir 2 rc 2 


03 X a c • aJ£l 


* C \ 47 rf -C I C 1 

“ 7 Ì 77 l - ? - ~ ? 7 co X f a c-a</fìj 

+ i6xVr? 17* /- aC ^ + ^ J'vs a. c-arfaj , 

I AA _ / / , . f c f 

c dt ~ 1 6jr 2 rc 2 l 4,rf + 77 " X ac+a 

/ i-acoXa^Q + i a X a c-a^/fij 

_ i67r 2 a 2 r<r 2 {?, f Ve - 3 . c-aJa + § J (a x Pe) X adj ■ 

The integration over the solid angle is easily carried out. F.xpres- 

sing <0 in terms of p* by (58-9), we have for the electric intensity in 
tJie radiation neld of the spinning electron 

E = ^ 7 (fXc) Xc + T+{(f Xc)Xp ff } Xc -— ~« H x c 


òi X a c a^ii 


3 


47rrt 


,3 P// X C 


“Ì (!( ' Xc)X P^ Xc )Xc + ^;(p 2 Xc)X c. (77-12) 
It should be noted that the terms m p £ and p H agree with those found 
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in (72-23) and (72-26) for the case where k = y. = 1. To find H 
it is not necessary to compute the curl of the vector potential since we 
know that H — {i/c)c X E- 

Finally we shall calculate the rate of radiation, omitting the 
terms in and p h in (77— ia). As the electric intensity is 

of the form E = P X c, the Poynting fiux is given by (75-3) 
with E 2 = c 2 P 2 — c-P 2 - Summing over all directions, the energy 
radiated by the spinning electron per unit time is found to be 



gp//-f X f -f 

67rr 4 3 $ttc 5 


pgj j j>^ 2 f-f 
30 TTC 5 I $7rC 5 


307rr 6 


( 17 ~' 3 ) 


with neglect of terms in the time rates of change of the moments p# 
and p H' 

If a spinning electron of radius a with magnetic moment (60-1) 
is describing a circular orbit of radius r with linear velocity the 
ratio of the second term in (77—13) to the first is of the order of 
magnitude of 

±V(hc\ 

r c \e 2 J 3 


whereas the ratio of the third term to the fìrst is of the order of magni- 
tude of the square of this small quantity. Therefore the radiation 
from an extra-nuclear electron in an atom due to its magnetic and 
electric moments is quite negligible compared with that due to the 
acceleration of the resultant charge e, and the rate of radiation from 
the spinning electron is effectively the same as that given by (7 5-6) 
for the non-spinning Lorentz electron. 

78. Axially Symmetrical Waves. — Consider a perfect conductor 
which possesses symmetry of revolution about an axis, such as a 
spheroid or a straight wire of circular cross-section. Let u and v be 
orthogonal curvilinear coordinates in a plane through the axis and <f> 
the azimuth measured around the axis. If electrical oscillations along 
the axis are set up in the conductor, it is clear from symmetry that 
the only non-vanishing eomponents of E and F in the fìeld outside the 
conductor are E u , E v and F,,„ and that none of these is a function of <f>. 
Whatever form the oscillations may take, we can always represent 
them as the sum of a number of simple harmonic oscillations. There- 
fore we lose no generality if we limit our discussion to oscillations in 
which the components of E and F are of the form f(u, v)e~ lut . In this 
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event, the field equations (72-1 c) and (71-id) applicable to the region 
outside the conductor become respectively 


and 


a v p dv 
I d 


a u p du 


ÌpFP 

(pF*) 


-^E. 

c 


u> 


10) K 




vy 


I 







( 78 - 1 ) 


(78-2) 


in terms of the notation of article 19, where a w — p is the perpendicu- 
lar distance of the field-point from the axis. If we eliminate E u and 
E v from these equations, and write A for pF^ we obtain the homo- 
geneous linear partial differential equation of the second order 

£ ( fv dA \ d \ a u dA\ co 2 a u a v 

du 1 a u p du j dv 1 a v p dv\ v 2 p ° 9 

where v = c/’\/~iqx as heretofore. 


In terms of the solution A of (7 8-3) 

_ . v p 1 dA 

E u — 1 \ A 5 

00 * k a v p dv 

, . hx 1 dA 

0 0 ' k a u p du 


E. 



(78-4) 


from (78 1) and the definition of A. That the vector functions E 
and F so determined are solenoidal, as demanded by (72-1^) and 
(72-1^), is evident from the fact that each is proportional to the curl 
of the other in accord with (72-ic) and (71-id). 

The boundary conditions for free electrical oscillations are (a) that 
the tangential component of E vanishes at the surface of the con- 
ductor, and ( b ) that E and F both vanish at infinity. Therefore it is 
necessary that we should choose coordinates u and v so that one 
coordinate surface, such as u(x , jy, 2) = Const., coincides with the 
surface of the conductor. Then E v = o at every point on this sur- 
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face. From Ampère’s law (62.-12,^) it follows that the total current i 
through any cross-section of the conductor is 

i = Q. 7 rcp Q (F <J> ) 0 = (78-5) 

where po is the radius of the section and (F ^) 0 is the magnetic force 
at the surface. 

We shall solve (78— 3) both (I) for the sphere and (II) for the 
prolate spheroid. The limiting case of the latter as the eccentricity 
approaches unity is of special interest since it affords a close approxi- 
mation to the straight wire antenna of finite length. 

(I) Spherical Conductor. In spherical coordinates the square of 
the linear element d\ is 


d \ 2 = dr 2 -b r 2 dd 2 + r 2 sin 2 6 d<p 2 (78—6) 


as shown in (19—14), and, therefore, if we identify r with u and 6 
with u, we have a u = 1, a v = r. Consequently, as p = r sin 0, 
(78-3) becomes 


d 2 A 

+ 




H- sin 0 


dA 


— 0 . 


(78-7) 


if we put € for to/u. We see that we can separate the variables, 
obtaining a solution of the form A = R(r ) ©(0) where R and © 
satisfy the ordinary equations 


dPR 

dr 2 



o. 


d^e 

dfj . 2 


+ 


OL 



© 


O, 


(78-8) 


in the second of which p has been put for cos 0. 

(II) Prolate Spheroidal Conductor. If the origin is taken at the 
center of the spheroidal conductor and the X axis coincides with the 
axis of symmetry, the appropriate coordinate surfaces for this case 
are the confocal prolate spheroids 

2 2 

y2^2 ^ “ L I < V < 00 > (7 8 “9) 


and the orthogonal confocal hyperboloids of two sheets 


x 

c 2>-2 


s J r / a (i - r) 


= 1 


— 1 $ £ ^ 1 > 


(78-3:0) 
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the common foci of the two families of surfaces lying on the X axis at 
distances f and — f from the origin. The eccentricity of each prolate 
spheroid is the reciprocal of 77. Hence, as 77 increases, the spheroids 



Fig. 80. 


become more and more nearly spherical. A section of the coordinate 
surfaces cut by a plane through the X axis is shown in Fig. 80. 
Solving for x and p, 

*=/f» 7, p =/V(i-f 2 )(, 2 - 1). (78-11) 

if r is the radius vector from the origin, and 6 the angle which it 
makes with the X axis, 

r 2 =/ 2 (» 7 2 + Ì 2 - 1 ), 



So, far from the conductor, where 7; is large compared with unity, 
r = frj and cos 6 = £. 

Differentiating equations (78—11) we obtain for the square of the 
linear element 


d \ 2 = dx 2, + dp 2 + p 2 d 4> 2 


= f 2 


df + ~ + ( J - I 2 ) (v 2 ~ 1 )J<t > 2 

1 — § 77 — 1 


(78-12) 
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As the unit vectors |i, tji, <(>1, in the directions of increasing £, rj , <j> 
respectively, form a right-handed set in the order stated, we identify 

£ with u and rj with v. Hence a u = f 's/Jrj 2 - l 2 )/(i - £ 2 )', 
= / V(») 2 — i 2 )/(jp — 1) and (78-3) becomes 


(1 - f 2 ) 


9 2 ^ 

aj 2 


- y 2 ì?A + (i , 2 - 1) 


d 2 A 

drj 2 


+ A = 


o, (78-13) 


where t = (co/v)f. As the variables can be separated, there is a 
solution of the form yf = 1^(77) where AT and T satisfy the 

ordinary differential equations 



d 2 X 

de 


+ (« - t 2 £ 2 )AT = 


o. 



1) 


drj 2 


+ ( — a -}- y 2 rj 2 )Y — 


(78-14) 


If we put y = t»7, then, for large values of rj, y = (co/u)r. In 
terms of _y, the second equation above becomes 



dy 2 


( — <2 + y 2 )Y = o. 


(78-15) 


If, now, we go over to the case of the sphere by letting the semi-focal 
separation /, and therefore t, approach zero, (78—15) and the first of 
the pair (78—14) reduce to the two equations (78—8), as they should. 

79. Oscillations of Spherical Conductor. — In this article we 
shall consider first the axially symmetrical radiation field due to the 
free oscillations of a perfectly conducting sphere, and second the 
forced oscillations and consequent radiation from such a sphere when 
simple harmonic plane waves of length long compared with the 
diameter of the sphere pass over it. In connection with the second 
problem we shall also compute the radiation resistance of the sphere. 

The first step is to solve the differential equations (78—8). Start- 
ing with the equation in jx = cos 6 we make the substitution 
0 ( M ) = v~ /X 2 u(jjl) which gives for u the equation 


d_ 

djx 


<■ - -■< l) 



+ Oi u 


o. 


The only solutions of this equation which have physical significance 
in the problem under consideration are those which remain finite over 
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the whole range — i ^ /j. ^ i . As is shown in treatises on spherical 
harmonics such solutions exist only when the constant of separation a 
is equal to /(/ + i), where / is a positive integer equal to or greater 
than unity. These discrete values of a are known as the character- 
istic values of the parameter, and to them correspond the various 
harmonic oscillations of which the sphere is capable, the fundamental 
or first harmonic being given by / = i , the second harmonic by / = 2, 
and so on. The differential equation for u which we have to consider 
is, then, 

S {<’ - '■> %} - rb + ® - + ■>■ - ”• ' - *• 3- ■ - <79-0 


This equation is a special case of the more general equation 


5 f S - 


rrPu 

i — M 5 


+ /(/ + i )u = o. 


( 79 - 2 ) 


where m is an integer equal to or less than /. The solutions of (79—2) 
are the associated Legendrian functions 

d m 

u = PiM = (1 - m 2 )”' 2 ^5 PM, (79-3) 

where ,1 

(79-4) 


are the Legendrian polynomials of degree /. The solutions of (79-1) 
are therefore 

I / d 1 ^ 1 

Pl lW = (- 0 ' pjj -M 2 ^+1(1- M 2 )'. ( 79 - 5 ) 

The first three of these functions are 


Pn = Vl - M 2 , 

P 21 = 3 M V I — /x 2 , 

/°31 = f(5M 2 - I) Vl - M 2 . . 


(79-6) 


Now we are ready to consider the first of the pair of equations 
(78—8). Replacing a by /(/ + 1) and putting R(r ) = \/r v(r) we 
find that v satisfies the equation 


d 2 v 

dr 2. 


+ l t + 

r dr 


(/ + n 

„2 


0 = 0 , 


(79-7) 
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and, if we put x = er, this equation becomes 

d*v , i dv , f (/+è) 2 l 

+ — r = o - (79 " 8) 

which is Bessel's equation (73-22). The complete solution is 

V = C n J n {x) -j - C — n J — n{x ) > (79 9 ) 

where n is the half-integer / + The fìrst three pairs of Bessel's 
functions of half-integral order, starting with n — d= -f, are 


2 [ sin x 1 

/m = 1“ “ cos *ì 5 

, 2 f COS X . 1 

— - s,n *i s 

/M = ^{&- I ) sin *-l cos *l’ 


— 


irx 
2 


2 


( A> — 1 ) cos a: + — sin * k ; 
x* / x J 


/m = ftì - !) sin * - - 0 cos *} > 

= vr x {- - -) cos * - tì _ 0 sin *l' 

Since we are interested in solutions representing diverging waves 
and hence containing the factor e ìx , we need solutions of the form 
C{j n + i( — 1 ) n+H J- n }, that is, 


*>i = 




I, 


+ - e ix , 


X . 


02 = vSl 

I f 


fl+à-i. 




X 


X 


, _L fL 1 _ i£ _ lii 
1 1 2 3 

V* V 1 * - 

k-'V kV ♦'V 


e 


° s = 

where the subscript on v represents the integer /. 


IX 


(79-10) 
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Consequently the characteristic solutions of (78-7) corresponding 
to the first three characteristic values (/ = 1, 2, 3) are 


A x = Ct sin 2 6 |i + e iC<r - w °, 


A 2 = C2 sin 2 6 cos 6 


1+2 

er 


2_1 

r € 2 r 2 J 


i(«r — <at) 
c y 


(79-1 1) 


(79-12) 


Az = C 3 sin 2 6 (5 cos 2 0 - i) | i + - - 4+ ~ + e ì( — (79-13) 


er e“r“ e 3 r 3 


The boundary condition at the surface of the sphere requires that 

òA 

E e , and consequently — , shall vanish for all values of 0 when r is 

equal to the radius a of the sphere. This condition determines the 
possible values of e, and therefore of the wave-length X and logarithmic 
decrement 5 of the free oscillations. In fact, since e = co/v must be 
complex for damped oscillations, we have 


co 

v 


. 5 2.7 r 

" 'x^T’ 


(79~!+) 


where the sign in front of the second term must be chosen so as to 
make X positive. 

Let us consider first the fundamental represented by (79—1 1). 
The boundary condition e 2 « 2 + iea — 1 =0 gives 


i vl .0. <00 0.866 

e ± = — 1— ^ — =t 

2/Z £ 1 » & 


(79 -15) 


The wave-length is 4ira/-v3 and the damping constant (in time) is 
v/ia . We shall direct our attention rather to the ratio of the half 
wave-length to the diameter of the sphere and to the logarithmic 
decrement 5. These dimensionless constants are: 


X 77 - O 7 T 

— = -7= = 1.8 1, S = —7= = 3.62. (79-i6) 

4 « V3 V3 /y 

The waves are damped out very rapidly, the second oscillation having 
an amplitude less than 3% that of the first. 
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The quantity pF^ is represented by the real part of the complex 
function (79-11), that is, by 

A x = Cx sin 2 e |(i - cos ^ (r - vi) 

— sìh O — «/)}• (79 _I 7) 

2r 2a J 

The current through any cross-section of the sphere, given by 
(78-5), is 

i = 0 ,-ircCi \/e sin 2 fle _2 “‘cos vt - — - - 

1 L 2tf 23. 

1 • t \ a ( 1 ^ 71 " I 

or, if we change our origin of time by putting / = t’ + “ + ^/%) * 

^5 (79 _ i8) 




i = z’oo sin 2 0 e 2a cos — vt ' , 

2ZZ 


where z’oo is the current through the equatorial plane at time t' — o. 

The field intensities E rì E 0 and F^, obtained from (7 9 — 1 *) by 
means of (78—4), are 
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At a great distance from the sphere the components of E and F of 
dominant magnitude are 


E e — — sin 6 e 2a cos (r — vt ), 
r * k 2 a 

Fa — — sin 6 e 2a cos ^ 

* r 2 a 


(79-20) 


Comparison with (72—23) shows that the radiation fìeld is that of a 
damped linear simple harmonic oscillator. 

In the case of the second harmonic, represented by (79—12), the 
boundary condition at the surface of the sphere is e z a 3 + 3 ie 2 a 2 
— 6 ea — 6i = o. The complex roots of this cubic, which represent 
oscillations, are 


giving 


. 0.702 ' 1.807 

6 = — 1 dt , 

(79-21) 

a a 

X 

— = 0.87, 0 — 2.44. 

A / 7 

(79-22) 


This solution we shall call the normal harmonic. The wave-length is 
a little less than half that of the fundamental, and the decrement is 
about two-thirds as great. 

The boundary condition, however, is also satisfied by 

« = - i , ( 79 - 2 3 ) 

a 


which represents an aperiodic motion of charge in which the heavily 
damped current never reverses its sense. We shall call this the 
abnormal harmonic. 

The boundary condition for the third harmonic, obtained from 
( 79 -I 3 )s is + 6 ie z a z — ii€ 2 a 2 — 45Ì ta + 45 = o. Thìs biquad- 
ratic has two pairs of complex roots. The pair representing the 
normal harmonic is 


. 0.842 t 2.760 
€ = — 1 

a a 


( 79 -2 4 ) 


which gives 


X 

— = °‘ 57 > 5 = 1.9+ 


(79-25) 
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the wave-length being somewhat less than one-third that of the funda- 
mental, and the decrement about half as great. 

The abnormal harmonic is specified by the remaining pair of roots. 


€ 


2.157 0.869 

1 rfc 

a a 


(79-26) 


which represents a heavily damped oscillation for which 

— = 1.81, 5 = 15.60. (79-2-7) 


It should be noted that the wave-length of this oscillation is nearly 
identical with that of the fundamental. 

Evidently an aperiodic solution will appear for each of the even 
harmonics. 

Next we shall investigate the forced oscillations of a perfectly 
conducting sphere when plane polarized waves of wave-length long 
compared with the diameter of the sphere pass over it. Under these 
conditions the electric intensity E\ and magnetic force F\ in the 
impinging waves can be represented to a sufficient degree of approxi- 
mation by 

E x = Eoe-^, 1 



(79-28) 


over the small region occupied by the sphere, in accord with (72—14). 
Here, of course, co is real. 

If we take the polar axis of the sphere in the direction of the 
impressed electric field Ei , the boundary condition at the surface is 


E\ sin d — E d = o, r = a, 


(79-29) 


where E 0 is the component in the direction of increasing.0 of the field 
radiated from the sphere. 

Evidently we need the solution (79-11) representing the funda- 
mental oscillation of the sphere. From (78—4) 


+ 


er e 2 r 2 


e 3 r 3 / 


Eq = C sin 6 


i (er — ùìt) m 


(7 9 ~ 3 °) 
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Therefore the boundary condition requires that 


C = — 


e 3 a 3 


"\/ 1 — e 2 ^ 2 + 


e 4 * 4 


£ 0 tan \f/ = 


e<2 


I - e 2 * 2 


(79-31) 


This gives for the field intensities in the wave radiated from the sphere 


E r = 


Eq cos $ 


V 1 — e 2 ^ 2 + e 4 ^ 4 


f # 3 

1 2 —3 cos { e(r — a) — + 4 / } 


+ 2 ^ sin {e(r — d) — ut H- 


3 


sin 0 f /*z 3 e 2 <2 3 \ f ^ 

= v;-w> lb " cos { ‘ (r - a) -“' + * } 


+ 


ea 


sin { e(r — a) — wt + } 




- Eq sin 6 
M 


eV 


* 


a/ I — e 2 < 2 2 + e 4 ^ 4 


cos {e(; a) — W/+ t/'} 


+ s i n { € ( r ~ «) — <0/ + i^} 

The last gives for the current in the sphere 
I~k ea( I + e 2 # 2 ) 

» n 


(79-32) 


/ = 27r<zr 


M \/ 1 + e 6 <2 


£0 sin 2 0 cos (co/ + i/'t), tan xpi = 


3 _3 
ea 


(79-33) 


The current leads the electromotive force by the angle 

If we put w = e 2 <2 2 , the square of the current is proportional to 

c?a 2 (i + e 2 a 2 ) 2 


1 + e°a 


6 „6 


= I + 


2 ze> — 1 


w 


W + I 


=yo>) 


(79-34) 


and the ratio of the half wave-length to the diameter of the sphere is 


7T 


4<2 2 s/w 


( 79 - 35 ) 


Plotting f(w) against X/4 a we get the curve shown in Fig. 81. The 
function f(w) increases as the wave-length decreases, reaching a 
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maximum for X/4 a = 1.344. We are not justified, however, in asso- 
ciating/(w) with the square of the current for values of X/40 much 
smaller than 4, since the boundary condition assumed is valid only for 
wave-lengths large compared with the diameter of the sphere. 


* 



\ 

\ 

\ 



-l 

3 


_j 1 . » 1- 

4 5 6 7 

Fig. 81. 


_x 

4a 


At a great distance from the sphere the only important field 
intensities are 


E b = 


F* 


e 2 a 3 


E 0 

Vi-fV + eV r 


— sin 0 cos { e(r — a ) — co/ \[/ } , 


======== = == '\j— — sin^cos { e (? — a) — oot-\-\f/} . 

^2 1 4^4 > </ r 


Vi-eV + eV % r 


(79“3 6 ) 


Comparing these expressions with (72,-23) we obtain the rate of 
radiation of energy immediately from (72—24). It is 

Asfij? 2 

22 ° 4 ~~4 COS 2 {t(r- a) - a>t + * } . (79-37) 

I — e a -j - e a 



The radiation resistance R of the sphere is defined as the mean rate 
of radiation divided by the mean square current through the equa- 
torial section of the sphere. Hence 

2 //X € 2 ^ 2 

R = ^Tc + eV' 



The resistance increases continually with increasing frequency. 

80. Free Oscillations of Prolate Spheroidal Conductor. — The 
prolate spheroidal conductor is of great interest because, when its 
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eccentricity is nearly unity, it represents to a high degree of approxi- 
mation the straight wire antenna. In this article we shall solve the 
difFerential equations (78—14) for the fundamental and the third har- 
monic, the latter of which we need for our subsequent analysis of the 
forced vibrations of an antenna, and shall discuss the free oscillations 
which the fundamental represents. 

(I). Solution of the Equation in £. We start by making the substi- 

tution X — y / 1 — £ 2 u(£) in the first of the two equations (78—14). 
This gives for u the equation 

ì{ ( ' - ” rr? + <— > 


the left-hand member of which is identical in form with (79—1). As 
in the case of the sphere the parameter a is not arbitrary, but is 
limited to the characteristic values a 1, a 2 , «3> ■ * * for which the solu- 
tion u(£) remains finite over the whole range — 1 ^ ^ 1. Let us 

denote the solution corresponding to the characteristic value ai by 
ui (£). The functions U\ (£), « 2 (£), (£)> * ' * are called the charac- 

teristic solutions of the differential equation. 

The differential equations for two distinct characteristic solutions 
Uk (£) and ui (£) are 


d_ 

d% 

d 

dì 






Uk 

I - £ 2 

Ui 

1 - I 2 


+ oikUk = y 2 £ 2 Uk , 
+ oliUi — y 2 £ui. 


Multiplying the first by ui 3 the second by u ^ , and subtracting, we get 

M l ' - *■>“*) - 7i {<■ - *■>"*§} - <“* - “*>*****• 


Integrating this equation over the range of £ we have 

( 1 Oil — Oik ) u kUld% — Oy 


from which it follows that 


C 


Uk uidH = o, k 7 *^ l. 


(80—2) 
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A set of functions satisfying this condition are said to be orthogonal. 
Evidently the associated Legendrian functions Pim{v), to which the 
equation (79-2) of the previous article leads, are orthogonal. 

To find the characteristic values and the characteristic solutions 
of (80-1) we express ai and u\{£) as power series in y 2 , writing 

ai — a io "h <xny 2 + o>i27 4 + * • ■, 

«z(£) — + ^i(£)t 2 + «Z2(^)7 4 + • • *, 

and substitute in the differential equation. Equating terms in like 
powers of y 2 we have then 

”{ (l — | 2 ) ~J~\ + a lO u ll = (I 2 — Oin)Uio> (80-4) 

d£ [ a£ J 1 — | 

~j -{ (1 — £ 2 ) ~jr\ ~2 + a io u i2 — (£ 2 — «zi)«zi — cii^uiQ, (80-5) 

L d£ J 1 — | 


and so forth. It is evident from (80—3) that the functions «10, &20, &30, 
- • • are orthogonal. In fact, as (80-3) is identical in form with 
(79—1), we see that orzo = Kl + 1 ) an< I u io ~ Pii(.£)- 

To obtain an we multiply (Ro— 3) by un and (80—4) by ui$, sub- 
tract, and integrate over the range of £. This gives 



— oiii)ui 0 d% 


o. 


from which it follows that 



(80-6) 


(80-7) 


Now we express both (£ 2 — oti\)ui 0 and un as series in the func- 
tions «10, ^20> u 20 ì ■ ’ • > writing 

(£ 2 — oìh)uio — ^AkUkOy (80-8) 

rC 

Ull = ^BkUkO- (80-9) 

k 
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Since (£ 2 — oiiì)uiQ is orthogonal to uio by (80-6), the first series 
contains no term in uiq. 

Substituting (80-9) in the left-hand member of (80-4) and (80-8) 
in the right-hand member, remembering that each u^o satisfies (80-3) 
with QtjcO = k(k + 1), we get 

Bk — kiTT^W+T) (8 ^ Io) 

This determines each B k in terms of A k . To find Aj multiply 
(80—8) by Ujo and integrate over £. On account of the orthogonality 
of the functions uiq , U203 u 30> * * * we get 


Aj = 


/ (¥ — CLiùUioUjodìi 

j* u ?odi; 


(80—11) 


Continuing this procedure we can find as many terms as desired 
in the series for ai and ui(£). Since uiq = Pn(£) in the problem 
under consideration, the formula 


£ 


PUi)dt = 


a (/+ 1) ! 

2/ + 1 (/ — 1) ! 


(80-12) 


is helpful in evaluating some of the integrals. 

By this process we find for the fundamental oscillation (/ = 1) 
of the prolate spheroid 


«1 = 2 H — y 2 y 4 -| ^ — y ( 

S 5 3 * 7 3+ 5 -7 


— ì ?4 

5 6 . 7 3 .ii 7 + 


(80-13) 


«i(© = Pn(& - — 2 PoiOùr 


+ | 3 2. 5 4 P 3l(£> + ”a 2.^2 P 5l(0]y 


3 * 5 5 ' 7 2 ‘ :i Pzi ^ + 3 • 5 4 "7 2 . 13 Psi ^ 


+ “4 2 \y 6 + 

11-13 J 


(80-14) 
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and for the third harmonic (/ = 3) 

«3 = 11 + y 2 H ^ ^ y 4 + 

3-5 3 4 * 5 3 * 1 1 


«3(1) = ^31 (£) 4- 


7^ ^ii(© 




(80-15) 


(80-16) 


(II). Solution of the Rquatìon in r\ for Large Values of the Variable. 
Next we turn our attention to the second of the two equations (78-14). 
Since we are interested in a diverging wave system the function Y 
must reduce to e 17 ” for very large values of 77. Hence we look for a 
solution of the form Y = v(rj)e lyv where v(r\) is a series in positive 
powers of 1/77. Substituting in the difFerential equation we find that 

d 2 v . dv a — y 2 

7 ? + aiy T v ~ 7^7 0 = °’ (8 ^ r 7) 

or, if we put z = i/777, 


+ i(z + 1) 


a — y 
1 + y 2 £‘ 


(80-18) 


Putting for oì the characteristic value already found for the har- 
monic under consideration, we assume a solution of the form 


v = 1 + gi(y )z + g2(r )z 4- g 3 (r )z d + • • • 

and substitute in (80-18) after expanding the denominator of the last 
term in the differential equation in a power series by means of the 
binomial theorem. In this way we find for the fundamental (/ = 1) 


Yt(v) = G ' yv 1 


+ 1 L — - y 2 — y 4 + \ — 7 6 

t l 5 5 -7 3-5 -7 


62 8 , 

5« :'f— y + 


I f 69 .. 

+ sl'-?V 


62 4 . 3943 6 , 

z — r H 5 — 3 t 4" 

3-5-7 3-5 • 7 -ii 


1 i f 

+ 7;r- 

+ — 1 1 

c .7 l 


24. 7 , + ^L T 4 + -„ . 3a , i| 8_y, + 
5 '7 3 -5 -7 3-5 -7 3 -h 


+1, + 75.914 « + 

3 3 ’5 2 ^ 3 ’^ 4 '? 2 ' 11 
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+ 

+ 

+ 


ilLjì 

5-7 y l .'! • < 2 


4 6 _ + 7^i>9J4 ..4 


3-5 

37 i 2 


3 3 * 5 4 * 7 2 * 11 


T 4 + - 


3*7 

i 

3*7 Y 

i 


3*5 * 11 


T^ + 


I_ i_ f _ 182 
• 7 T 1 1 5 2 - II 


T 2 + 


3 *ii 


1 + 


+ 


I i f , 

I I + • • • 

j.II T l 

+ * * * 

and for the third harmonic (/ = 3) 


y.w 


= e iyv 


+ 6-1 


“ I5 ^r 


T 2 + — T 4 + 


3 2 * 5 


3 5 * 5 3 * 11 


22 _ 398 . 

T 2 + T 4 + 


3 2 *5 2 

8 


3 6 * 5 ‘ 


L J T _£ 2 , 3 2 42 4 , 

“ _,3 ] 1 ~ .2 T + _3 _4 __ T 4 + 


— IO 


T 

I 


3 3 - 5 4 * ii 


1667 


2 * 3 3 * 5 2 - 11 


T 2 + 


l I 2521 2 


IO T 3 r 3 3 • 5 2 ♦ 1 1 
II T l 

- 2 ilL + ... 

II T l 

+ . . . 


r + 


1 



(80-19) 



(80 20) 
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The calculation of the successive terms in the solutions (80—19) 
and (80-20) affords us an excellent check on the correctness of the 
characteristic values «1 and 0:3 already computed, for the terms in the 
latter are of just the magnitude necessary to cause each alternate 
coefficient of z (after the first four in (80-20))* to start with a power 
of y two greater than the previous coefficient. 

We shall discuss only the fundamental free oscillation. The 
boundary condition at the surface of the spheroid demands that E$ 


and consequently 


dY\ 

dr) 


shall vanish when = 170, where 1/170 is the 


eccentricity of the surface of the conductor. Equating the derivative 
of (80—19) to zero an d solving by successive approximations for the 
factor 03/v contained implicitly in y = (w/ v)f> we obtain 


— 1 — 0.0606 — j — 0.0573 


0.0466 


r> + '1 



+ O.2667 2 

vo 


+ 0.1233 — i + 0.0684 

vo 



+ O.O426 O + * • * f , (80—2l) 

vo i 

where a — frjo is the semi-major axis of the spheroid. From this 
expression the wave-length X and the logarithmic decrement 8 can be 
obtained by comparison with (79—14). Unfortunately, however, the 
series converge too slowly to yield accurate values for eccentricities 
greater than 0.8. Consequently we must look for another solution of 
the differential equation which will converge more rapidly in the 
interesting neighborhood of 170 — 1. 

(III)- Solution of the Equation in 17 for S?nal/ Values of the Variable. 
To obtain solutions of the second of the two equations (78—14), which 
converge rapidly for values of 17 in the neighborhood of unity, we make 
the substitution / = rj 2 — 1. Then the differential equation becomes 

/i 2 Y dV 

4/(1 + t) -3- + 2 1— + {t 2 (i + /) - «} Y = o. (80—22) 

As this equation is of the second order the complete solution is a 
linear combination of two independent primitives, which we shall 
denote by U and V. We look, therefore, for two indepencient solu- 
tions in powers of y 2 , the coefficients of which are functions of t. 
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Consider the fundamental, for which a has the value ai given by 
(80—13). If we neglect all terms in y 2 and its powers, (80—22) becomes 

d 2 Y x , 


4/(1 + + 


2/ 


dt 


- 2 Y x = o. 


which is satisfied by both t and t log — 5 = * + 2 V i + /. 

V1+/+1 

These, then, are the zero order terms in the primitives Ui and V\ 
respectively. Next we return to the complete equation (80—22) 
with cx = <x 1 and assume a solution of the form 

U\ = / + Uu(t)y 2 + Ui2,(t)y A + • ■ *. 

After determining the polynomials Uu(t), U 12 (t), etc., by substituting 
this in the differential equation (80-22), we assume a second solution 
of the form 

“V 1 +~/ — I y 

= * 7 i log -7 H v 1 + t w x . 

Vi + t + 1 

Putting for y in (80-22) we find that Wi satisfies the differential 
equation 

+C 1 + 0 + ^~dt 1 + ~~ — 7 = o. 




/a 1 '/ t 

from which it can be determined as a series in y 2 the coefficients of 
which are polynomials in t. 

In this way we obtain for the fundamental (a — «1) 


Ut = t - 


+ 


( 


2-5 


#2 2 

ty — 


3 - 5-7 


* 2 + 


2 4 - 3 3 - W* ) 


2 2 - 3 2 * 5 3 *7 


T 6 + 


(80-23) 


= c/i ìog — - + Vi +/ {2 + - - A 

v 1 + / + 1 1 \s 5 / 


+ 


+ 


/_284 

\ 5 8 - 


5* '7 5-7 


+ /+ 2 


2 5 ‘ 7 


■) 


( j 

\ 3 * 


8632 115,646 


3 - 5-7 


3 4 • 5 6 ‘ 7 


/ + 


667 


3 4 * 5 3 * 7 


2,3 ‘ 3 3 ’ 5 ‘ 7 


■) 


T 6 + 


(80 2,4) 
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and for the third harmonic (a = 0:3) 


17 « = t + 




5 


+* 4 - 

3.5 + 2 S -3 2 


■) 


y 2 + 


(80-25) 


„ , Vi + / — 1 / f 1 5 

- ^3 log — y== == HVI+ / - + 

V1-H/+1 13 2 


+ 


C 3 ? 


1 1 


3 3 '5 2 • 3 3 ' 5 


/ — 


/ 2 


2 2 -3 2 


^ y 2 + • * • | • 


(80—26) 


For the fundamental, the most general solution of the differential 
equation in rj is 

Yi — A^Ui + B\V 1, (80-27) 


where the coefficients A\ and B\ may be functions of the parameter y. 
In order to represent a diverging wave system (that is, to satisfy the 
boundary condition of our problem at infinity) this solution must be 
identical with (80—19). Therefore we expand the logarithm in a 
power series and replace / by rj 2 — 1 in (80—27), anc l expand the 
exponential in a power series in (80-19), and then compare coefficìents. 
In this way we find that 


where 


■rfl - - T W 


I 

3 


4 y 


(80-28) 


«1 =5 I — 


2 *5 


2 7 2 + * 4 


l8 7 — <y 4 

2 y 


2 5 7 


26,021 A 

~ i 5 o 2 y 6 
2 * 3 * 5 *7 


— 1 — 0.020, oooy 2 + o.ooo,763y 4 — o.ooo,o26y 6 + •••, (80-29) 




li- 7 * 

2 T 


2609 


2 -5 


= 1 


38 • 5 4 ' 7 
2 


s/ + 


3 2 >593 
2 4 - 3 4 - 5 6 - 7 2Y 


6 + 


0.380, 0007 2 — o.oio, 649 7 4 + 0.000,164-y 6 + 


(80-30) 


In carrying through this operation each term \i\ A\ and B\ can 
be calculated by comparing two or more different groups of terms in 
the two solutions in such a way that every term in each solution is 
used at least once. Therefore the calculation of A\ and B\ can be 
made to aflFord a perfect check on the accuracy of every numerical 
coefficient in (80—19) on the one hand and in (80—23) and (80—24) on 
the other. 
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Similarly the solution which satisfies the boundary condition at 
infinity in the case of the third harmonic is 

(80-31) 
(80-32) 


in which 


where 


— 

& 3 = 1 + * 

h = 1 


Y3 = H~ BzV', 3 j 

4 


3 ' 5 2 ' 7 


T 4 ^ 3 j 


d _ I575 _L j 

a 3 t 3 ^ 3 ’ 


> 

37 


2 ’ 3 3 ' 5 


2T 


2 + 


1 — 0.027T 2 + 


(80-33) 

(80-34) 


From (80—27) we can obtain the wave-length X and the logarithmic 
decrement 8 of the fundamental oscillation for eccentricities of the 
conductor near to unity. We shall confine our attention to eccen- 
tricities so close to unity that t 0 = Vo 2 — 1 is negligible except in the 
argument of the logarithm. As before the boundary condition at 

dY 

the surface of the conductor is ~ — = o for rj = rj 0 . Equating the 

d 77 

derivative of (80—27) to zero and neglecting all terms in positive 
powers of t we get 


- 4 i W— , 

9 m i 


(80-35) 


where a^ and by are the series (80—29) and (80—30) respectively, and 
1 




log 


Vo + 1 

VO — * 


(80-36) 


m i = 1 — - t 2 / + t 4 / — 


886 


3 4 - 5 5 '7 


T 6 / + * 


= I — 0.200,000 r 2 / + O.OIO,286 t 4 / — 0.000,500T 6 / + • • *. (80—37) 


Evidently / is very small for eccentricities close to unity. 

Consider first the limiting case / = o of eccentricity unity, the 
ratio of the semi-minor axis b to the semi-major axis a of the elliptical 
section of the spheroid being zero. The boundary condition (80—35) 
reduces to b\ = o. Consequently y is entirely real and the decrement 
is zero. This does not mean that no energy is radiated from the 
spheroid, but rather that the energy stored in the electromagnetic 
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field is infìnite compared with the energy radiated during a period of 
oscillation. Solving for y we find 

y = i-57° 8 (80-38) 


correct to five significant figures. This is exactly 71-/2. Hence, as 
f = a in this case, the half wave-length is exactly equal to the major 
axis of the spheroid. 

To discuss eccentricities slightly diflrerent from unity, we multiply 
(80-35) by mi/ai. Combining the series represented by a ± 9 b\ and m\ 
this yields the formula 

1 — (0.360,000 + 0.200,000/) y 2 — (o.oi8,6i2-o.o82,286/)y 4 

+ (0.000,093-0.000,48 i/)y 6 = 0.444, 444Ì/y 3 . (80-39) 

We know that y cannot diflfer greatly from 7r/2 over the range to be 
considered. Hence we put 


y = 



— g — iA). 


A few trials indicate that sujfficient accuracy is obtained by retaining 
terms in g , h , gh, h 2 and neglecting higher powers. Then (80-39) 
leads to the simultaneous equations 

(2.2214 — 0.9735/)^ + (1.547 2 “ 2.4039 1 )h 2 = 5.1677 l(h — 2 gh), 

(2.2214 — 0.9735 l)h — (3.0944 — 4.8078/)^ = 1.7226/(1 — 3 g — 3 h 2 ), 

which we may solve for g and h for any given value of /. In the range 
of eccentricities under consideration it is unnecessary to distinguish 
between a and f. 

In Table I are listed values of the ratio X /4 a of the half wave- 
length to the major axis of the spheroid, and of the logarithmic 
decrement 5, for six small values of /. In the second column are 

TABLE I 

WAVE-LENGTHS X AND LOGARITHMIC DeCREMENTS 5 FOR FuNDAMENTAL FrEE 
OSCILLATION O F SpHEROIDS OF ECCENTRICITI ES NeAR TO UnITY 


/ 


X/ 4 rt 

5 

0.000 

0.020 

0.050 

O.080 

O. IOO 

O. 125 

O. OOO 

1.0 22 (lo)-“ u 
3.344 (io)~ 6 
I.420 (io) 3 
4.958 (io) -3 
I.348 (io) 2 

1 . 000 

1 . 001 

1 . 004 

1 . 009 

1 . 0 1 5 
i . 023 

0.000 

0. 098 
0.247 
0.396 
0.494 
0.613 
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given the corresponding values of the ratio b/a of the semi-minor to 
the semi-major axis of the elliptical section of the spheroid. Finally 
in Fig. 82 are plotted ( a ) the ratio X/4 a and (Jb') the logarithmic 
decrement 5 against the eccentricity i/^o a h the way from eccentricity 


X 



zero (sphere) to eccentricity unity 
(straight line), the data for eccen- 
tricities less than 0.8 being ob- 
tained from (80—21). 

As regards the third har- 
monic, the series and £3 have 
not been carried to a sufficient 
number of terms to enable us to 
compute the wave-length and 
the logarithmic decrement of free 
oscillation. 

81. Forced Oscillations of 
Prolate Spheroidal Conductor. — 

In this article we shall discuss 
the oscillations of a perfectly 
conducting prolate spheroid 
forced by an electric field 
parallel to its axis, which, as 
before, we shall take as the X 


axis of our coordinate system. Such an exciting fìeld can be pro- 
duced by allowing plane electromagnetic waves to pass over the 
spheroid. As, however, the assumption of a uniform field over the 
region occupied by the conductor is a valid approximation only when 
the wave-length is iong compared with the width of the spheroid, 
we are limited in our discussion of oscillations in the neighborhood 
of resonance to eccentricities close to unity. Fortunately this is the 
region of greatest interest. 

First we set up the boundary condition at the surface of the 
spheroid. If x is the angle which the unit vector (Art. 78) makes 
with the X axis, we find, by differentiating (78—9), that 


tan x — — 

with the aid of (78—11). 

cos x = v 


x 77 2 — 1 
P V 2 

Consequently 



J 

V 



(81-1) 



FORCED OSCILLATIONS OF SPHEROID 


361 


If, then, is the tangential component of the electric field pro- 
duced by the oscillations of the spheroid, the boundary condition at 
the surface of the conductor is 


+ ’Jo 

which must be satìsfied for all values of £. 

Expressing E$ in terms of A by means of (78—4) and remembering 
that /170 is the semi-major axis a of the spheroid, the boundary con- 
dition reduces to 

(~) = iyfiya(i - f 2 )£ 0 e- l “‘ 

\orj /0 ^ fJ- 

= i J-yaP^O Vi - e E a e~ ia \ (81-3) 

where the subscript o appended to the derivative indicates that 
V — VO’ 

Evidentlv A must be a linear combination of the solutions of 

* 

(78-13) representing the odd harmonics, that is, 

A — { Cii<i(£)Yi(r]) + CaNa(£)Ya(rj) 

+ C&uz(£)Yr( rj) + • • • } V 1 — e lcat , (81-4) 


4 


I — ¥ 
~2 p 


E 0 c- i<at = o, 


(81-2) 


where ui(£) and Ua(g) are given by (80-14) and (80-16) respectively, 
and ^1(77) and ^3(77) by (80-27) and (80-31) respecti vely. The coef- 
ficients Ci, C3, C r „ • • • fall offso rapidly with increasing index that we 
can neglect the terms in the fifth and higher harmonics. Determining 
Ci and C3 by substituting (81-4) in (81-3) and etpiating coefficients 
of like associated Legendrian functions, we find 



To save writing we shall ]7ut 

k = iTTC 



aE 0 . 


(81-7) 
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Then it follows from (78-5) and (81-4) that the current / 0 at the 
center £ = o of the antenna is 





8 


3*5*7 



«1 (o) 


Yi(v o) 




From (80—27) we find 

riOio) 1, 

2 y 


e~ ia,i . (81-8) 


(81-9) 



3 L ^1^1 

2-7 l 




(81-10) 


to a sufficient degree of approximation for eccentricities so near to 
unity that /0 may be neglected everywhere except in the argument of 
the logarithm. Here 


r _ T | 1 2 8 9 4 , 733 a , 

Cl 2. 5 2T “ 2 3. 5 4. ? 2T +-4. 3 4. 5 5. 7 2'Y + *’ 

= 1 + 0.020, oooy 2 — o.ooo,363y 4 -f- 0.000,0047® + 


= /*i(o) 


(81-11) 


We note that c x is the reciprocal of the series a x given by (80-29). 
Similarly from (80—31) we obtain 


Y s (rj 0 ) 



525 _i 

2 3 7 5 


IS25l*8 (l _ 2 a . 

2 2 t 3 1 y 1 30 -r 


8 


3*5-7 


T 4 , 


(8l-I2) 

(81-13) 


to a sufficient degree of approximation. In fact, we need retain only 
the first term in the series (80-34) for b s and may neglect the real 
part of (81—13) as compared with the imaginary part. 

Put 


si = 1 — 


5 4 *7 


7 4 + 


8 


3 * 5 e * 7 


T 6 + 




0.000, 4577 4 + 0.000,0247® + - . .. 


(81-14) 
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Then, substituting (81—9), (81— 10), (81—12), (81—13) in (81—8) we 
find for the current Ìq at the center of the antenna 



(Wi 2 )(j/7 8 *l) 

( 4 /t 3 ^i )2 + {hmi) 2 


(■J/y 3 ^i ) 2 + (^i^i ) 2 



30° 



(81-15) 


to a sufficient degree of approximation. It is seen that the third har- 
monic contributes only a very small term to the imaginary part of 
the current. 

The square of the current amplitude z'oo at the center is 




(/yjid 2 ) 2 ~1[~ 

('Ì'/t 3 ^ i) 2 4" (/i^i) 3 JL 



b\ (l + 



(81-16) 


with neglect of the square of the third harmonic. To find the fre- 
quency of resonance we must equate to zero the derivative of this 
with respect to 7, or, more conveniently, with respect to 7 2 . This 
leads to the formula 


b 1 


o.i475o/ 2 7 6 


1 — 0.00560/ 

(1 - 0.43837/) 2 5 


(81-17) 


where, in the very small right-hand member, we have replaced 7 by 
7r/ 2 in the numerator and denominator of the fractional factor. The 
justification for this lies in the fact that the values of 7 computed 
from (81-17) are found to diffier very little from tt /‘2 in the range under 
consideration. 

In Table II are given the ratios X/4^, z'o/& e -1 "*, z 0 o/£ and the 
angle by which the current leads the electromotive force, at reso- 
nance, for six values of /. In the second column of the table is given 


TABLE II 

Wave-Lengths and Currents at Resonance 


/ 

b/a 

X/ 4« 

ì a / ke~ lut 

*oo/ k 


0.000 

0.020 

0.050 

O.080 

O. IOO 
O. I25 

0.000 

1.022 (10) ~ u 
3.344 ( r 0) -B 
1.420 (10) 3 
4.958 (io) -3 
1.348 (io)“ 2 

1 . 0000 

1 . 0004 

1 . 0027 

1 . 007 

1 . 01 1 

1 . 017 

1 .045 

1 .045 — 0. 0281 

1 .045 — 0. 0711 
1.045 — 0.1131 

1 . 045 — 0. 141Ì 

1 .046 — 0. 1751 

1.045 
r .045 

1 . 047 

1 . 050 
1.055 

1 .061 

o°.o 

i °-5 

3°- 9 

6°. 2 

7 °- 7 
9 °- 5 
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the ratio of the semi-minor axis b to the semi-major axis a of the 
spheroid corresponding to the assumed value of /. 

It will be noted that the real part of the current is substantially 
the same for all values of l considered, and that the current leads the 
electromotive force at resonance for aJl values of l greater than zero 
by an angle \pi which increases with increasing /. For / = o the half 
wave-length is exactly equal to the major axis of the spheroid as in 


Fig. 83. 



(b) 2 

Fio. 84. 


the case of free oscillation, but for values of / greater than zero the 
resonant wave-length is slightly shorter than the wave-length of free 
oscillation. Experiments on antennas in the form of right circular 
cylinders indicate that the half wave-length at resonance is from five 
to ® 1X P er cent longer than the antenna. This is in satisfactory quali- 
tative agreement with our calculated ratios of X/a to for the prolate 
spheroid, for the diameter of a prolate spheroid falls to half of its 
maximum va ue at a distance x = 0.86 6 a from the center whatever 
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its eccentricity may be, and consequently the prolate spheroid which 
best fits a right circular cylinder is one which is slightly wider at the 
center and somewhat longer, as illustrated in Fig. 83. We may call 
this prolate spheroid the equìvalent spheroid for the given cylinder. 

In Fig. 84 are plotted resonance curves for / = 0.02, 0.05 and 0.10. 
The abscissa in each curve is the ratio co/co r = y/y r of the frequency 
to the frequency at resonance. In ( a ) is given the ratio i 0 o/k at the 
center of the antenna, and in (b) the angle 1 pi by which the current 
leads the electromotive force. 

Next we shall investigate the distribution of current along the 
antenna. In this calculation we shall neglect the small contribution 
to the current made by the third and higher harmonics. Indeed, 
when / = o, it is clear from (81—15) that the current is due entirely to 
the fundamental. 

Let be the current at a distance from the center of the antenna 
specified by the coordinate £. As /170 = it follows from (78—1 1) 
that £ = x/a. Then we have from (78—5) and (81—4) that 


h = V 1 - f «1 (j) 

Ì 0 Hi{o) 


(I 




5 2 ’ 7 


y 2 + 


8 


5 4 * 7 


0 


+ 





,G 


' 3 :i ' 5 ' 7 



(81-18) 


If we put p for the ratio of the frequency for which it is desired to 
evaluate (81-18) to the frequency for resonance with / = o, then 
p — 7/1.5708 and (8 i-t 8) becomes 


-1 = (1 — £ 2 ) { 1 — o.24674p 2 (i — 0.05640/) 2 + 0.0037 i/> 4 )£- 
*o * . 

+o.oai 74 /) 4 (i — o.o 8773/) 2 )£ 4 — o.oooqq/j^^H }. (81-19) 

When p = 1 this expression reduces to 

^- = (l — £ 2 ){i — o. 2^37£ 2 + 0.01 q8£ 4 — o.ooiof + • • • }, (81-20) 

i 0 

which is exactly cos — £ to the fourth decimal place. The latter func- 

tion is found to represent the measured distribution of current along 
thin antennas at resonance within the experimental error. At fre- 
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quencies ofF resonance our formula shows that there is an appreciable 
deviation from this simple cosine law. 

When the antenna is oscillating steadily, the mean rate of absorp- 
tion of energy must equal the mean rate of radiation of energy. 
Therefore we can calculate the radiation resistance from either of 
these equal quantities. As a check on our analysis we shall calculate 
it from both. 

To compute the rate of absorption of energy we need the electro- 
motive force dZ> along each element of distance d\% at the surface of 
the spheroid in the direction of increasing £. From (78—12) 


d\ > 




2“ 


(8l—2l) 


and consequently, with the aid of (81— 1) and the relation fyo — a > 

dZ = E 0 e~ iut cos xd\z = E 0 e~ iut ad£. (81-22) 

This must be multiplied by the part of the current in phase with 
the exciting field 3 integrated over £ and then averaged with respect 
to the time. Since the part of the current in phase with the electro- 
motive force involves the fundamental only, the ratio of this part 
of the current at any £ to the same part of the current at the center 
of the antenna is given exactly by (81-18). Hence from (81-15) 
and (81—22) we obtain for the mean rate of absorption of energy 

(/rviW^ 1) 


-kE 0 

But 


2 ’ (ìh 3 a i ) 2 + (^i^i) 2 


jy^ 




± f'v 

C X J~1 


1 — r u x (£)di. (81-23) 


^n(£)«i(€)^€ = f 


from (80—14). Consequently, recalling the relation a\C\ — 1 and 
expressing k in terms of E 0 by means o f (81-7)» 




» > f 


2 s 2 * 

a J ai 


cE 0 


(/ysid 2 ) 2 


27 T m ' X 2 /1 dh 3 a i ) 2 + (bim-Cf 
ìn terms of the amplitude E 0 of the exciting field, or 


(81-24) 


00 


__ £6 Ul /5 
27 ’ /c c 


im f 


2 af 


1 + — *i(i + §/) 


(8I-2J) 


c \ Si L 150 

in terms of the amplitude z'oo of the current at the center of the 
antenna. 
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Dividing the mean rate of absorption of energy by the mean 
square current ^200 a-t the center of the antenna, we fìnd for the 
radiation resistance R 


R = 



J 5° 


^1(1 + §/) 


(81-26) 


We may replace/ by a for eccentricities nearly unity, obtaining for 
the radiation resistance R p in ohms 


R p = 87.670 




b \ (1 + 



(81-27) 


In Table III are given the radiation resistances at resonance for the 
six values of / considered before. In a typical antenna the ohmic 
resistance is of the order of magnitude of one per cent or less of the 
radiation resistance. Consequently we have made only a negligible 
error in treating the oscillating spheroid as a perfect conductor. 
Measured values of the resistance at resonance agree well with those 
in the table. 

TABLE III 

Radiation Resistance at Resonance 


■ 

l 

\/^ Rp (ohms) 

0.000 

73 - 1 

0 . 02.0 

73 -o 

0.050 

72. 8 

0.080 

7 2 -3 

0. 100 

71 . 8 

0. 125 

7!.I 


To illustrate how the radiation resistance varies with frequency, the 
quantity \/ k/h R v is plotted against the ratio co/co r of frequency to 
frequency at resonance in hig* 85 over a range extending from a 
frequency 1 5 P^^" cent below resonance to one 1 5 per cent above 
resonance. The upper curve is for / = 0.050 and the lower for 
/ — o. 100. Both curves are very nearly straight lines over the range 

of frequencies consiclered. 

h'inally we turn our attention to the electromagnetic neld o t e 
oscillating antenna. The three non-vanishing field components 
p are given in terms of A and its derivatives by (78-4). Usmg 
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the expressions for a u and a v specified by (78-12) for prolate spheroidal 
coordinates, we have 




dA 


i P 1 

1 \ k T/ V (i — £ 2 ) (r) 2 — £ 2 ) drj 

. fj u J I &A 

~ VtyfVtf - l)(„ 2 - J 2 ) di ’ 


(81-28) 



I I 

/V(i - iw - 1) 
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by 


Since the coefficient C 3 in (81-4) can be expressed in terms of Ci 
the relation 



ib\ 


3 2 * 5 4 ' 7 



to a quite sufficient degree of accuracy for frequencies near to reso- 
nance through the use of (81-5), (8i-6) } (81-10) and (81-13), we 
have for A 


A J 2 

A h 2 si 

3 * £ 


^Iy z a\ — \b\77i\ 


72 


{%ly z a\) 2 + {b\7n\)‘ 

^-T' 4 «3«)r 3 U)} V7 


3 2 ' 5 ’ 


Ì 2 e 


— io>£ 


(81-29) 


At a distance from the nearest point on the antenna not less than 
the semi-interfocal distance / the field components are specifiecl to 
better than one per cent by using the functions (80—19) an d (80—20) 
for Y\(rj) and Ya(^) respectively, although very close to the antenna 
it is necessary to use (80—27) and (80-31). 
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Evaluating the three expressions (81—28) from (81—29) with the 
use of (80—19) and (80—20), and ignoring all terms in powers of 1/17 
higher than the fìrst, we find for the components of the radiation field 





ly 2 s 1 1 1 

/ 's/ rj 2 — g 2 \/ (|-/t 3 ^i ) 2 + ( b x mx ) 2 

{«!({) - «3({)} 


O, 



where 


k h 2 s\ 1 1 

3ttc f *s/ yj 2 — 1 y/ (j±{y3 a ^y2 ( b\m\ ) 2 



^iT 4 

3 2 *5 4 ’7 



Ì(yij—o 3 t+ir /2 — ip) 

c J 


tan = 


bi?n\ 
ir h 3 #i 


(81-30) 


(81-3O 


For small /, then, \J/ is nearly zero at resonance, nearly 7 t/ 2 below reso- 
nance, and nearly — x/2 above resonance. 

As the Poynting flux in the direction of increasing 77 is —cE^F^ and 

the element of area of a spheroidal surface is 27r/ 2 'V / (rj 2 — £ 2 ) (rj 2 — 1 )d%> 
the mean rate of radiation of energy is 




* 11 


a 2 f 2 

2 a J 4 


cE 0 - 2 

JU À 


«1 


( W , 2 ) 2 


(-« 'V «1) + (hmi) J- 




«i($)} 2 ^& (81-32) 


in which we have made use of the relation = 1 and have neglected, 
as before, the square of the third harmonic. From (80—14) an d 
(80—12) we find 





8 


3 * 5° * 7 


( 6 + 



(8i-33) 


where J’i is the series defined by (81-14). d herefore 

# . ^ ^ U cF? v (W)L_ 

■' 27 V X 2 . f , ( JV«,) a + ( il ». 


( 8 1-34) 


This agrees with (81—24), confirming our previous calculation of the 
radiation resistance. 
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ELECTROMAGNETIC THEORY OF LIGHT 

82. Field Equations. — Light waves diifer from the electro- 
magnetic waves discussed in the last two chapters only in their very 
short wave-length. This minuteness of wave-length, however, 
introduces two important simplifications into the electromagnetic 
theory of light. First, we need consider only plane waves, for the 
nearest point to a source of light at which we can make observations is 
so many wave-lengths from the radiating atom or molecule that any 
small portion of the wave front has the essential properties of a plane 
wave. Second, the inertia of the Ampèrian currents in a magnetic 
medium is so great that they are unable to follow to any appreciable 
extent the rapid oscillations of a light wave. Consequently all media 
act as if they had effectively unit permeability, and, except in the 
case of an optically active medium, we may put B = F = H. 
Therefore we need consider, in general, only dielectric properties and 
conductivity in discussing the propagation of light in a homogeneous 
material medium. 

In an anisotropic medium 

D = K*E, pV = SE, (82-1) 

where K is the permittivity dyadic and E the conductivity dyadic; 
whereas in an isotropic medium the simpler relations 

D - «E. P V = <rE, (82-2) 

sufEce, where k is the permittivity and <x the conductivity. The 
isotropic medium can, however, be considered as a special case of the 
anisotropic medium in which K = kI and E = <rl, where I is the 
unit dyadic. 

Since we intend to confìne our discussion to a steady state of 
simple harmonic radiation, the field vectors D, E and H are of the 
form 

D,E,H = A 0 e i " (S ' r-l) , 

37o 


(82-3) 
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where A 0 is a constant vector amplitude, S the vector wave-slowness, 
and r = ix + jy + fes the position vector of the field-point under 
consideration. As in our previous discussion of simple harmonic 
waves, 


d_ 

dt 



(82-4) 


Therefore, the equation of continuity (62—1) gives for the free 
charge density 

m 

P = - i v-2-E. (82-5) 

CO 

If, then, we put 

® = K + - S (8a-6) 

W 

and write 

D e = (82.-7) 

the field equations (62-12) become 

V-D e = o, (a) V-H = o, (*) 

1 . 1 . ' (82 — 8) 

V X E H, (r) V X H = -D e . (d) 

c c J 

As these equations are identical with the held equations for a 
non-conducting dielectric with electric displacement D e , we shall 
call T> t , the cffective electric displacement. If the medium is non- 
conducting, D c becomes the true electric displacement D. 

Talcing the curl of (82-8 c) and the time derivative of (82-8^ 
we eliminate H in the usual manner, obtaining the wave equation 


V-VE — VV -E = i D e - (82-9) 

c 

While V *D e = o in accord with (82-8«) in all cases, this equation leads 
to the vanishing of V"E only in the case of an isotropic mediurn. 
Therefore we cannot omit the second term on the left of (82-9) in 

general. . 

Since, in this chapter, we shall be concerned only with waves 

of constant vector amplitude Ao, the coordinates appear only in the 
exponent of (82-3). So, as S - r = S x x + S y y + S*z, it follows that the 

operator V is given by 


V = iwS. 


(82-10) 
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Therefore, if we make use of (Ba-4) and (82-10) and write S 0 
for the wave slowness i/c in vacuo^ the fìeld equations (82—8) and the 
wave equation (82—9) hecome 

S*D e = o, (a) S*H = o, W I (82 _ ii} 

S X E = So H, (r) S X H = -S 0 D e) {d) J 

and 

S-SE — SS-E = S 0 2 D e . (82-12) 

We see from (82-110) and (82-11 b) that D e and H are always 
perpendicular to S and therefore lie in the wave front, and, from 
(82—12), that E, although it may not lie in the wave front in an 
anisotropic medium, always lies in the plane of D e and S. Further- 
more, by taking the scalar product of (82-1 1 d) by H we find that H is 
at right angles to D e as well as to S, and by taking the vector product 
of (82—11*/) by H we see that D e X H has the direction of S. In 
fact, by taking the vector product of (82—11*/) by S, we obtain the 
expression 

H = |§ S X D. (82-13) 

for the magnetic intensity. Finally, from (82-12) we find that, if 
£j_ is the component of E perpendicular to S, 

-Ex = z>- (82-14) 

As thephenomena of light propagation are so diiferent in isotropic 
and anisotropic media we shall not carry our general analysis farther 
but shall study four special cases: (I) a conducting medium which is 
isotropic in both permittivity and conductivity, (II) a non-conducting 
anisotropic crystal, (III) a non-conducting isotropic dielectric in a 
uniform external magnetic fìeld, (IV) a non-conducting isotropic 
dielectric which is optically active. 

83. Homogeneous Isotropic Medium. — In the case of a static or 
slowly varying field the permittivity tc of an isotropic medium is a 
constant independent of frequency. In fact, we were able to make a 
rough calculation of the value of this important constant in article 63. 
In a rapidly oscillating field, however, the situation is quite different, 
and k is a complex function of frequency which we must determine 
from the equation of motion of the bound electrons. The only effect 
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of an oscillating electric fìeld on the permanent electric dipoles in a 
dielectric is to cause angular oscillation, and the moments of inertia 
of the permanent dipoles are presumably too large to permit them to 
follow to any appreciable extent the rapid changes of electric inten- 
sity in a light wave. Hence we attribute dielectric properties at high 
frequencies solely to the induced dipoles in the medium, that is, to the 
oscillations of electrons bound to the atom by an elastic force pro- 
portional to the displacement of the particle from its position of 
equilibrium. In addition we assume that these electrons are subject 
to a damping force proportional to the velocity. 

(I) Unli?nited Wave Trains. First we shall consider the steady 
state existing after waves have been traversing the medium for a 
time long compared with the period of oscillation. If r is the vector 
displacement of a bound electron from its equilibrium position, the 
equation of motion of the electron in an impressed electric field Ei 
and magnetic field H is 


d 2 r 
dt 2 


,dr 7 „ 
+ a/ _ + k * t 


e f i dr 

— 1 Ei H — X H 

m l c dt 


(83-O 


provided we retain only the first term in the kinetic reaction — x 3) > 
in which the variation of mass with velocity is neglected. In this 

dx 

equation — iml — is the damping force and — mk 2 r the force of 

restitution. While H represents the mean magnetic intensity in the 
medium due to the light wave, Ei is the sum of the mean electric 
intensity E and ^P, in accord with (63-3). 

Since Ei and H are of the same order of magnitude, and 

is very small compared with r, tbe second term on the right-hand side 
of (83—1) is negligible compared with tlie first, and will therefore be 
omitted. Then, making use of (8:1-4), 

{ (k 0 2 — co 2 ) — lico/} r = — E t 


dr 

dt 


and, if there are N such bound electrons per unit volume, the polarì- 
zation of the dielectrie is 


p = JVrr = 


Ne' 


(X.’o 2 — co“) — zico/ m 


El 


(83-2) 
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The coefficient of Ei in this equation is the constant ot appear- 
ing in (63—6). Now, in accord with (63-10), 


1 + 


K 


So, if we put k 2 = ko 2 — Ne 2 j^m, we have 


1 - fcx 


F = i+ “ 


I — ^Oi 


Ne 2 


K. = I + 


m 


Finally, writing 


0 k 2 ~ co 2 ) - 2 ia>/ 


k = k' + i/c", 


(83-3) 


(83-4) 


where k' and k" are respectively the real and the imaginary parts of 
the permittivity, we find that 

(* - «* 


k' = I + 


m 


(k 2 - u 2 ) 2 + 4 ’ 

Ne 2 


(8 3-5) 


2<jo/ ■ 


k" — 


m 


(k 2 - co 2 ) 2 + 4 co 2 / 2 


(83-6) 


We have assumed a single type of bound electron. If, more 
generally, there are present several types distinguished by different 
values of the coefficients k and /, 


- _ , , f! V' ~ Ll 

m ‘ ^ {k 2 — co 2 ) 2 + 4co 2 /ì 2 y 

„ = 'iNju/i 

m ( k 2 — co 2 ) 2 + 4co 2 A 2 j 


( 83 ^ 7 ) 


(83-8) 


where Ni is the number of electrons of type i per unit volume. 

For the propagation of plane simple harmonic light waves in an 
isotropic medium, then, the constitutive relation (82—7) becomes 

T> e — j/c' + i (k" + — E. (83—9) 


Except for the manner in which they vary with frequency, it is impos- 
sible to distinguish between the physical effects of the conductivity 
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a of the medium and of the imaginary part k" of the dielectric con- 
stant. 

As E has the direction of D e in an isotropic medium, S*E = o. 
Therefore the wave equation (82—12,) reduces to 

S 2 = So 2 { k' + i (k" + £)} (83-10) 

if we express D e in terms of E by means of (83—9). Since this equation 
requires the wave-slowness to be complex, we put S = S' + iS". 
As was shown in article 74, S' is the reciprocal of the actual velocity of 
propagation, and c oS" measures the attenuation of the wave as it 
progresses into the medium. The index of refraction of the medium is 

”^§o = •%/*' + 5 ( K " + z) (83_II) 

As n is in general complex, it is customary to write 

n = „(1 4- ix). (83-12) 

Then v represents the ratio of the velocity of light in vacuo to the 
actual velocity in the medium, and x is a measure of the absorption 
of the medium. In fact t cS" = còSqvx = wS'x* But c oS' = 2ir/X, 
where X is the wave-length in the medium. Hence the fìeld vectors 
in a wave advancing through the medium in the X direction contain 
the factor e -2,rxx/x , indicating that the amplitude falls to i/e times 
its original value in a distance 'K/ittx • The quantìty x is sometimes 
called the index oj absorption. 

Comparing (83-12) with (83-11) we find that 

v 2 (l ~ X 2 ) = ^ 2 X = k" + - * (83-13) 

co 

The term k" in the second expression is a measure of the electromag- 
netic energy dissipated in maintaining the oscillations of the bound 
electrons and the term in <x of the energy converted into heat in 
producing a current of free electrons. Eliminating x we obtain 
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In a non-conducti ng dìelectric in the region of transparency 
<r = o and k" <3C k'. Hence v 2 = k ' and x = o. On the other hand, 
in a metal of high conductivity, such as silver, k' and k" are very 
small compared with cr/co and, to a first approximation, v 2 = cr/ioo 
and x = i. 

Next we shall write down the magnitudes of the three field vectors, 
E , Z) e and f7. If 

£ = ^ 0 e- wS ''- r e i “ (S '- r - 0 , (83-16) 

then, from (82-14), 

D e = n 2 E = w 2 ^ 0 e“ wS,/ ' r e iw(S, * r “ i) (83-17) 

since E is perpendicular to S, and, from (82—13), 

H = nE = ^oe- wS,, ' r e iw(S, ' r “«. (83-18) 

When the index of refraction w is complex, no two of the three field 
vectors are in phase. The vectors E and H are at right angles to the 
direction of propagation of the wave and at right angles to each other 
in such a sense that E X H has the direction of propagation. 

The dispersion of a non-conducting dielectric is specified by 
(83—14) with <r = o, the quantities k' and k" being given by (83—5) 
and (83—6) if only one absorption band lies in the neighborhood of t he 
frequency range under consideration, or by (83-7) and (83-8) if the 
effect of two or more absorption bands has to be taken into account. 
We shall discuss the first case in some detail, assuming the damping 
constant / to be small compared with the natural angular frequency k 
of the bound electrons. 

First, for frequencies remote from resonance (co not nearly equal 
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to k) we can neglect 2c ol compared with k 2 co 2 . In this range of 

frequencies (83-5) and (83-6) give 


k' = 1 4- 


k 2 - 


, — negligible. 


(83-19) 


where we have put a = Ne 2 /m. Consequently (83-14) and (83-15) 
reduce to 


v 2 = k’ — 1 + 


£ 2 - co 2 * 


X negligible. 


(83-ao) 

(83-21) 


As x is negligibly small this is a region of transparency. The index 
of refraction is entirely real, v 2 increasing with increasing frequency. 
For co < k, v > 1, whereas for co > v < 1. For common trans- 
parent dielectrics the nearest important absorption band is in the 
ultraviolet and consequently v > 1 in the visible region. 

When 03 — ky 


k' = i, k' 


lcol 5 


and 


■'-ìl'i 7 


+ 4 * 2 ' 2 + 1 


1 + ^~ 1 


(83-22) 


( 83 ~ 2 3 ) 


(83-24) 


If ikl « <3, as is generally the case in solid or liquid dielectrics, 
X is of the order of magnitude of unity and the radiation is strongly 
absorbed. In this region the dielectric is opaque. 

To cover the entire range of frequency, we put k 2 — 03 2 = 
pa cos 9 and I03I = pa sin 6 . T'hen p" a 2 = ( k 2 — co 2 ) 2 4~ 4 w 2 / 2 and 

tan 6 = 2co//(A’ 2 — co 2 ). Consequently k' = 1 4 * -cos 6 , k" = sin 6 and 
v 2 = — j ^/p 2 4- 2p cos 0 4- 1 4- (p 4- cos 6 ) } , (83-25) 

2p 

x = { Vp 2 4- 2p cos 0 4-1 — (p 4- cos 0) } , (83-26) 

sin 0 

showing that v and x ‘ lt 'c functions of only two parameters, p and 6 . 
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If, now, we put x sa p cos 9 = (k 2 — w 2 )/a,y = p sin 9 = 'i&lja, 
we obtain, on eliminating w, the parabola c?y 2 = ^{k 2 — ax ), whose 
intercepts are k 2 /a on the X axis and =fc ‘ilk/a on the Y axis. The 
upper half of this parabola is plotted in Fig. 86, where AO = i. If 



(b) 



AP - BP 

x = — 33 — • (83-28) 

As <0 increases from o to 00 5 0 increases from o to x, being equal to 
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7r/a for the resonance frequency oo = k. The three cases 6 < tt/i 3 
6 — 7r/Q., $ > 7 r/a are illustrated in the three parts (à ) 3 ( b ), (o:) of 
the figure, which is drawn for the values K 2, / a = t*fa = o.oc 
These make //£ = o.i. 

l'he dispersion curves for these values of the parameters are drawn 
to scale in Fig. 87. The solid curve represents v — 1 and the broken 
curve Xj both being plotted against the ratio u/k of the frequency of 
the radiation to the natural frequency of the electronic oscillators. 

I he dispersion is said to be normal in the region mn of trans- 
parency where the real part of the index of refraction increases with 
increasing frequency. In the absorption band no the quantity v 
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decreases very rapidly to a value less than unity as the frequency 
hecomes greater. This phenomenon ìs known as anomalous dìsper- 
sinn. Finally, as the absorption band is passed, v rises rapidly, 
approaching unity asymptotically as the frequency increases. If a 
second absorption band lies a little further to the right, it will soon 
make its effect. felt by increasing v to a value greater than unity. 

A special case of the foregoing theory, which is of much interest, is 
that o f a homogeneous free electron or ion gas. As was shown in 
article 63 the electric field acting on free particles is represented by 
the mean electric intensity E. Hence k = 1 -+■ «, where a is the ratio 
of p to and, as the particles are subject to no force of restitution 
and, presumably, to no appreciable damping, k 0 = I = o. There- 
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fore, replacing Ei by E in (83-a), we 
is given by 


k = 1 


Ne 2 

moì 2 


find that k is entirely real and 


Ne 2 

A r T 2 mc 2 


X 2 


(83-29) 


for a wave-length X. In actual examples of interest, the number of 
electrons per unit volume is so small that the magnitude of the second 
term is very much less than that of the first. Then 


n 



1 — 


Nf_ 

%-K 2 mc 2 



(83-30) 


As in the region of anomalous dispersion, we have here an index of 
refraction less than unity. Since » — 1 is equal to a very small 
constant multiplied by X 2 , the effect is inappreciable in the optical 
region, but becomes of importance in the region of long waves, such as 
those used in radio-communication. As the phase velocity increases 
with increasing density of free ions, the bending of radio waves so 
as to follow the curved surface of the earth can be explained by the 
increased ionization at higher altitudes. 

It is important to note that although the phase velocity specified 
by (83—30) is greater than c, the group velocity is less. For, if we 
denote the first by V and the second by U, we have 


V = 


+ 


Ne 2 

%ir 2 mc 


X 2 


(83-3 0 


from (83—30). Hence the group velocity 1 U is 


U= V - 




( 83 - 3 2 ) 


The energy which the bound electrons in a dielectric gas absorb 
from radiation passing through the medium is generally re-radiated 
as fast as it is absorbed in the form of waves which are related both in 
phase and in polarization to the incident waves. This phenomenon, 
known as coherent scattering , we shall now investigate. As the 
absorption of a gas is small, we can take k to be real in the following 
calculation. 

X L. Page, Theoretical Physics , and Edit. p. 251. 
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Since P = (k — i)E, the electric moment pjg? of a single molecule 
in a homogeneous gas containing N' molecules per unit volume is 


— 1 _ k — 1 __ 

E = : — E 0 e 

N' N' 0 


-i ut 


where E 0 is the vector amplitude and o> the angular frequency of the 
incident radiation. Take the X axis (Fig. 88) in the direction of 
propagation and the Y axis in the direction of E. Then the Z axis 
has the direction of H. Introducing spherical coordinates r, 0, <j> 

Y 



Fig. 88. 

with OY as polar axis, we have from (72-23) for the radiation field at 
a distant point P of an induced dipole located at the origin O the two 
non-vanishing components 

E, = - U Eo sin 6 

4 iryN r 

VI{k - i)e 2 !<«-_ «0 

tlj, = — sin u e , 

47 tt N r 

where e = - = wS and, if the molecules are treated as spheres, 
v 

y — (2 k -f- 1) /3. Since, however, we are interested in a gas, for 
which k is very nearly equal to unity, we can put y = i, y / k = 1 and 
K — \ = n 2 — \ = 2(;z — 1), where ?i is the index of refraction. 

Hence we write 

F.o = //*=- ^ Ro sin 0 e 1 *'-® (83-33) 

where X is the wave-length. This gives for the mean Poynting flux at P 

- 27 T f(w 0“ , - •> . o . /o_ _ \ 


j — r/v/* — 


/V /2 \'V 2 


/C 0 2 sin 2 0, 


( 83 “ 34 ) 



(83-35) 
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and for the mean rate of radiation of energy 


-£ 


s 2 tt r 2 sin 6 dd = 


167 r 3 c(n — i) 5 

3N /2 \ 4 


Eo' 


As the molecules of a gas are not regularly spaced they may be 
considered to scatter independently. Hence, as there are N' mole- 
cules per unit volume, the energy scattered by the molecules located 
in a rectangular parallelopiped of length dx and unit cross-section is 


167 x z c(n — i) 2 
3^'X 4 


E 0 2 dx. 


(83-36) 


The mean flow of energy into this parallelopiped in the incident beam 
is / = \cK o 2 . Hence, as (83— 36) represents energy lost by the inci- 
dent radiation, we are Jed to the equation 


dI — jS ( ” _ 1?Idx (83_37) 

for the increment dl in the intensity of the beam in progressing a 
distance dx through the medium. 

As the scattering coefficient /3 is defined by the relation 
dl — — j37 dxy this gives 

0 = jvk ( ” “ 1)2 (83-38) 

By measuring /3 Fowle 2 has determined N' from this formula, obtain- 
ing therefrom the value 6. o2(io) 23 molecules per gram molecule for 
Loschmidt’s constant, which agrees within the experimental error 
with the generally accepted value of 6.o6(io) 23 . 

Since the scattering coefficient (83-38) is inversely proportional 
to the fourth power of the wave-length, blue light is scattered much 
more than red. Therefore the sky is blue whereas the sun, particu- 
larly when near the horizon, has a more reddish tinge than would be 
the case if the earth had no atmosphere. 

We have treated the incident radiation as if it were plane polarized 
with the electric vector parallel to the Y axis (Fig. 88). If it is plane 
polarized with the electric vector parallel to the Z axis, the angle 6 
in (83-33) an d ( 8 3 _ 34) must be taken as the angle between ~OP 

2 F. E. Fowle, Astro. Jour. 40, p. 435 (1914). 
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and the Z axis. Now, if \J/ is the angle which O P m akes with the X 
axis, and y the angle which the plane of OX and OP makes with the 
XY plane, sin 2 6 — 1 — sin 2 \J/ cos 2 7 in the first case and sin 2 8 = 

1 — sin 2 \J/ sin 2 7 in the second. So, if the incident beam is unpolar- 
i'/ed, sin 2 6 in the expression for the Poynting flux must be replaced 
by the mean of 1 — sin 2 \J/ cos 2 7 and 1 — sin 2 \J/ sin 2 7, that is, by 
^-(1 + cos 2 \ J/). This gives 

1 = ~ ^2 x 4 r 2^ E 0 2 (* + COS 2 \J/), (83-3 9> 

which, obviously, must lead to the same expressions (83—35) f° r 
mean rate of radiation and (83-38) for the coefficient of scattering. 

Evidently, then, the radiation scattered from an unpolarized 
incident beam is polarized. When sin \f/ = è 1, the polarization Ìs 
complete. If, for instance, 7 = o, so that the point of observation P 
lies on the Y axis, the scattered light is due entirely to the com- 
ponent along the Z axis of the oscillations of the scattering electrons 
and is plane polarized with the electric vector parallel to the Z axis. 
Thcsc theoretical conclusions are in good agreement with observation. 

(II) LAmitcd JVave Trains. We have seen that the phase velocity 
of el ec t rom agnetic waves in a dielectric on the high frequency side of 
an absorption band, as well as in a free electron gas, is greater than 
the velocity of light in vacno. In the early years of the twentieth 
century many physicists interpreted this phenomenon to mean that a 
signal can be transmitted with a speed greater than c. Since we now 
dcduce electromagnetic theory from the relativity principle, we can 
confidcntly assert that such a conclusion is erroneous; nevertheless 
a detailed analy.sis of the problem is illuminating. In order to 
trunsmit a signal by means of a simple harmonic wave train it is 
nccessary to interrupt or in some way to modulate the wave train. 
Sommcrfeld and Brillouin 8 have investigated the essential features of 
the problem by determining the velocity in a dielectric of the fore- 
runners of a wave train which is limited in length. 

Conskler an electric fielci which, at a point in the medium selected 

as origin, is eqcal to sin ~ foro < / < T, where T = NP is a whole 
numher N of periods P, and is equal to zero for t < o and for 

8 Sommerfeld and Brillouin, Ann. d. Physik 44, p. 177 09 M")* 
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/ > T, as indicated in Fig. 89. We can express E(t) from time — t/i 


t + 


to time 

r/2 by the Fourier 

series 




E(t ) = 00 + ^1 cos 

(“) 

t + #2 cos 2 

(”)- 


+ sin 

(t) 

/ + £2 sin 2 

(")- 

As 

s*t/2 

/ £(» 

J-t/2 





1 cos w 

(”) * * • 

= ~2 ^"ri'C , 


r r/2 

/ -E(«) 

J-r/2 

1 sin n 

(f)«- 

= 2" b n T 3 

for n = 

1, 2) 3>* * •> we have 





t/2 1 r t/2 iT-n 


E(t) = - f m)dì + ; 2 ^ / £«) cos ^ (/ - (83-40) 


r/2 


n — 1 — r/ 2 


E 


^\/\/\/\/\2 4 


0 


I 

T 


Fig. 89. 


Now make r very large and write c 0 = iTrnjr. Then, as A« = 17t/t 3 
the sum expressed by (83—40) becomes the Fourier integral 

/ 00 r /2 

da) I E(£) cos co (t — £)d£. (83-41) 

J—t/2 

• 2,7t£ 

Since £(£) is equal to sin — — in the interval o < £ < T and 
vanishes outside this interval in the problem we are considering, 

da ! sin cos co(/ — £);/£. (83-42) 

*- / o r 
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Evaluating the integral with respect to £, remembering that T 
is an integral number of periods, we find 


E(t) 



{cos io(t ~ T) — COS 03 1 } 


sin 03 (t — \T)do3 . 


( 83 - 43 ) 


In the last expression we have represented the original oscillation 
of finite duration as the sum of an infinite number of sinusoidal 
oscillations of infinite duration having frequencies ranging all the 
way from o to 00 . The intensity of each partial oscillation of angular 
frequency 03 is proportional to 



This function, which has its principal maximum at co = 27 r/P, is 
represented by the curve in Fig. 90. In the double width of its 


J 



P 


Fig. 90. 


principal maximum, the curve is similar to that for the intensity in the 
single slit diffraction pattern. 

Understanding, as usual, that the physical quantity is represented 
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by the real part of a function of a complex variable 3 we can write 
(83—43) in the form 


E{t) = 



{ COS 03 (t — T) — COS 0 Ot } 


{ cos co(/ — T) — COS OOt } 


— — T) e — iwlf } 


-f 



00 



j e -ieo(*-D 




(83-44) 


To obtain the second integral in the intermediate step, we have 
replaced co by — co, making the appropriate change in sign in the 
limits of the integral, and then have interchanged the limits so as to 
bring the plus sign in front of the integral. 

Consider the first integral 


E i(/) 


1 

1-TT 



— 00 


doo 


03 — 


27T 

T 


e~ iat 


(83-45) 


in (83-44). Writing co = x' 4- ijy', we shall take for the path of inte- 
gration in the complex plane (Fig. 91) the line ab lying along the 
real axis just above the pole co = 2 x/P of the integrand. Now we 
can distort this path as much as we choose, provided we do not pass 
over a singularity of the integrand, without affecting the value of the 
integral. Since 

e -i«< _ e »'* e -i *'t 


we see that, by distorting the path to cd , along which y' is sufficiently 
large, we can make the factor e 1/i as small as we choose for any 
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/ < o. Hence Ex(t) = o for all t < o. For t > o, we distort the path 
to cfghij. For the sections ef and ij the value of y' is an infinitely 
large negative number. Therefore the integral along these two sec- 
tions vanishes. Furthermore the integral along hi annuls that along 
fg as they are taken in opposite senses. So we are left with the 



Fig. 91. 


intcgral around the pole « = atr/P. By Cauchy’s integral theorem, 

^ . 2irt 'Xirt 

thcn, /',(/) = ie -1 ' 7 = sin - for all t > o. 

I n a similar manner it is seen that the second integral 



(83-46) 


in (83-44) vanishes for all t <T and is equal to - sin p for all 

I > T. While the first integral initiates the oscillation at t = 0, 
thc second terminates it at / = T. Although the combmatton of the 
t wo was needed to make the Fourier integral (83-**) ' 

now dispense with the second and represent the fie y ìO > 

since we are interested only in the speed of the head of the wave tra 
Suppose, now, that the partial oscllations of whtch Er (0 » 
the sum are due to plane waves progressing throug t e me 
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the X direction. As each of these partial oscillations is of infìnite 
duration, we can apply the theory we have developed in the earlier 
part of this article and write 


Ei (/, x) 


= - / 
2#7T i/ oo 


— (X) 


c/co 




00 


27T 

y 


(83-47) 


the wave-slowness S being given by 



(83-48) 


in accord with (83— 3), where a = Ne 2 /m as before. 

In this case the singularities of the integrand in the complex 
<o = x' i y' plane consist, in addition to the pole co = lir/P, of a 
pair of branch cuts the extremities of which are determined by the 
values of co which cause the numerator or the denominator of (83—48) 
to vanish. Equating the denominator to zero, we get the points 

a>=- \ /± V * 2 - / 2 
y' 



indicated on Fig. 92 by K\ and K 2 > and equating the numerator to 
zero, we find the points 


shown at Li and L 2 . 


00 = — i/ rh “n/ k 2 + a — / 2 
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Now we put /' = t — S 0 x and investigate the electric field at 
any point x at all times for which t' < o. Evidently these are times 
earlier than that at which the front of the wave train would reach the 
point x if it travelled with the velocity of light in vacuo. As the 
branch cuts lie in the lower half of the complex plane, we can change 
the path of integration from ab to cd without affecting the value of 
the integral. But, by making the value of y' for cd large enough, we 
can make the modulus of co as great as we choose, with the result 
that S = S 0 from (83—48). Hence t — Sx becomes t — S 0 x = t' for 
this path, and, as in the case illustrated in Fig. 91, the function E\ 
vanishes for all t' < o. So we have proved that, even in the fre- 
quency range where the phase velocity of an infinite train of waves is 
greater than the velocity of light in vacuo^ the head of a limited wave 
train never travels through an isotropic medium with a velocity 
greater than c. 

By distorting the path of integration to e • • -j (Fig. 92.) we can 
investigate the disturbance at times for which t' > o. Then the 
integral reduces to the sum of the integral around the pole at 2 tt/P 
and the integrals around the branch cuts K\L\ and K 2 L 2 . 
Since 5 = 5 ' + iS" is complex, the first of these integrals is 


e -2 w s"jp//» s j n zL _ s'x). If we designate the integrals around 
P 


the branch cuts by h and b 2 , respectively, 
El(tyX) = 


~E S "* sin y(t- S'x ) + h + b 2 


for t' > o. The first term represents the steady oscillation existing 
in the cnsè of an intìnite wave train. We shall not evaluate b x and b 2 , 
luit shall content ourselves with pointing out that, since the imaginary 
part of u is negative along both branch cuts, these terms contain a 
tlamping factor in the time, which causes them to approach zero 
asvmptotically for large values of t’ . A detailed calculatton of these 
integrals shows that Ei does not remain zero for t > o, but that a 
disturlwince of very small amplitude and_very high frequency star s 
at l' = o, the amplitude increasing toe and the frequency 

decreasing t«. t/P as time goes on. Therefore the m.ttal dtsturbance 
travels wkh exactly the velocity of light in vacuo, quite trrespect.ve 

of thc disnersive properties of the medium. 

84. Homogeneous Anisotropic Dielectric. - In art.cle 63 energy 
consulerations were invoked to show that the perm.tt.v.ty dyad.c K 
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of a perfect anisotropic dielectric must be symmetric. If, then, we 
orient the coordinate axes so as to put K in its normal formj 

K = K x ii 4" Kyjj + K z kk. 

The directions defined by the unit vectors i, j, k are known as the 
electrical axes of the crystal. As we shall consider only non-conducting 
transparent crystals, the vector D e used in article 82 becomes the 
electric displacement D, which is connected to E by the constitutive 
relation 

D = K E, (84-1) 

where the elements of K are real. 

The only modification required in the field equations (82—11) 
and the wave equation (82—12) is to replace D e by D. As noted in 
article 82, the vectors D, E and S lie in a plane perpendicular to H 
with D at right angles to S in such a sense that D X H has the 
direction of propagation of the wave. The Poynting flux s = cE X H 

is at right angles to both E and H and 
consequently lies in the plane of D, E and 
S, making the same angle ol with S that E 
makes with D. The direction of the flow 
of energy, therefore, does not in general 
coincide with the wave-normal. Conse- 
quently a train of limited wave fronts 
side-steps as it advances into the medium. 
This is indicated in Fig. 93, where the 
relative orientation of the five jvectors 
D, E, S, s and H are shown, the first four 
lying in the plane of the paper and the last being directed along 
the normal to this plane toward the reader. 

We can eliminate either D or E from the wave equation (82—12) 
by means of the constitutive relation (84—1), obtaining 

S 0 2 K • E + SS-E - S-SE = o (84-2) 

in the first case, and 

S 0 2 D + SS K“ X D - S-SK-Ld = o (84-3) 

in the second. As (84-3) is the equation to which we shall devote 
most of our attention, we shall simplify our notation by putting 

$ = + K- 1 = aHi + b 2 jj + c 2 kk, 

*>>o 



(84-4) 
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where 


= 1 h = 1 

a ’ SoV% ’ 




SoV ' 


(84-s) 


Evidently a , b and c are the three phase velocities corresponding, 
respectively, to the three principal permittivities k x , k v and k z . Then 
(84—3) becomes 

D + SS-S-D - S-S#-D = o. (84-6) 


Now let y be a vector having the direction of D and the magnitude 
of S. As (84-6) is linear and homogeneous in D, the same equation 
is satisfied by y. Hence 

y + SS-$*y - S • S$ • y = o. (84-7) 

Taking the scalar product of y by this equation, remembering that 
yy = S-S and that \-S =0, we get 


y$-y — 1. 


(84-8) 


Therefore, if the origin of the vector y is fixed and its direction varied, 
its terminus describes an ellipsoid, an elliptical section of which is 
shown in Fig. 94. Differentiating (84-8), 

dy • # • ‘Y = o, (84—9) 


since # Ìs symmetric. The vector P = $ y is therefore normal to 
the tangent plane through the terminus P of y. But, since $ is 
proportional to the reciprocal of K, p has 
the direction of E. Furthermore, as 
(84-8) may be written *y- p = 1, the mag- 
nitude of p Ìs the reeiprocal of the dis- 
tance T)Q on the figure. Now we have 
seen that D, E and S lie in the same 
plane, with S perpendicular to D. So S 
lies in the plane of y and p at right angles 
to *y, and is equal in magnitude to 7. For 
an assigned direction of the electric luo.94. 

displacement, then, there is in general 

one and only one line along which the wave can advance. This is 
very different from the situation existing in an isotropic medium, 
where the wave may progress in any direction perpendicular to D. 

If the direction of propagation is gi ven, y or D is similarly restricted 
in direction. Since y must be perpendicular to S, we take a section 
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(Fig. 95) of the ellipsoid (84-8) at right angles to S. Then, as S, Y 
and the normal to the tangent plane are coplanar, the electric dis- 
placement is limited to the directions Yi and Y2 parallel to the axes 

of the elliptical section. A wave polar- 
ized with D parallel to Yi advances with 
a wave-slowness equal to < yi ) one with D 
parallel to Y2 with a wave-slowness equal 
to y 2 . A wave propagated in the specified 
direction in which D has neither of these 
two possible directions splits into two 
perpendicularly polarized waves advanc- 
ing with different velocities. For this 
reason a crystal gives rise to the phenomenon of double refraction. 

We shall designate the wave velocity by V. This vector has the 
direction of S and a magnitude equal to the reciprocal of S. Also 
we shall introduce a vector v, known as the ray velocity , which has the 
direction of the Poynting flux s and a magnitude equal to the speed of 
flow of energy. From Fig. 93 we see that v = V sec « and that 
v S = 1. We shall find the equation of the surface described by the 
terminus of the vector v when its origin is held fixed at the origin O of 
coordinates. This surface, we shall prove, is also the envelope of all 
plane wave-fronts which passed through the origin one second earlier. 
Known as the Fresnel wave-surface , it completely describes the propa- 
gation of plane waves in an anisotropic dielectric. 

Writing p in place of $Y in (84-7) this equation becomes 

Y = S Sp - SS-p = S X (p X S), (84-10) 

and 

■yXv = {SX(PXS)} X v = v-sp XS-vpXSS = pxS 

since v • P X S = o and v-S = 1. Therefore 

v X (Y X v) = v X (P X S) = v-Sp - v-ps = p 

as v and P are perpendicular (Fig. 93)* Since P = we may write 
thìs equation in the form 

($ + w — o 2 I)-Y = o, (84-11) 

where I is the unit dyadic. As (84-11) indicates that the dyadic 
X = $ + w — & 2 I is planar, either its antecedents or its consequents 
must be coplanar. If we put v ss ìx + jy + kz , r 2 = x 2 + y 2 + z 2 . 
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t.hen Ar,jy, z are the coordinates of a point on the Fresnel wave-surface. 

I he dyadic X may then be written 

X = i { i(a 2 — r 2 + x 2 ) + jxy + kxz } 

+ J {iyx + j (& 2 — r 2 + y 2 ) + kyz } 

+ k { izx + jzy + k(c 2 — r 2 + z 2 ) } . (84-12) 

As the antecedents of X are not coplanar, the consequents must 
be. I herefore the triple scalar product of the consequents vanishes, 
and the equation of the Fresnel wave-surface is 

— r 2 + x 2 xy xz 

yx & - r 2 + y 2 yz = o, (84-13) 

2* zy c 2 — r 2 + z 2 

which reduces to 

(r 2 - ìj 1 ) (r 2 - c 2 ) x 2 + (r 2 - c 2 )(r 2 - a 2 )y 2 + (r 2 - a 2 )(r 2 - b 2 )z 2 

= (r 2 — a 2 )(r 2 — b 2 )(r 2 — c 2 ). (84—14) 

Before discussing this surface we must prove that it is the envelope 
of all plane wave-fronts which passed through the origin one second 
earlier. According to (84-9), d yp = o. Hence, as *y P = 1, it 
follows that ‘Y /'/p = o. Now the scalar product of the differential of 
(84- 10) with p is 

dy.p - S Sp r/P - S-PS-4 + 2 P PS -dS - 2S-PP -^S = o. 
But the scalar product of (84-10) with d$ is 

Y d$ = S-S P dP - S p S w/p = o. 

Sul>tracting, and dividing by 2, we have 

p ps-//s - s ppv/s = {p x (s x P)Ws = o. 

Now v has the direction of p X (S X P), since it lies in the plane of S 
and P at right angles to p. Therefore v-dS = o. But we have seen 
that v-S = i. Consequently dv-S = o. The last relation proves 
that the plane tangent t.o the Fresnel wave-surface at the terminus 
of v is perpemlicidar to S. Therefore the tangent plane is the wave- 
front which left the origin one second earlier, and the surface described 
by the terminus of v is the envelope of all such wave-fronts. The 
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wave velocity V is given in magnitude as well as in direction by the 
perpendicul ar dropped from the origin to the tangent plane, and the 
electric displacement, since it lies in the plane of V and v (Fig. 93), 
has the direction of the line of intersection of the plane of these two 
vectors with the tangent plane. 

In our discussion of the Fresnel wave-surface (84—14) we can 
assume that a < b < c without loss of generality. The trace of the 
surface on the YZ plane, obtained by putting x = o, is 

ir 2 — a 2 ) (^ + p - 1 ) =°, 

which represents a circle of radius a inside an ellipse of semi-axes 
c and b. On the ZX plane we find 



a circle of radius b which cuts an ellipse of semi-axes a and c ; and 
on the XY plane 



a circle of radius c outside an ellipse of semi-axes b and a. 

As the surface is symmetrical with respect to the coordinate 
planes, we need construct only the one octant shown in Fig. 9 6a. 
The surface consists of two sheets which intersect at Q. The stateof 
polarization, determined by the fact that V, v and D are coplanar, is 
indicated by double-headed arrows where D is tangent to a trace, and 
by dots where D is normal. 

The primary optic axes are those lines along which the wave 
velocity V is the same for both states of polarization. They are given, 
therefore, by the normals OP to the common tangents AB to the two 
traces in the XZ plane. Evidently there are two primary optic axes 
in the general crystal with three unequal permittivities which we are 
here discussing, the angle which the optic axis not shown makes with 
the Z axis being the negative of the angle 6 which OP makes with OZ. 
For this reason the crystal is called bi-axial. To find the angle 6 we 
must make the straight line 


z cos 6 + x sin d = b 3 
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which is tangent to the circular trace for any value of d, also tangent 
to the elliptical trace 


Eliminating x between these two equations and then equating to zero 
the discriminant of the resulting quadratic in z, so as to make the two 
points of intersection of the straight line with the ellipse coincident, 


we find 



(84-15) 


The secondary optic axes are those lines along which the ray 
velocity v is the same for both states of polarization. They are given, 



therefore, by the lines OS through the points of intersection of the 
two traces on the ZX plane. As with the primary axes, there are two 
secondary optic axes in the general crystal, the angle which the 
one makes with the Z axis being the negative of that made by the 
other. We easily fìnd for the angle 6' between OS and OZ, 


sin 6' 




(84-16) 


Since the coefficients a , b , c are functions of k xì k Vì k zì respectively, 
and these ìn turn are functions of freqviency, the directions of the 
optic axes vary with the frequency of the radiation passing through 
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a bi-axial crystal. In the visible region, however, this variation is 
small. 

The outer sheet of the Fresnel wave-surface has a dimple at the 

point Q, as illustrated in Fig. 96^. Now we shall prove the remark- 

able fact that the plane through AB perpendicular to the ZX plane, 
whose trace on the section shown in Fig. 9 6b is indicated by the broken 
line, makes contact with the surface without cutting it, along the cir- 
cumference of a circle. This property of the surface gives rise to the 
phenomenon of conical rejraction , which we shall discuss shortly. 

First we introduce a ne w set of axes X'YZ' with the X ' axis along 
the primary optic axis OP. The transformations to the new coordi- 
nates are 

z — x' cos 9 + z' sin 0, 
x = x' sin 9 — z' cos 0, 

where sin 6 and cos 0 are defined by (84—15) with positive signs before 
the radical. In these coordinates the equation of the plane through 
AB is x' = b. Eliminating x' between this equation and the equa- 
tion (84-14) of the Fresnel wave-surface expressed in terms of x',y,z ', 
we get 

l?(y 2 2 '2)2 + ^ y 2 + 2 /2 )2 r V(f 2 - £ 2 )(£ 2 - a 1 ) 

+ z'\c 2 - b 2 )(è 2 - a 2 ) = o 

for the equation of the curves in which the plane intersects the wave- 
surface. But, as the expression on the left of this equation is a per- 
fect square, the two intersections are the same, that is, the contact is 
tangential. Taking the square root we fìnd for the curve of contact 
the circle 

y 2 + {z'+ (<?-P)U> 2 -a 2 ). (84-17) 

Consider, now, a slab of crystal (Fig. 97) cut with its parallel faces 
perpendìcular to a primary optic axis, the points 0 , A , B corresponding 
to the similarly lettered points in Fig. 96^. If a plane wave uw , inci- 
dent normally on the lower face of the crystal, is diaphragmed by the 
screen MN with a small circular aperture at O, the wave spreads 
through the crystal in the form of a hollow cone, which emerges above 
as a hollow cylinder. The polarization, indicated in part in the 
elevation, is shown in more detail in the plan above. This phe- 
nomenon is known as internal conical refraction. 
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Again, if the crystal is cut with its parallel faces perpendicular to a 
secondary optic axis (Fig. 98), the incident light consisting of rays 
converging on the aperture in the screen MN, the rays emerging from 




t 


Primary 
Optic Axis 


■N 




Fig. 97. 


the opposite aperture in the screen M f N' form a hollow cone above the 
crystal. In this case we have cxternal conical refraction. 



The phenomena of conieal refraction, easily observed with 
aragonite, were not discovered until Hamilton had proved their 
existence theoretically. 
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Up to this point we have devoted our attention to bi-axial crystah 
in which the three principal permittivities are all difFerent. Now we 
shall consider special cases in which two of the three elements of the 
dyadic $ are the same. 

If c — b the Fresnel wave-surface becomes a prolate spheroid of 
semi-axes a and b inside a sphere of radius b , as indicated in Fig. 99 a. 
All the optic axes become coincident with the X axis, so that the 
crystal is uni-axial and there is no longer any distinction between 
primary and secondary axes. Furthermore, as the optic axis coin- 
cides with one of the electrical axes, its direction is independent of the 
frequency of the radiation traversing the medium. Waves in the 


Y Y 



Fig. 99. 


state of polarization characteristic of the spherical sheet are called 
ordinary since they have a velocity independent of the direction of 
propagation, whereas waves in the state of polarization characteristic 
of the spheroidal sheet are known as extraordinary since the velocity 
depends upon the direction of propagation. Huygens’ construction 
for finding the angle of refraction of the ordinary ray o and the 
extraordinary ray e is shown in Fig. looa, the incident ray being 
denoted by i. Except for the case where both rays move along the 
optic axis, the index of refraction n e of the extraordinary ray is greater 
than the index of refraction n Q of the ordinary ray. A crystal of the 
type under consideration is known as prolate. Quartz is an example. 

If a = b the Fresnel wave-surface becomes the sphere inside the 
oblate spheroid shown in Fig. 99 b y the single optic axis of the uni- 
axial crystal coinciding with the Z axis. The ordinary waves, as 
in the previous case, are those in the state of polarization character- 
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istic of the spherical sheet, and the extraordinary waves those in the 
state of polarization characteristic of the spheroidal sheet. Huygens’ 
construction for finding the angle of refraction is shown in Fig. ioo£. 
Evidently n e is less than n Q except for propagation along the optic 
axis, when the two are equal. A crystal of this type, of which Iceland 
spar is an example, is called oblate. 

The extreme index of refraction of the extraordinary ray, as 
well as the index of refraction n Q of the ordinary ray, can be measured 
for any uni-axial crystal by cutting a prism with the optic axis par- 
allel to the refracting edge. Then unpolarized plane waves, incident 
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on the prism, split into two beams polarized at right angles which 
travel through the prism with different velocities, and therefore suffer 
different deviations. If 8 is the deviation at minimum deviation and 
a the angle of the prism, the index of refraction is given by the 
elementary formula 

. a + 5 

sin 

1 


n — 



Consider a slab cut from a uni-axial crystal with its two parallel 
faces parallel to the optic axis. Plane waves, incident normally on 
one of the surfaces, will in general split into two perpendicularly 
polarized components which travel with difierent velocities through 
the crvstal. If the thickness of the slab is such as to cause one com- 
ponent to lose a quarter wave-length on the other at emergence, cir- 
cularly polarized incident light will emerge as plane polarized light 
in which the electric vector makes an angle of 45° with the optic axis, 
and vice versa. Such a device is known as a quarter-wave plate. Since 
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the thickness of a quarter-wave plate depends upon the wave-length 
used, a plate of adjustable thickness, composed of two wedges having 
triangular sections in a plane at right angles to the optic axis, is often 
used. By sliding one wedge over the other the thickness of the com- 
bination Ìs varied. This device is the essential feature of the Babinet 
compensator. Obviously it can be used to produce relative retarda- 
tions of the two components other than a quarter wave-length, if 
desired. 

The Nicol prism (Fig. ioi) consists of a rhomb of Iceland spar, an 
oblate crystal, with its optic axis perpendicular to the plane of the 
figure. The rhomb is split along the plane AB into two halves, 
which are cemented together with Canada balsam. Light incident 
on the left-hand face splits into two components on entering the 
prism, of which the ordinary ray, on account of its lower velocity, is 



refracted the more. This ray meets the surface AB at an angle 
greater than the critical angle, and is totally reflected. Hence the 
emergent light consists solely of the extraordinary ray, which is plane 
polarized with the electric vector parallel to the optic axis. 

85« Homogeneous Isotropic Bielectric in Uniform Magnetic 
Field. — If light passes through an isotropic dielectric placed in a 
strong external magnetostatic field H 0 , we cannot neglect the term 
involving H 0 on the right-hand side of the equation of motion (83-1) 
of a bound electron. So (82—4) gives us 

{(V - « 2 ) - = - Ei - i — r X H 0 . (85-1) 

m mc 

In accord with (29—2) we can write r X H 0 = 0 • r, where 0 is 
the skew-symmetric dyadic 

© = oii -t- H 0z ij - H 0y ik 
— Hozji + ojj + H 0x jk 
+ Hoyki — Ho x k j + okk . 


(85-2) 
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Therefore, if I is the unit dyadic, 

{ (k 0 2 — co 2 ) — 2.ico/ } I + i — 0 1 * r — — Ei. 
L 1 771 c J m 


Designating the number of bound electrons per unit volume by N> 
the polarization is P = NeT 3 and, as Ei = E + by (63—3), we have 

{ (* 0 2 - «> 2 ) - 2to/}i + i ^ e" 1 ~ Ne 




mc J 


P = 


m 


(E + ÌP), 


or, if we put k 2 = k 0 2 — Ne 2 /$m as in article 83, 

[ {{k 2 — co 2 ) — 2Ìco/ } I + i — ol -P = 

L 1 771 c J m 


E. 


Put 


$ - 


m 

N? 


[ { (è 2 - o?) - 2i»/}l + i ^ ©] • (85-3) 


Then, as D = E + P, 

#D = ($ + I) -E, 

and, multiplying by x , 

D = (I + $ -1 )-E = T'-E, (85-4) 

■yyj-jgTg = X ~ b $ L This constitutive relation between D and E 
differs from (84-1) for an anisotropic medium in that is not a sym- 
metric dyadic. 

In calculating from (85-3) by means of (32-8) we can neglect 
terms in the squares 01* products of two components of H 0 as com- 
pared with linear terms, since the effect of the magnetic field is 
small. Thus we find, with the aid of (83-3), 

$-1 = ( K - i)I - (k — i) 2 ©, ( 85 - 5 ) 

Nec 

and 

= kI — (k — i) 2 0. (85-6) 

Nec 

Consequently, as 0-E = E X H 0 = H 0 X E, the constitutive 
relation between D and E may be written 

D = -»-E = «E + N (* - i) 2 H 0 X E. (85-7) 

Ncc 
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However, as D always lies in the wave-front, it is more important 
to express E in terms of D. This requires the calculation of 
Neglecting, as before, terms in squares or products of the compo- 
nents of H 0 , we find 



which gives 

E - *- 1 .D = I D - ^ (^)Ho X D. (85-9) 

To save writing, we will express this is the form 

„ I _ _ CO ( K — I \ 2 

E = - D — itH 0 X D, t ss —— ( ) • 

Putting this for E in the wave equation (82-12), remembering that 
S-D =0, we have 

(^- - So 2 ) D - ìt(S 2 H 0 X D - S-Ho X D S) = o. (85-10) 

As we have not assumed any particular orientation for H 0 relative 
to the coordinate axes, we can limit our discussion to plane waves 
advancing in the X direction without loss of generality. Then, as D 
is perpendicular to S by (82—1 1 à), we can put D = jD y + kD z . Now 

S 2 Ho X D - SHo XDS = S 2 Hox(— jD z + kD y ) 

and the two non-vanishing components of the vector equation 
(85—10) are 

(^ - S 0 2 ) D y =- \yS 2 HoxD z , 

/ 2 \ ’ (85-I2) 

(^- “ So 2 ) D z = iy S 2 H 0 x D y . 

Multiplying these two equations together we find 

02 

S 0 2 = =b yS 2 H 0xi (85 — 13) 

K 

which gives for the index of refraction 

S — 

TT = 's/ K { 1 =*= i KyH 0x \ - 
o 0 


(85-H) 
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We shall confine our discussion to the case where k and therefore S 
is real. Using the lower sign on the right-hand side of (85— 13) and 
substituting in (85-12.) we find D z = — i D y and hence the resultant 
electric displacement D r is of the form 

D r = (j - 

= Ao\j cos co(S r x — /) + k sin co(S r x — /)], (85—15) 

where S r is the value of S corresponding to the lower sign in (85—14). 
This represents a right-circularly polarized plane wave since, at any 
instant, the terminus of the vector D r lies on a right-handed helix with 
axis parallel to S. Similarly, the upper sign in (85—13) gives D z = \D y 
and the resultant electric displacement Dj is of the form 

Dj = U + 

— Ao\j cos oo(Six — t) — k sin ( Six — /)], (85-16) 

where Si is the value of S obtained by using the upper sign in (85—14). 
This is the equation of a left-circularly polarized plane wave since, 
at any instant, the terminus of the vector D; lies on a left-handed 
helix with axis parallel to S. So the medium will not, in general, 
transmit a plane polarized wave of constant vector amplitude, but 
does transmit two circularly polarized waves of contrary polarizations 
with different velocities. If H 0 is at right angles to S, // 0x is zero and 
the two velocities are the same. For this direction of H 0 a plane 
polarized wave of constant vector amplitude can be transmitted. As 
the difference of the velocities of the two circularly polarized waves is 
proportional to H\) X , it is greatest when H 0 is in the same line as S. 
Since y is negative, the velocity of the left-circularly polarized wave is 
the greater when H 0 is parallel to S and vice versa when H 0 is opposite 
to S. 

If both states of circular polarization are transmitted simulta- 
neously, the amplitudes of the two being the same, the resultant 
electric displacement D ;> is the vector sum of (85—15) and (85-16). 
Thus, if we put S 2= J(S r + Si ) = s / k S 0 , we get 

D^, = D r + Dz 

= A 0 [j { cos co(S r x — /) + COS 0 o(SlX — /) } 

+ k { sin co(S r .v — /) — sin co(Six -—/)}] 

= 2 A 0 [j cos (t}c okjIIoxSx) 

— k sin (ìjooKyHoxSx)]c<)s c o(Sx — /). 


(85-17) 
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At any point in the medium this represents a linear oscillation, 
but the direction of the oscillation changes with x. We have, there- 
fore, a plane polarized wave the plane of which rotates about the X 
axis as it advances into the medium. If a is the angle which the 
plane of polarization makes with some fixed plane through the X 
axis, the angle through which the plane of polarization rotates per 
unit distance of advance is 

- = - ^anySHox —jzp H 0X , (8 5 -! 8) 

where n = S/So = 's/ k is the index of refraction of the medium in the 
absence of an impressed magnetic fìeld and X is the wave-length. 
Evidently the magnitude of the rotation is greatest when the magnetic 
field lies in the same line as that of propagation. Since e is negative, 
the rotation is positive when H 0 is parallel to S, and negative when 
H 0 is opposite to S. We note that when plane polarized light is 
passed through a transparent dielectric in the direction of the mag- 
netic field, and then reflected and caused to traverse the same path in 
the opposite sense, the rotation is not annulled, but doubled. 

The rotation of the plane of polarization of light passing through a 
dielectric situated in a magnetic field was discovered by Faraday in 
1845. It is known as the Faraday ej/fect. 

86. Optically Active Homogeneous Isotropic Medium. — Some 
media, both isotropic and anisotropic, have the property of rotating 
the plane of polarization of plane polarized light propagated through 
them, even in the absence of an external magnetic field. Such media 
are said to be optically active. An aqueous solution of dextro- or levo- 
sugar is an example of an optically active isotropic medium; quartz 
of an optically active anisotropic medium. In this article we shall dis- 
cuss the electromagnetic theory of the propagation of light in a non- 
conducting optically active homogeneous isotropic medium, such as 
a sugar solution. 

In order to account for the observed phenomena it is found 
necessary to assume, in addition to the ordinary polarization 
Pi = (k — i)E of an isotropic dielectric, a polarization P 2 = — pro- 
portional to the time rate of decrease of the magnetic force, and an 
intensity of magnetization I 2 = .g'È proportional to the time rate of 
increase of electric intensity, the constant .g- being the same in the 
two cases. Models of the molecule containing coupled oscillators 
vibrating at right angles have been devised to explain the production 
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of the polarization P2 and the intensity of magnetization I2, but their 
artificiality leads us to omit any detailed description of them here. 
Instead we shall content ourselves with tracing the electromagnetic 
consequences of the assumed P2 and I2- 

As B ^ F in this case we need the general form (62—12) of the 
field equations with p = o. Making use of (82—4) and (82—10) they 
become 


S-D = o, (a) S-B = o, (b) 
S X E = S 0 B, (c) S X F = - S 0 D, (d) 


(86-1) 


which, with the constitutive relations 


D = /cE -J- ioogF, (86—2) 

B = F — icogE, (86—3) 


describe completely the propagation of plane electromagnetic waves 
of angular frequency co and constant vector amplitude in the medium. 
We see from (86—1 a) and (86—1 b) that D and B are perpendicular to S 
and therefore lie in the wave-front. Therefore these are the funda- 
mental vectors to be considered, and we must solve (86—2) and (86—3) 
for E and F, obtaining, since u> 2 g 2 is so small compared with k in any 
actual medium as to be negligible, 

E = -D-— B, (86-4) 

K K 

F = B + — - D. (86-5) 

K 


Eliminating E from (86— ic) by means of (86—4), and F from 
(86— id) by means of (86—5), we get 

- S X D — — - S X B = S 0 B, 

K K 

SXB + - f SXD = - S„D. 

K 


From these two equations we eliminate first S X B and then 
S X D, again neglecting co 2 y 2 as compared with k. This gives the 
simpler relations 


S X D = S„ { kB — ÌMirD}, 
S X B = — So{D + iw^B}. 


( 86 - 6 ) 

(86-7) 
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If we take the vector product of S by the first of these, expand 
the triple vector product on the left, using the relation S - D = o, and 
express S X B and S X D on the right in terms of D and B with 
the aid of the original equations, we get the linear relation 

(S 2 - /cS 0 2 )D = 2 Ìco£kS 0 2 B, (86-8) 

and, if we treat the second equation in the same way, we obtain 

(S 2 - kS 0 2 ) B = — 2Ìco^So 2 D. (86-9) 

Eliminating either B or D from (86-8) and (86-9), we find 

S 2 — kS 0 2 = =b daig -\/~ kSo 2 , (86-10) 

which gives, as in the previous article, two indices of refraction, 

S 

— = \A =h 03 g. (86-11) 

Taking the lower sign in (86—10) and (86—11), we find from 
(86—8) or (86—9) that B = ÌD/\/~k. Therefore (86—6) becomes 

S X D = ìSo('\/k — cog-)D 

= iSD. (86-12) 

Let us take the X axis in the direction of propagation. Then, as D 
and B are both perpendicular to S, D= jD v -\~kD z and B = jB v -\-kB z . 
Consequently we find fi-om (86-12) that D z = — i D y . This is 
exactly the condition which led to the right-circularly polarized 
wave (85—15) in article 85. So the medium transmits a right-circu- 
larly polarized wave with wave-slowness S r = So(\//c — cog-). 

Similarly the upper sign in (86—10) and (86—11) gives 
B = — ÌD/\/k and (86—6) becomes 

S X D = — iSo (\/ k -j- wg)D 

= - iSD, (86-13) 

which leads to the relation D z = i D y characteristic of a left-circularly 
polarized wave which travels with the wave-slowness Si = So(\/ *+«g). 
If \/ k and g are real neither wave is absorbed, and, if g is positive 
as well, Si > S r and the right-circularly polarized wave has a greater 
speed than the left-circularly polarized wave. 

We shall, however, consider the more general case where g and 
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possibly \/ k are complex. Then, if we write g = g' + i g" and put 
y' - Soag' and y" = Saoig", we have 

S T = S' - y’ + i(S" - y"), (86-14) 

Si = S' + y' + i(S" + y"), (86-1 5) 

where S' is the real part and S" the imaginary part of y/~K So- In 
the case of the right-circularly polarized wave we have then 

D r = <J - ift) r f 0 e _ " C3 " _ ' , '" ) V“ l(S ' _y)i ' _<l 
= U cos w { (S' - y')x - t } 

+ ft sin w{ {S' — y')x — /}], (86—16) 

and in the case of the left-circularly polarized wave 
Dj = (J + ift)+ 0 e _ " (S " +y ' ) V“ l(S ' +y)l_<l 
= ^ 0 e _ “ (S " +y ' )x [jcosw{(S' + y’)x - t} 

— ft sin w{ (S' + y')x — /}]. (86—17) 

If, now, we combine these two circularly polarized waves to 
produce a linear oscillation at x = o, the different absorption coef- 
ficients give rise to a new phenomenon which was not apparent in the 
case discussed in the last article. For 

D p = D r + Dj 

= Aoz- < 0 ®'' x {j{z < * y ” x cos 03 { (S' - y')x - t} 

+ e ~" 7 " x cos o>{ (S' + y')x — /}] 

+ k[e tt3y " x sin co{ (S' — y')x — /} 

— e - w 'r" a: s ' in to { (S' -|- y')x — /} ] } 

= < l/ 4 o&- ù3 ® x {[j cos (jiy'x — k sin ory'A'’] cosh oiy"x cos ùo(S'x — t) 

+ [j sin coy'x + k cos coy 'x) sinh coy"x sin co(S'.v — /) } . (86—18) 

The components represented by the two terms inside the braces are 
at right angles since 

[j cos (oy' x — k sin (oy'x) • [j sin coy'x + k cos ooy'x) = o. 

The first component has amplitude lA 0 at x = o, and the second 
amplitude o. As x increases the amplitude of the second component 
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grows, although remaining everywhere less than the amplitude of the 
first component. Therefore the plane polarized vibration at x — o 
becomes elliptically polarized at x > o. This effect, known as circular 
dichroism^ was discovered by Cotton in 1896. 

The angle through which either component rotates per unit 
distance of advance through the medium is 

^ = - wy' = - coVSq. (86-19) 

dx 

Unlike the situation existing in the Faraday effect, we see here that 
if plane polarized light is passed through a transparent optically 
active medium, and then reflected and caused to traverse the same 
path in the opposite sense, the rotation is annulled. 

87. Refìection and Transmission at Surface Separating Two 
Isotropic Media. — In the earlier articles of this chapter we have 
been concerned with the propagation of light in a homogeneous 
medium. Now we shall investigate the reflection and transmission 
of light at the surface separating two homogeneous isotropic media 
which have different permittivities and conductivities. 

The boundary conditions at the surface, obtained from the field 
equations (8a-8) by the method developed in article 52, are that the 
normal components of D e and H and the tangential components of 
E and H shall be the same on both sides of the surface. 

Let the YZ plane (Fig. 102) be the sur- 
face of separation, quantities pertaining to 
the medium above being designated by 
the subscript 1 and those pertaining to the 
medium below by the subscript 2. We 
shall suppose the radiation to be incident 
in the upper medium at an angle <f>i with 
the normal. In addition to the incident 
beam we have to consider the radiation 
reflected at an angle cj>i with the normal 
and that transmitted at an angle <f>2- 
Whatever the state of polarization of the 
radiation, we can resolve it into two plane 
polarized wave trains, one with the electric vector perpendicular 
to the plane of incidence and the other with the electric vector 
parallel to this plane. We shall, therefore, treat these two states 
of plane polarization separately. 



Fig. 102. 
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Considering first the case where the electric vector is perpendicular 
to the plane of incidence, we have for the electric intensity in the 
incident, reflected and transmitted waves, respectively. 


Ei = kA\è 


iw {(SxCa; cos <t>i v sin <t>i) — t } 


f i«{ Si( — aj cob <j> i+y sin £1) — <} 


Ei' = kA /e 

cos 8 * n ^ 


(87-1) 


and for the magnetic intensity 

Hi = (1 sin 0i — j cos <f>t)niEi, 
Hi' = (z sin 4>i + j cos <£i)«i£i', 
H 2 ” (Ì sin <f> 2 j cos <t>2)n 2 E 2 , 


(87-2) 


from (83-18), where n x = Si/S 0 is the index of refraction of the upper 
medium, and n 2 = S 2 /S 0 that of the lower medium. The boundary 
conditions at the surface x = o for the tangential component of E 
and the normal and tangential components of H, expressed in terms 
of E by (87-2), are respectively 

E\ + E\ — E 2 , (87-3) 

(E\ + E\)n\ sin 0i = E 2 n 2 sin 0 2 , (87-4) 

(F,\ — E\)n\ cos 0 i = E 2 n 2 cos <f> 2 . (87 5) 

These are all the boundary conditions as there is no normal component 
of D c in the state of polarization under consideration. 

Dividing (87-4) by (87-3) we get Snell’s law 

ri\ sin 0 i = n 2 sin <j > 2 , (87 — 1 6) 


which can also be written 

Si sin 0i = S 2 sin 0 2 - 


( 87 - 7 ) 


On account of (87-7) we see that the arguments of the exponential 
factors in (87-1) are all the same at * = o. Hence we can replace E u 
E \ ', E 2 in (87-3), (87-4), (87-5) by the amplitudes A u A\', A 2 , 
respectively. The cocjficicnt of rcficction R is defined as the ratio of 
the amphtude A\ of the refiected wave to the amplitude A\ of the 
incident wave, and the cocfiicicnt of trunsmission F as the ratio of the 
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amplitude A 2 of the transmitted wave to the amplitude A\ of the 
incident wave. Dividing (87-5) by (87—4) we get 

1 — i?j_ sin 0i cos <f> 2 
1 + R _ l sin <p 2 cos J 


where Rj_ is the coefììcient of reflection for the case under consider- 
ation, in which the electric vector is perpendicular to the plane of 
incidence. This gives 



sin 02 cos 0 i — si n 01 cos 02 
sin 02 cos 0i + sin 0 1 cos 0 2 


sin (0i — 0 2 ) 
sin (0i + 0 2 ) 


(87-8) 


Eliminating from (87-4) and (87-5) we find for the coefficient 
of transmission Tj_ 



2 sin 02 cos 0i 
sin 02 cos 0 i + sin 0 i cos 02 


2. sin 02 cos 0i 
sin ( 4 >! + <t> 2 ) 


( 87 - 9 ) 


with the aid of (87-6). 

When the electric vector is parallel to the plane of incidence the 
electric intensities in the three waves are 


Ei = (— 1 sin 0i +7cos0i)^ 1 e iw( ' Sl<:ccos01 +j/8in0l) ' fì , ' 
Ei' = (— i sin 0! — j cos<t>{)Ai'e iw ^ Sl( ''~ x 008 * 1+v 8in 
E 2 = ( — z sin 0 2 + j cos <p 2 )A 2 e io>lS2 ^ x 008 y sin 


(87-10) 


and the magnetic intensities are 

Hi = kniEi y 

Hi' = fcwiEi', 
H 2 = kn 2 E 2 . 


(87-n) 


In this case there is no normal component of H. The boundary con- 
ditions for the tangential component of H, the normal component of 
D e and the tangential component of E are, with the aid of (87—1 1) 
and (83—17), respectively, 

(£1 + Ei')ni = E21I2, 

(Ei + Ei)ni 2 sin 0 1 = E 2 n 2 2 sin 0 2 , 

(Ei — E\) cos 0i = E 2 cos 0 2 . 


(87-12) 

(87-* 3 ) 

(87-14) 
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Dividing (87-13) by (87-12) we get Snell’s law (87-6) and (87—7) 
again. As before (87—7) makes the arguments of the exponentials in 
(87-10) all the same at ^ = o so that we can replace the electric 
intensities in the boundary conditions by the corresponding ampli- 
tudes. Dividing (87-14) by (87-13) we get for the coefficient of 
reflection for the case in which the electric vector is parallel to 
the plane of incidence 

1 — jR|| n \ 2 sin 0i cos <j > 2 __ sin 0 2 c °s 02 

1 + jR|| n 2 2 sin <j> 2 cos <f> 1 sin <j>± cos 0i 


with the aid of (87-6). This gives 

sin^icos^i — sin0 2 cos0 2 _ tan (0i — <fr 2 ) 
11 sin0icos0i -1- sin 0 2 cos 0 2 tan(0i+0 2 ) 


(87-15) 


If we eliminate E\ from (87-12) and (87-14) and use (87-6) again, 
we find for the coeflìcient of transmission 



2 sin <j>2 cos <f>i 
sin <j> 1 cos <j>i + sin <j>2 cos <j>2 


2 sin <f>2 cos <j>i 


sin (0i + 0 2 ) cos (0i — 0 2 ) 


(87-16) 


First we shall consider two dielectrics in the region of trans- 
parency. For instance, (1) may be air and (2) glass. We notice that 
none of the coefficients of refiection or transmission may vanish, 
except i?„, which is zero when 0i + 02 = ir/2, a condition existing 
when the reflected ray is at right angle to the refracted ray. The 
angle of incidence 4>\b satisfying this condition, known as Brewster’s 
angle or as the polarizìng angle , is tan "^ 1 (n 2 /n\) from (87-6). For 
glass in air with n 2 /n\ =1.5 this angle is 56. °3- If unpolarized radia- 
tion is incident at this angle, the reflected radiation should be com- 
pletely plane polarized with the electric vector perpendicular to the 
plane of incidence. Actually the polarization is never complete on 
account of surface imperfections. For this angle of incidence the 
coefficient of reflection of the reflected component is R ± = cos 20 x 5. 
Hence the reflecting powcr for this component, defined as the ratio 
of the intensity of the reflected to the incident radiation and therefore 
equal to the square of /?_l, is p ± = cos 2 20i«. For n 2 /n\ = 1.5 we 
compute p l = 0.148. 

At grazing incidence (0i = tt/i) we find from (87-8) and (87-15) 
that = R \ i = — L no matter whether n 2 is greater or less than n\. 
Therefore the reflecting power is unity for both states of polarization. 
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the reflected radiation difFering in phase by 7 r from the incident 
radiation. 

At normal incidence 


n x — n 2 „ ni — n 2 

i ) -tV|| — , 

»1 + n 2 ni + n 2 


(87-17) 


As the two states of polarization are indistinguishable at normal 
incidence, the discrepancy in sign must be due to the assumed positive 
senses of Ei and Ei'. Referring to (87-10) we notice that Ei and Ei' 
for the parallel case have opposite signs when <t> 1 — o. Hence the 
correct change in phase is given by for both components. If 
n 2 > n\ the phase changes on reflection by 7 r, whereas if n 2 < «1 
there is no change in phase. The reflecting power for normal inci- 
dence is 


Pn — 



(87-I8) 


For radiation in air incident on glass {n 2 /n\ = 1.5) we find that 
p n = 0.040 at normal incidence. Therefore the reflection is small 
compared with that at grazing incidence. 

The phenomenon of total internal reflection is of special interest. 
For this to occur, it is necessary that n\ > n 2 . Consequentiy it is 
convenient to put n = n\/n 2 > 1. We may then think of medium 
(1) as glass and (2) as air. The critical angle of incidence <E>i is that 
for which <f > 2 = 71-/2. Therefore <i> 1 = sin -1 (1 /n), which is 4i.°8 for 
glass of index n = 1.5. If 4 >\ > 3>i, it follows from Snell’s law, 
n sin 0i = sin < j> 2ì that sin <f > 2 > 1 and consequently that cos <t > 2 
= VT — sin 2 <j > 2 is a pure imaginary. Therefore both coefficients 
of reflection (87-8) and (87-1 5) are of the form 


R = 


a — ]b _ i5 

a \b e 5 


5 

tan — = 

1 


b 

a 


Consequently A\ — A ie 15 and the electric intensity in the reflected 
beam is 


^^gi[co {Sx( — x cos 0x + 2/ sin — t } — 8] 

= A\ cos [co | S 1 ( — x cos <l>\ y sin <f>\) — /} — 6], 


from which we conclude that reflection occurs without loss of intensity 
but with change in phase equal to — 8 . 
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In general the angle 6 is not the same for the two components. 
So, if the incident light contains the two states of polarization with 
equal amplitudes and in the same phase, which makes it equivalent 
to plane polarized radiation with the plane of polarization inclined at 
an angle of 45° with the plane of incidence, the totally reflected light 
is elliptically polarized. We shall examine this case in more detail, 
putting A aa 5 |j — Sjl for the differ- 
ence in phase of the two compo- B 

nents after reflection. 

Put B = Si sin <£1. Then from 
Sneli’s law (87—7) B — S2 sin <f>2- 
Also put Ci = Si cos 0i and C2 = 

S2 cos 02, so that Si 2 = Z ? 2 + C \ 2 and 
S 2 2 = B 2 + C 2 2 . We can regard B 
and Ci as the components of the 
vector Si and B and C 2 as the com- 
ponents of the vector S 2 , as illustrated 
in Fig. 103. When the angle of Fig. 103. 

incidence is less than the critical 

angle, B , Ci, C 2 are all real, but after the critical angle is passed 
C 2 becomes imaginary. 

Putting V = i/S for the wave velocity, the coeflìcients of reflec- 
tion (87-8) and (87-15) may be written 


TT 

K X P> 

Cx 

Glass ^ 

( 

Air 



B 


Ci - C 2 

R± ~ C i + c 2 ’ 

(87-1 9) 

V\ 2 C, - v^c 2 

11 v x 2 c x + v 2 2 c 2 

(87-ao) 

Therefore, remembering that S X V i = S 2 V 2 = I, 


— iA R \\ _ B 2 ~ C 1 C 2 

R ± B 2 + CiC 2 

( 87-ai) 


Now we lay off the quantities involved in this formula in the com- 
plex plane, plotting real quantities horizontally and imaginary quan- 

tities vertically. Thus, in Fig. 104, OM = Si 2 , ON = S 2 2 , OQ = B 2 , 

~QM = Si 2 - JS 2 = C 1 ! 2 , ~QN = S 2 2 — B 2 = C 2 2 , ~QP = CiC 2) 

QP' — __ CiC 2 . As the angle of incidence increases from o to tt/2. 



4*4 


ELECTROM AGN ETI C THEORY OF LIGHT 


Q moves from O through N to Af, the point N corresponding to the 

critical angle «ì>i. Evidently OP' — B 2 — C1C2 and OP — B 2 + CiC2, 
and the phase difference A of the two components after reflection is 
the an gle P'OP. 

A s QP is the mean proportional of QM and QN, the angle NPM 
is a right angle. C onse quently P and P' lie on the circumference of a 
circle of diameter NM . Considering the whole range of Q , then, 
Q starts from 0 at normal incidence with P at a distance S\S^ to 
the right and P' at an equal distance to the left. The three points 
meet at the critical angle N. Here P branches off on the upper half- 



circumference of the circle and P' on the lower, the three points again 
meeting at grazing incidence M. The phase difference A, which is 
zero from O to N , increases to a maximum value A m between N and M, 
and then falls to zero again at M. 

Evidently the maximum phase difference occurs when P is at 
thepoint P ly which makes OPi tangent to the circle, the corresponding 
position of Q being gi- As the radius LP X of the circle is §(Si 2 — S 2 2 ), 


sin bA m = 




s 2 2 


s^ 2 


+ 


s 2 2 


n — 1 
n 2 + 1 


(87-za) 


This maximum phase difference takes place for the angle of incidence 
given by 

' 2 — r 

(87-23) 


2 , ^i 2 Ì(S i 2 — S 2 2 )(i + sin |A m ) 

cos <f> lm = —2 = —2 

Ol Ol 


n 


n * + 1 


For glass (n = 1.5), sin |A m = cos 2 <f> lm = 0.385 giving A m = 45. °3, 
<f>im = 5 1 * 0 ?* As exceeds 45° for ordinary glass, two successive 
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internal reflections at the proper angle of incidence may be used to 
produce a phase diflFerence of 71-/2. In this way plane polarized light 
may be converted into circularly polarized light, or vice versa. This 
principle is used in the Fresnel rhomb. 

We must not neglect the transmitted wave associated with total 
internal reflection. As cos 4 > 2 is imaginary it can conveniently be 
represented by Ì7. Then, in the case where E is perpendicular to the 
plane of incidence, we find from (87-1) that 


E 2 = hA^~^ x 


_iw{S 2 sin 022/—*} 
c 


This represents a wave propagated along the surface with a wave- 
slowness greater than S 2 and equal to the component parallel to 
the surface of the wave-slowness S\ in medium (1). Its amplitude 
falls ofF exponentially with the distance x from the surface. The 
magnetic intensity, as is evident from (87—2), has components in both 
the X and the Y directions. Therefore H2 is not wholly perpendicular 
to the direction of propagation. As the wave moves parallel to the 
surface, and, in fact, with a wave-slowness equal to the projection on 
the surface of that in the medium in which total reflection occurs, no 
net transfer of energy across the surface takes place after the steady 
state has been established. 

Similarly we find from (87-10) for the case where E lies in the 
plane of incidence, 

E 2 = ( — 2 sin 02 + j\y)A 2 ^ ySìtX 


In this case E2 has a longitudinal as well as a transverse component, 
although H 2 is entirely transverse in accord with (87—11). These 
surface waves were observed only after the theoretical establishment 
of their existence. 

Next we turn our attention to the phenomenon of metaìlic reflec- 
tion, asvsuming medium (1) in Fig. 102 to be a transparent dielectric 
with a real permittivity ki, and (2) to be a conductor characterized 
by a complex permittivity k 2 = /c 2 ' -+■ \k 2 " and a conductivity cr 2 - 
In the former the wave-slowness S\ is real, but in the latter the wave- 
slowness S 2 = S 2 ' + iS 2 " is complex in accord with (83-10). 

Evidently R ± — R^ = — 1 at grazing incidence as in the case of 
non-conducting transparent media. At normal incidence the for- 
mulas (87-17) still hold, with ;/ 2 complex. If we put 


n 


7 ll 

n\ 


Ki + ix) 
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as in article 83, the common coefficient of reflection for both states 
of polarization at normal incidence is 

„ I — v — \vx 

-K- I , * 5 

I + v + \vx 


and 


where 


_ 1 + y 2 (i + x 2 ) — -2i(g,+goì 

I -h v 2 (l 4 - X 2 ) + 5 


*x 

tan = — ; — , tan 0 2 = 

I + v I — v 


The reflecting power p n of the surface is evidently given by the modu- 
lns of R 2 . It is 


Pn = I 


4 ^ 

1 + Ai + x 2 ) + 2/ 


(87-2.4) 


It was shown in article 83 that x =4= 1 for a good conductor. In such 
a case (87—24) reduces to the simpler formula 


Pn = 1 


4 ^ 

I 4" 2v + 1 v 2 5 


(87-25) 


and, as v == "s/ a<2,/iu> is large compared with unity, p n is very close to 
unity. Thus the reflecting power of a silver surface at normal inci- 
dence may be as high as 95%. Calculation of the conductivity from 
the observed value of p n by means of (87—25) for long waves in the 
infra-red region of the spectrum yields results in good agreement with 
the conductivity measured for steady currents. As v decreases with 
increasing frequency, the reflecting power of a metallic surface 
decreases as we pass from the red to the violet end of the visible spec- 
trum. Thus the reflecting power of silver falls from 95% at 70CO À 
to 87% at 4200 À. 

While both change in amplitude and change in phase are the same 
for the two components at grazing incidence and at normal incidence, 
this is no longer true at other angles of incidence. In general one 
component suffers both a different change in amplitude and a dif- 
ferent change in phase from the other. Thus, if the incident light is 
plane polarized at 45° to the plane of incidence so as to contain both 
components with equal amplitudes and in the same phase, the 
reflected light Ìs elliptically polarized. We shall now investigate 
this case. 
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If we write 


-iS 


N - me" ì5 '. 


and put r = r„/r x , A ■ «u - *x» we have, in accord with (8 7 -ai), 


r e 


-«a _ gjl _ ^ ~ 

2 ? , 5 2 + CiC 2 


(87-26) 


Let us construct a figure of the same type as Fig. 104. The 
present case differs from the previous one in that S 2 ìs not real, but 

N 



Fig. 105. 


„f h.,.h , .... „.l •" p*« 1" •;“' 1 <8 f 

ta n 'f\ 

— > — > _ o j d 2 Then QM = Ci and 

«*«• «* - s - ■ oM - *■ ” d °* : 8 ,» *. — 


; — 02 , 1 ~ 2 . , , 

= C 2 3 . Now if we write the comi-Tlexjluanm^ . Therefore 
form C>'“ = p e'” we see at once that CxQ, - Ci VP 

OP = C1C0 hisects the angle JffiM, and _ ClCa 13 _° 

V 1 1 ' . , _ f nP' = R 2 — CiC.2 and 


after reflection is tnc angic 


r e 


— iA 




OP' 


(87-27) 



(B7“28) 
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we have also 





PM_ 

~Fm 


by (87-19), since PM = Ci 2 - C X C 2 and Fm = C^ 2 + CiC 2 . There- 
fore 5j_ is the angle between the positive senses of these two lines, 
and 5 ,| = 5 j_ + À. 

The optical constants of a metal are usually measured by adjust- 
ing the angle of incidence of plane polarized radiation, polarized with 
the electric vector inclined at 45° to the plane of incidence, until the 
phase difference A of the two reflected components is tt/i. The 
attainment of this condition can be tested by placing in the path of 
the elliptìcally polarized reflected radiation a quarter-wave plate 
which converts the radiation into plane polarized light with the elec- 
tric vector making an angle /3 with the normal to the plane of inci- 
dence. Then tan j 3 = r^/r^ = r. This angle | 3 , known as the 
princìpal azimuth^ and the angle of incidence 4 >ip which makes 
A = ir/i, known as the principal incidence , are suflficient to determine 
the optical constants of the metal, as we shall now show. 

Putting A = 7 r/2, and r = tan j 3 in (87—26) we have 


B 2 - CxC 2 
P 2 + CiC 2 


= — i tan j3. 


whence 


Ci C 2 1 + i tan /3 2^3 

B 2 ~ 1 - i tan 0 “ 6 ' 


Now B/Ci = tan 0ip from Fig. 103. Therefore 

t 

»2 


So 2 - B 2 C 2 


2 * 2 ± ^4Ì/S 




B‘ 


— tan <t>!P e 


But B 2 = Si 2 sin 2 <j> ip. Consequently 


Si 2 


= sin 2 <ì>ip (1 + tan 2 ^ipe 45 ^). 


(87-29) 


However, in accord with (83—10), 
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Comparing with (87—29) we find 


— sin 2 4>ip (1 ~1“ tan 2 <f>±p cos 4/^)» 
«1 


<c 2 " + 2 

W , Op O ■ 

= sin 0 ìp tan 4>\p sin 4 p. 


(87-3°) 


As was noted earlier, we cannot distinguish between /C2" and <r 2/co. 
Evidently a non-conducting dielectric in the region of an absorption 
band, where is large, will exhibit all the phenomena of metallic 
reflection. 

Now S2/S1 is the complex index of refraction n — v(i + ix). 
Since the index of refraction of a good conductor is large compared 
with unity we can generally neglect the first term on the right of 
(87-29) compared with the second. Then 


v = sin 4> 1P tan 4>ip c os 2j3, 
X — tan 2/3. 


(87-31) 


As we observed in article 83, x is of the order of magnitvide of unity for 
a metal of high conductivity. Hence /3 is in the neighborhood of 
22°. 5 and the principal incidence 4 \p is large. 

88. Metallic Reflection in the Presence of External Magnetic 
Field. — In the ordinary reflection from a metallic surface discussed 
in the last article, we have seen that. plane polarized incident radia- 
tion in which the electric vector makes an angle of 45° wit.h the plane 
of incidence is converted into elliptically polari/ed radiation on 
reflection. If, on the other hand, the electric vector in the incident 
beam is either perpendicular or parallel to the plane of incidence, the 
reflected light, like the incident light, is plane polarized. Now Kerr 
noticed, in 1877, that plane polarized light of any orientation gives 
rise to an elliptically polarized beam when the reflection takes place 
in the presence of a magnetic field. At norrnal incidence, however, 
the short axis of the ellipse is so small compared with the long axis 
that the light is effectively plane polarized along tl»e long axis of the 
ellipse. The significant phenomenon in this instance is a slight ro- 
tation of the plane of polarization. We shall now investigate the 
reflection of light from the surface cjf a good conductor located in an 
external magnetostatic field. 
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First we must set up the field equations in a conducting dielectric 
located in a constant magnetic field H 0 . Since the imaginary part of 
a complex permittivity is indistinguishable from a conductivity we 
may limit ourselves to a medium with a real permittivity. Then 
(85- 7) gives 

D = «E + ioH 0 X E, « s + (* - i) 2 , (88-1) 

j[\ec 

where N is the number of bound electrons per unit volume. 

As regards the current, we have from the equation (67—14) describ- 
ing the Hall effect, 

P V = <rE — (3H 0 X E, /3 S ■&- a 2 , (88-a) 

8ncc 

where n is the number of free electrons per unit volume. From the 
equation of continuity (62,-1) we fìnd, with the aid of (82—4) and 
(82-10), 

p = S*(crE — j6H 0 X E). (88-3) 

Therefore the field equations (62-12) take the form (82—11) with 
the effective electric displacement 

D e = D + i ( - E — - H 0 X E ) 

\C0 O) / 

= (k + i £) E + i (« - £) Ho X E, (88-4) 

in which we may consider ( a — /3/oo)i/ 0 to be very small compared 
with k or c J<x>. As noted Ìn article 82, D e and H lie in the wave-front 
at right angles to each other, and E lies in the plane of S and D e . 

As k is very small compared with c/cc for a good conductor such 
as we are interested in, we may approximate to the extent of writing 

D e = iejE + 5H 0 X E} (88—5) 

in place of (88-4), where e = <r/oo and e<5 = a; — |8/co. Solving for E 
with neglect of the square and higher powers of 5, 

E = - {De 5H 0 X D e }. (88 — 6) 

€ 

The wave equation (82— ia) then becomes 

(S 2 - i «S 0 2 )D 4 - a(S 2 H 0 X D e - S H 0 X D e S) = o. (88-7) 
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Taking, for the moment, the X axis in the direction of propagation,D e = 
jD v + kD z and S 2 H 0 XD,- S H 0 X D C S = S 2 H a J-jD z + kDjl 
as in article 85. Consequently the non-vanishing components of the 
vector wave equation are 


(S 2 - US 0 2 )Dy = - 5S 2 H 0 x D z> 

(S 2 - ieS 0 2 )D z = SS 2 H 0x Dy, 

which give 

S 2 - ieS 0 2 = ± iSS 2 H 0x> 

and 

» - - V"ee“ /4 (i ± ÌBHoJ. 

o 0 


( 88 - 8 ) 

(88-9) 

(88-10) 


Evidently the upper sign in (88-9) and (88-10) corresponds to the 
right-circularly polarized wave for which D z = — i D y > and the lower 
sign to the left-circularly polarized wave for which D z = i D y . 

Next we must set up the boundary conditions at the surface of 
the conducting medium, which is represented by medium (2) of Fig. 
102. For simplicity we shall suppose medium (1) to be empty space 
(S 1 = Sq) and shall assume the magnetic field to be perpendicular to 
the surface (H 0 = ìHq). As the general theory is rather complicated, 
we shall content ourselves with a discussion of the simple case of 
normal incidence. 

Since the conducting medium can transmit only circularly polar- 
ized waves, it is appropriate to treat circularly polarized incident 
and reflected beams as fundamental, rather than plane polarized 
beams. Then a plane polarized incident beam can be synthesized by 
combining a right-circularly and a left-circularly polarized beam of 
the same amplitude. 

First consider the right-circularly polarized incident wave 

E x = 0 ' - ifc)//ie i ‘ o(Sox-i) , 

Hi = (i j + fe) c -/ 1 e‘" <s ° x_I> . 


(88-1 x) 


This will give rise to a reflected wave, which, if the reflecting medium 
were a perfect conductor, woidd obviously he left-circularly polarized. 
Hence we take for the reflected wave 


Ei' = (j - 

Hi' = - (i j + ft).'/i'e‘“ (-SoI-i> . 


(88-12) 
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The transmitted wave must be polarized in the same sense as the 
incident wave. In accord with (85— 15) we may write for the effective 
electric displacement 

D e 2 = (J - ift)» r V 2 e i " <s ’*-‘ ) , 


where S r is the wave-slowness and n r the index of refraction obtained 
from (88—10) by using the upper sign. The electric intensity can 
be obtained from (88—6) or more easily from (82—14), and the mag- 
netic intensity from (82—13). They are 

E 2 = (j - \k)A 2 è^ Sr *-‘\ 

^ (88—13) 

H 2 = (i j + fc)w r ^ 2 e i " <s ^-‘>. 


Since both E and H are tangential to the surface of the conductor 
in all three waves, the only boundary conditions are 


A\ + A\ = A^ 
A\ — A\ — n r A<L. 


(88-14) 


Eliminating + 3 > we find for the coeflìcient of reflection A\ J A\ 


R r 


1 — n r 
1 I n r 


(88-15) 


for the right-circularly polarized wave. To treat the left-circularly 
polarized wave all we need do is to replace i by — i in the vector part 
of the amplitude of the three waves, and substitute Si and ni , obtained 
from (88—10) by using the lower sign, for S r and n r respectively. 
Thus we get 


Ri = 


1 — ni 
1 + ni 


(88-16) 


for the coeffìcient of reflection of the left-circularly polarized wave. 

Plane polarized incident radiation can be resolved into two circu- 
larly polarized beams, one right and the other left, of the same ampli- 
tude and phase. Thus we may write for an incident train of plane 
polarized waves 

Ej = j r f 1 e i " (So *- <) 

= i{u - >*) + U + ifc)}^ie i " <s »"-‘> 


(88-17) 
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Theti the electric intensity in the reflected train of waves is 

Ei' = i{RrU - ifc) + RiU + 

= |{(«r + RÙJ - KRr - £i)ft}^ie Ì " <-So *-‘ > . (88-18) 

As R r 7^ Ri, the reflected wave has a component of electric intensity 
in the direction of the Z axis. Now, since e^$> 1 for a good conductor, 

R r — Ri n r — ni — \/ e 5 // 0 (? 1(,r '' 4) 


tr/ 

1— ^(i+i). (88-19) 


R r + Ri 1 — n r ni 1 — ìe \/ie 

Therefore the long axis of the ellipse in the reflected light makes an 
angle —òHq/\/'2€ with the plane of the electric vector in the incident 
light. As <t/ù3 ^$> 1 , a is negligible compared with / 3 /co, and 8 = — /?/(we) 
is positive since the electronic charge e in (88-2) is negative. Hence 
the rotation is in the opposite sense to that of the current in the sole- 
noid producing the magnetic field. The predicted sense of rotation 
is observed when light is reflected from iron, nickel and cobalt, but 
the opposite sense in the case of magnetite. 

89. The Zeeman Effect. — In article 65 we saw that the equation 
of motion of a bound electron in an atom or molecule placed in an 
external magnetostatic field H is the same, relative to axes rotating 
about themagneticlinesof force wit.h angular velocity co = — (e/unc) H, 
as the equation of motion relative to axes fixed in an inertial system 
in the absence of the field. If, then, the electron executes linear 
oscillations with angular frequency co 0 in a fixed plane in the absence 
of the magnetic field, it will oscillate with the same frequency in a 
plane which rotates about the lines t>f ft>rce when the atom which 
contains it is ])laced in a magnetic field. ’Under these circumstances 
the radiation which it emits, as viewed by an observer in an inertial 
system, will contain, in addition to the frequency «0, fretpiencies 
which are combinations of coo and co. d herefore each line in the 
spectrum t>f an incandescent gas, which we may suppose to V>e due to 
a simple harmonic linear oscillation of a detìnite angular frequency 
co 0 , splits into several components when the source is placed in a 
magnetic tìeld. We shall now develop the electromagnetic theory of 
this phenomenon, discovered by Zeeman in 1897. 

Let XYZ (I'ig. lofi) be a set of axes tìxetl in the <>bserver\s inertial 
system with the X axis in the direction <>f the magnctic field H. 
Then an electron which executes oscillations <>f fretiuency co 0 and 
amplitude .7 along the fixed line ()P in tlie absence of the field will 
oscillate with the same frequcncy and amplitude along a line OP in 
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a plane XOQ, which rotates about the X axis with angular velocity co, 
when the field is present. The components of displacement of the 
electron along the X, Y and Z axes are then 

x = A cos co 0 t cos d 3 

y = A cos w 0 / sin 8 cos c ot = \A sin 8 { cos (co 0 + c o)t + cos (co 0 — co)/} 3 
z = A cos co 0 / sin 6 sin co/ = \A sin 8 {sin (co 0 + co)/ — sin (co 0 — co)/}. 
Of these the part 

y\ = \A sin 8 cos (co 0 + co)/, 

2i = \A sin 8 sin (co 0 + c o)/, 

represents a circular vibration in the YZ plane of angular frequency 
co 0 + co in the counter-clockwise sense, and 

y 2 = 2 A sin 6 cos (co 0 — c o)t 3 

z 2 = — \A sin 8 sin (co 0 — co)/, 

Y a circular vibration of angular fre- 

quency co 0 — co in the clockwise sense. 
Hence the resultant oscillation con- 
sists of a linear oscillation of angular 
frequency co 0 along the X axis and two 
circular oscillations in opposite senses 
X in the YZ plane of angular frequencies 
co 0 + co and co 0 — co, respectively. Each 
of the latter we can resolve, if we 
choose, into linear oscillations of the 
same amplitude along the Y and Z 
axes, diflfering in phase by a quarter 
period. Expressing co in terms of H y 
the three true frequencies appearing when the source is placed in a 
magnetic field are 

coq 

2ir J 



vq = — 


n = 


v 2 = 


to 0 + co 

2.7T 

COq — CO 


VQ 


= VQ + 


AfTVmC 

e 


H 3 


H. 


(89-1) 


27r 47 xmc 

The polarization of the radiation associated with each of these 
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frequencies depends upon the position of the observer. In trans- 
verse observation the radiation proceeding from a source located at the 
origin is viewed from a point in the YZ plane. Let the point òf obser- 
vation be on the Y axis. Then, as found in article 72, no radiation is 
received from the component oscillations along the Y axis, the com- 
ponent oscillations along the Z axis give rise to plane polarized waves 
with the electric vector perpendicular to the lines of force of the 
impressed magnetic field, and the component oscillation along the 
X axis to plane polarized waves with the electric vector parallel to 
the magnetic field. Plane polarized radiation with E perpendicular 
to the impressed field is labelled s (senkrecht) and with E parallel p 
(parallel). Hence in transverse observation the spectrum contains. 


s P s c c 



Fig. 107. 


in place of the single nnpolarized line of fret|uency v^ existing in the 
absence of the magnetic field, the normal Lorentz triplet (Fig. \orja) 
consisting of three plane polarized lines of frequencies vq and v 2 , 
the middle one being polarized p and the two outer ones s. 

In longitudinal observation the radiation proceeding from the 
origin is viewed from a point on the X axis. I herefore no radiation 
is received from the component oscillation along the X axis, but all 
component oscillations in the Y 7 * plane contribute. Consequently 
no radiation of frequency vq is observed, but two components of 
frequencies v\ and v 2 (Fig. 107^), circularly polarized in contrary 
senses, are seen. The polarization of these components is labelled c. 

From the observed separation 

Av = H (89—2) 

^Tvmc 

of the lines in the normal Torentz triplet. the ratio cjm may be calcu- 
lated. This was one of the earliest accurate methods of measuring 
this important constant. 

The normal Lorentz triplet is observed only in the simplest 
spectra. The anomalous Zeeman pattern more tre<]uently found 
cannot be explained by electromagnetic theory without the aid of the 
quantum hypothesis. 



CHAPTER 9 


FOUR-DIMEN SION AL VECTOR ANALYSIS 

go. Vectors and Vector Products. — In Chapter 2 we saw that, if 
we locate events in space-time by the rectangular coordinates x, y, z, 
l s i ct, the Lorentz transformation is represented by a simple rotation 
of the axes without change of scale. Therefore it is evident that not 
only the kinematical relations of the special relativity, but also the 
relations comprised in any theory, such as electrodynamics, which has 
its origin in the relativity theory, can be represented far more simply 
in terms of a four-dimensional vector analysis than in terms of the 
three-dimensional vector analysis employed heretofore. In this chap- 
ter we shall develop the four-dimensional vector analysis of a flat or 
homaloidal space-time. However, the reader must be warned that, 
while the four-dimensional representation of physical relations is very 
elegant in form, it is of very little aid in the solution of electromag- 
netic problems. Therefore we have not deprived him of a valuable 
analytical method in deferring until this chapter the development of 
four-dimensional vector analysis. 

In a manifold of four or more dimensions a great deal of writing 
can be saved by adopting a more symmetrical notation than that 
commonly employed in three dimensions. We shall confine ourselves 
entirely to rectangular coordinate systems and shall generally desig- 
nate the four coordinates by x^, x 2 , X 3 , x 4 instead of x, y, z, l, always 
understanding / by x 4 . The unit vectors parallel to the coordinate 
axes we shall denote by k x , k 2 , k s , k 4 , respectively. 

In three-dimensional vector analysis we required only a single type 
of vector, that having the properties of a directed segment of a 
straight line. This simplicity was made possible by the fact that a 
plane area had a unique perpendicular, the direction of which we 
could take as representative of the vectorial properties of the two- 
dimensional area. Furthermore, as all three-dimensional volumes 
were vectorially equivalent, we were able to treat them as scalars. 
In four dimensions these devices are no longer possible. A two- 
dimensional parallelogram has no unique perpendicular and cannot 
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be represented vectorially by a directed linear segment. Moreover, 
three-dimensional parallelopipeds are not vectorially equivaient and 
must be treated as vectors rather than as scalars. Therefore we 
recognize four different types of vectors: a vector having the prop- 
erties of a directed element of arc, a vector having the properties of 
a directed element of area, a vector having the properties of a directed 
element of three-dimensional volume and a vector having the prop- 
erties of a directed element of four-dimensional volume. We desig- 
nate them as vectors of the first, second, third and fourth ranks, 
respectively. Vectors of the fourth rank, being equivalent vectorially, 
are pseudo-scalars. 

A vector P of the fìrst rank is expressed in terms of its components 
Pi> P 2y Pzì P 4 along the A 1, A 2, A3, X4. axes by P = P \k\ ~b P 2^-2 H“ 

Pzkz + P 4^4) exactly as in three-dimensional analysis. We can write 

4 
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that a repeated lìteral suffix is always summed over, vve may omit 
the summation sign and write mcrely P — P a k iy . Kvidently a 
repeated literal suffix may be rcpìaced by any other letter. Thus 
Potk-a = Ppkp since they botli reprcsent the same sum of products. 
We shall employ this summation convention consistently in this chap- 
ter, and shall find it very convenient when a number of suffixes are 
present. Obviously no suffix can appear more than twiee in a single 
product. 

Consider two vectors of the first rank, P and Q, lying in the X\X% 
coordinate plane. The area of the parallelogram (Kig. 10H), of which 
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P and Q are the sides, is clearly P^Q 2 — P 2 Qi- We shall try to repre- 
sent this area vectorially by a product P X Q obeying the distrib- 
utive law. Carrying out the indicated multiplication we get 

P XQ - (Pik-i + P 2 k 2 ) X (Qik-i + <22^2) 


= P ìQiki X + PiQ 2 ki X k 2 + P 2 Qik 2 X ki + P 2 Q 2 k 2 X k 2i 


which yields a vector of the correct magnitude only if we make k 4 X k^ 
= k 2 X k 2 = o, k 2 X ki — — ki X k 2> exactly as in the case of the 
vector product in three-dimensional analysis. Then ki X k 2 is a unit 
vector square in the XiX 2 plane, and 


PXQ — (Piki-\-P 2 k 2 )'X(Qiki-\-Q 2 k 2 ) = 


Pi P2 
Qi Q2 


kiXk 2 . 


(90-1) 


We shall write the unit vector ki X k 2 of the second rank in the 
abbreviated form k x X k 2 = fe 12 . Then k 2X = — & 12 . As there are 
six coordinate planes there are six independent pairs of unit vectors 
of the second rank, k X2 = —k 2 u k 2Z = -k 32 ) k 31 = — k 13i k 14 = —k 41 , 
k 24 = —k 42ì k 34 = — k 43 . Now, in expressing a vector of the 
first rank as the sum of its components we utilize only the four unit 
vectors k ly k 2 , k 3 , k 4 having the positive directions of the coordinate 
axes, discarding the four related unit vectors — fei, — k 2 , — k 3 , — k 4 
having the negative directions of the axes. So, in expressing a vector 
of the second rank as the sum of its components, we shall generally 
employ only the six unit vectors k 12 , fe 23 , * 31 , k 14 , k 24 , k 34 , writing 
M = M 12 k 12 + M 23 k 23 + M 3 ik 3 i + M 14 k 14 + M 24 k 24 + M 34 k 3 4, or 
more simply M = M^k^, a (3 = 12, 23, 31, 14, 24, 34. Nevertheless, 
we shall not hesitate, when it is convenient, to replace k 12 by 
k 2 i, etc. Evidently P X Q obeys the anti-commutative law 
Q X P = -P X Q. 

Next consider three vectors of the first rank, P, Q and R, all 
lying in the XiX 2 X 3 coordinate planoìd or three-dimensional sub- 
space. The volume of the parallelopiped of whìch they are the edges 
is P1Q2R2 + P 2 Q 3 Ri + P 3 QiR 2 - PiQ 3 R 2 - P 2 Q x R 3 - P 3 Q 2 R X by 
(6 — 3 )- Although this quantity was represented by the triple scalar 
product in three-dimensional analysis, we shall try to represent it in 
the more general vector analysis which we are now developing by a 
product P X Q X R obeying the associative and distributive laws. 
We observe that 
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P X Q X R — (P 1&1 + P 2 k 2 + P 3^3) X {Qlk\ + $2&2 + ^3^3) 

Pl P2 Pz 


X (Pl^l + + P3&3) = 


Qi Q2 Qz 

P-i R -2 R3 


*1 X k 2 X k z (90-2) 


only if k a X kp X vanishes when any two suffixes are the same 
and changes sign when any two adjacent suffixes are interchanged. 
Evidently fei X k 2 X k z is a unit vector cube in the X\X 2 X 3 coordi- 
nate planoid. For brevity we write ki X k 2 X k 3 2= fe 123 = /z 23 i = 
/2312 = — /2321 — — &213 = —k\z 2 . As there are four coordinate 
planoids there are four independent sextets of unit vectors of the 
third rank, of which we shall generally employ only the four unit 
vectors &i23> &234> &34i> &4i2> writing H = H 123 ki 2 z + H 2 z 4 k 2 z 4 + 
#341^341 + H 412 k 412 or, more simply, H = H a ^k ai 3y , <x$y = 123, 
234, 341, 412. Evidently fei2*X k 3 = k x X k 2 X k z = ki 2 z> and 
k 3 X fei2 = ki 2 z as well. Therefore the vector product of a vector M 
of the second rank by a vector P of the first rank obeys the commu- 
tative law M X P = P X M. In terms of the components of the 
two vectors, 


P X M = (P \M 2 Z + P2A/31 + P%M 12 ) k\ 2 Z 

+ ( + P2A/34 — P%M 24 + P4M2Z) k 2 Z 4 

+ {P\Mz 4 — PzMi4 — P 4 M 31 ) &341 

+ {P\M 2 4 — P 2 M\4 + P 4 M 12 ) k 4 \ 2 . (90-3) 

Finally, the vector product of four vectors of the first rank, P, Q, 
R and S, gives us the pseudo-scalar 

Pi P2 Pz P 4 
Qi Q2 Qz Q 4 
Ri R 2 Rz R 4 
Si S 2 Sz S 4 


PXQXRXS= 


k\ x k 2 x k 3 x k 4ì (90-4) 


provided k a X kp X k y X k& vanishes when any two suffixes are the 
same and changes sign when any two adjacent suffixes are inter- 
changed. As before we write k\ X k 2 X k 2 X k 4 = k 1234 . Evi- 
dently the twenty-four unit vectors of the fourth rank, obtained by 
permuting the suffixes in £1234, are ail related. Therefo.’e the unit 
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vector of the fourth rank, representing a unit four-dimensional cube, 
is a pseudo-scalar. We may interpret the magnitude of the product 
P X Q X R X S as the four-dimensional volume of the hyper- 
parallelopiped of which P, Q, R and S are the edges. Evidently the 
vector product of a vector of the third rank by a vector of the first 
rank, or of two vectors of the second rank, is a vector of the fourth 
rank or a pseudo-scalar. 

A vector of the second rank, which is expressible as the vector 
product of two vectors of the first rank, is said to be uniplanar. We 
shall now show that not all vectors of the second rank are uniplanar. 
Let, for instance, M and N be two uniplanar vectors of the second 
rank. If their planes intersect in a line, which we can represent by 
a vector R of first rank, we can write M = P X R and N = Q X R, 
where P and Q are vectors of the first rank. Then M -f- N = 
(P + Q) X R is a uniplanar vector of second rank. But if the planes 
of M and N intersect only in a point, as may happen in a four- 
dimensional space, this representation is impossible and M + N is 
not uniplanar. 

IfM=PXQ+RXS, where the plane of P and Q and the 
plane of R and S contain no common line, the vector M of the second 
rank is biplanar. We shall now prove that every vector of the second 
rank is at most biplanar. For suppose that M is triplatiar^ that is, 
M=PXQ+RXS + TXTL Then, as P X Q and R X S have 
no common line, we can express T in the form T = aT? + bQ + cR 
+^SandMbecomesM = (P-HJ) X (Q + aU) + (R-^/U) X (S+rU), 
which is biplanar. 

Let M be uniplanar. Then M = P X Q and M X M = 
PXQXPXQ = o, since the determinant (90—4) has two rows 
the same. Conversely, if M X M = o, M is uniplanar. For M can 
always be expressed in the form M=PXQ+RXS. Hence 
M X M = 2P X Q X R X S and, if this vanishes, the four-dimen- 
sional volume of the hyper-parallelopiped of which P, Q, R, S are 
the edges is zero. This implies that the planes of P X Q and R X S 
lie in a three-dimensional sub-space and therefore intersect in a line. 
Consequently M is uniplanar. 

In any event 

Nt X M = 2(Af 12^^34 + Af23-^kfi4 + M. 31A/24) &1234* (^o - 5) 

In the applications of four-dimensional vector analysis to electro- 
dynamics we rarely have occasion to use other than vectors of the 
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first and second ranks. The first, on account of their four compo- 
nents, are commonly called Jowr—vcctoTSf and the second, on account 
of their six components, six-vectors. 

Finally, we call the reader’s attention to the fact that the rank of 
the vector product of two vectors is, in all instances, equal to the 
sum of the ranks of the two factors. 

91. Transformation of Vectors. — When we pass from one set of 
rectangular axes X1X2X3X4 to another set X\ XJ XJ X± diflFerently 
oriented the coordinates transform according to the equations 

Xi' — h a x aì x a — ZUxì, ( 9 1 ™ 1 ) 


as in (8-1), where l ia = l ai represents the cosine of the angle between 
the X a and the Xi axes. We find immediately, as noted in (8-5), 


that 


lia 


l' . = 

t'Ctl 


dxi' 

dx a 


dx a 

ÒXi 


(91-a) 


Hence, if kj, kj > kj , 
XJ y XJ axes, 


kj are unit vectors parallel to the X\ , XJ , 



(9i~3) 


Now, if P is a vector of the first rank, 

P = PaK = Pi'ki'. 


Using ( 91 - 3 ), then. 

pj _ p dXi ' 

1<x dx 3 
l/ (X 

(9 1 - 4) 

and similarly 

P - P ’ d *“- 

~ ^ ÒXi' 

(9 I- 5) 


These are the transformations for the components of a vector of the 
first rank or four-vector. 

Consider, for instance, the rotation of axes corresponding to the 
transformation (42-5) which takes us from the inertial system S to 
an inertial system S' moving relative to S in the direction of the 

X axis with velocity v. Evaluating the derivatives or we 

construct the table: 
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Px 

Py 

P Z 

Pl 

p ' 

■L X 

k 

O 

O 

ifik 

P ' 

r v 

O 

I 

O 

0 

Pz' 

O 

O 

I 

0 

Pl' 

-i/3£ 

O 

O 

k 


(91-6) 


giving the components of P relative to S' in terms of its com ponent s 

relative to S and vice versa. As usual /3 = v/c and k = i/V^ 1 — /J 2 . 
In the case of the unit vector of the second rank we have from 

X v) x (f^ */)■ 


Hence, if we use the common compressed notation 


Ò^Xi , 3 Cj ) 

^C^atj ^js) 

we find from (90—1) that 

i_ à(xi , 

= T7 r “i. 


dXi dx/ 
dx a dxp 

dXj' dXj' 
òx a ÒXp 

ij not permuted. 


(9 J -7) 


where, by the designation “ ij not permuted’ > we indicate that ij is 
limited to the values 12, 2,3, 31, 14, 24, 34. 

Hence, if M is a vector of the second rank. 


M = M a pk at 5 
and (91—7) gives 

Mij = JVI a p 

Similarly 

M! a p — R^ij ■ 


= M'ijk'ijj a/3, ij not permuted. 


d(. X i'ì X j 0 n , , 

. . , oip not permuted. 

d(*a, Xp) 

(91-8) 

d(x aj xj) . . ^ j 

aw, */) ’ v P ermuted ‘ 

(9 I_ 9) 


These, then, are the transformations for the components of a vector 
of the second rank or six-vector. 
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Evaluating the determinants 


d(xi , Xj ) d(,x a ) xp) 


d(x aì Xfi) 

formation (42—5) we construct the table 


or 


d(xi j Xj ) 


for the tran- 




My Z 

M zx 

M xi 

Myl 

M zl 

M' 

xy 

k 

O 

0 

0 

— i( 3 k 

0 

M'y Z 

0 

I 

0 

0 

0 

0 

M' x 

0 

O 

k 

0 

0 

i/ 3 k 

M' xl 

0 

O 

0 

1 

0 

0 

M' yl 

i/ 3 & 

O 

0 

0 

k 

| 

0 

M' zl 

0 

O 

-i 

0 

0 

k 


(91-1°) 


which gives the components of M relative to S' in terms of its com- 
ponents relative to S and vice versa. 

If we replace M xy by M z u M yz by M x u M zx by M y i , M x i by M yzì 
M y i by M zx , M z i by M xy and similarly with the primed components, 
we obtain the table 



M z i 

M xl 

Myl 

My Z 

M zx 

M IV 


k 

0 

O 

O 

— \( 3 k 

O 

M' xl 

O 

1 

O 

O 

O 

O 

M’yl 

O 

0 

k 

O 

0 

i( 3 k 

M'yz 

O 

0 

O 

1 

0 

0 

M' zx 

\( 3 k 

0 

O 

O 

k 

0 

M'y 

0 

0 

— \fik 

O 

0 

k 


which is identical with (91-10). 'I'herefore, if 


(91-11) 


M = M xy ki 2 -\~ M yz k 23 ~\- M zx k^i~{-M x iki 4 -\- Myih^-^-M Z {k.z^ ( 9 I—ia ) 
is a six-vector, 

M* = M z i.ki 2 M x ik 23 ~\- M y ik 3 i~\- M yz ki 4 ~\- M zx k 2 4 M X yks 4 (91— 13) 

is also. We call M* the associated sìx-vector of M. 


We continue in the same manner with the vector of the third 
rank. From (91—3) and (90 2) we find 

d(X/ , Xj , Xj t ) 


k a fìy 


d(iVa> Xfi) Xy) 


Kjk, 


ijk not permuted, (91—14) 
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where ijk are limited to the values 12.3, 2,34, 341, 412. Hence, if H 
is a vector of the third rank. 


H = Hapykot! Q y = H'ijk kij kì apy 3 ijk not permuted, 

and 

../ yt d(Xj , Xj , Xje ) _ f -v 

H ijk = H a p y — — , apy not permuted, (91-15) 

d\Xoiy Xfiy Xy) 

H a 0y = H-jk d ( Xa ’ x P’ ijk not permuted. (91-16) 

d{Xj ' 3 x / 3 x k ') 


For the transformation (42—5) these yield the table 



H X y z 

Hyzl 

Hzlx 

Hlxy 

TT> 

xyz 

k 

lfik 

0 

0 

K zl 

~iPk 

k 

0 

0 

H’ lx 

O 

O 

I 

0 

HU 

O 

O 

0 

1 


(91-17) 


Finally, for the unit vector of the fourth rank we find 

d(xi 3 Xj' , Xk 3 Xi') 


k-ctfìy S 


d(Xa> Xf} 3 Xy 3 X$) 


k'ijki — kjjkij ijkl not permuted, (91-18) 


since the determinant of an orthogonal transformation is unity. Thus 
the one component of a vector of the fourth rank is the same relative 
to all reference systems. For this reason it is called a pseudo-scalar. 

Just as in three-dimensional vector analysis, the only scalar and 
vector functions of the coordinates x Ì3 x 2 > x z > x 4 and of the compo- 
nents of a number of constant vectors Ai, A^, . . . A n which can 
appear in physical laws are proper scalar and vector functions. The 
square of the element of arc 

d \ 2 = dx i 2 + dx 2 2 + dx 3 2 + dx 4 2 

= dx 2 + dy 2 +<fz 2 - c 2 dt 2 (91-19) 

is evidently a proper scalar function or scalar invariant, since, when 
we transform from x ly x 2 > x s > x 4 to x l3 x 2 > x 3 ', x 4 , it is found to be 
the same function of the latter variables as it is of the former, in 
accord with (42—4). Since we can write (91-19) in the form 
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dì? — — (i — V 2, / c 2 }c 2 dt 2 > where V is the three-dimensional vector 
velocity of a moving point, it follows that 

■w — d _ i . . 


K = 


y2 * 


(91-20) 


is an invariant total differential operator. It corresponds to the time 
differential operator d/ dt in three-dimensional analysis. 

Evidently the position vector 

R = k\x + k 2 y + ksz + fe 4 i ct (91-21) 

of an event is the fundamental proper four-vector or directed linear 
segment. Operating with (91— ao) we get the proper four-vector 
velocity 

Q = K — — = k\KK x + k 2 KKi, y + ks KK 8 + kf\Kc. (9i~22) 
dt 

Operating again, we fìnd the proper four-vector acceleration 


S = K 


= kiK 2 ( 


f x + K' 


f-V 


v* ) + k 2 K 


+ K 


f-V 


2 _ — _ y 

2 y v 


+ k 3 K 2 (f, + V) + fe 4 i K+ f -~ , (91-13) 

where f is the three-dimensional vector acceleration dV / dt^ and oper- 
ating once more we obtain the proper four-vector time rate of change 
of acceleration 

T = iC^ - fe, [a' 3 {/;+ K 2 -J /+| + 3^ 5 {“?A+ A' 2 ( f ^)V x } 


+ K*// + K 


'C> Y ) ! 


KV x + fe^[ • * • ] + fest * * * ] 


f-V , f‘ 


+ fe 4 i K 5 c 1 — o~ H — 2 + 4-^ 


(?)’)]• 


(91-24) 


Consider a charge distribution of density p 0 momentarily at rest 
in inertial system S 0 . Then, if p is tlie charge density in system S 
and p' in system S', 


= P *\J 1 


K 2 

•jT = P V 1 



436 FOUR-DIMENSIONAL VECTOR ANALYSIS 


on account of the Fitzgerald-Lorentz contraction. Therefore p/K is 
a scalar invariant. Multiplying the four-vector velocity (91-22) by 
this proper scalar and dividing by the constant c , we get the four- 
vector current 

P == k%p — - + k^p — - + ksp — - + k/\p. (91—25) 

c c c 

The three space components are the three components of the current 
density pV divided by c, and the time component is the charge density 
p multiplied by i. 

Given a three-dimensional vector function and a knowledge of 
the manner in which its components transform when we pass from 
one inertial system to another, we may be able to construct a four- 
dimensional vector function. Our success or failure is determined by 
whether or not the proposed four-dimensional vector function trans- 
forms in accord with the formulas developed in this article. 

Consider, for instance, the three-dimensional vectors E and B (or 
H), D and F, whose transformation laws are given in (68-10). As E 
was defined originally in terms of a discrete number of tubes of force 
per unit cross-section, we should expect to be able to assemble the 
components of these vectors in such a way as to form four-dimensional 
vectors having the properties of directed areas. If we put 

M = Bzk 12 + Bxk^Z + Bykzi — \E x k \4 — \Eyk24. — \E z k%j\ (91—26) 

we find, by comparing (68—10) with (91—10), that M is a six-vector. 
The associated six-vector is 

M* = \E Z k \2 \Exk2Z \Eyk%\ + B X k 14 + Byk^l + B z k 34 . ( 91 — 27 ) 

Similarly we find that 

N = F z k 12 + F x k 23 + F y k 3 1 — \D x ki4 — \Dyk24 — \D z k 34 (91—28) 
is a six-vector, its associated six-vector being 

N* = —\D z ki2 — \D x k23 — \D y k S i-{-F x ki4 -\-Fyk24-\-F z k S 4. (91—29) 

Since 

M X M = M* X M* = - 2i (E X B X + E y B y + E z B z )k i 234 , 
NXN=N*XN*= - 2i (D X F X + D y F y + Z\F,)fe 1234 , 
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M and M* are uniplanar only when E and B (or H) are at right 
anglesj and N.and N* only when D and F are perpendicular. Thus 
M and N in a plane electromagnetic wave in an isotropic medium 
are uniplanar. 

Problem pia. The transformations for the components of the current 
density and for the charge density are given in (59—1). Verify from these 
that (91-25) is a four-vector. 

92. Scalar Products. — Let M be a six-vector. Since ^21 — — fei2, 
Afi 2 fei2 = \M\/k\2 — §Mi 2 fe2i- Hence, if we put = ÌM12, 

m^i = — \M 12, we can express the six-vector in the more symmetric 
form 

M = Mapkat 3, cì /3 not permuted, 

= m a pkapy permuted, (92—1) 


where, in the last expression, a (3 assumes all the permutations 12, 21, 
23, 32, 31, 13, 14, 41, 24, 42, 34, 43. Now the transformation (91-8) 
may be written 


H A 9 % A ^Xi ÒXj 

Mi,- - M ai gx * 

... dxi dx/ 
M^a /3 - - , 

OXp OX a 

oì(3 not permuted. 

dx/ dx/ 

~ dx a dXf, ’ 


permuted. 

which gives 



, dx / dx/ 

- m a p _ . , 

dx a dxp 

oì(3 permuted. 

( 9 a-a) 

and, similarly. 



f òXq dx 

ma * - m ” a Xi ' dx/ ’ 

ij permuted. 

( 9 2- 3 ) 


Similarly, if H is a vector of third rank, //123^123 = \H123k123 
+ ^// 123^231 + ' 6 ^ 123^312 — 15 -^ 123^321 — \H\23k2i3 6 ^ 123 ^ 132 , 

and, if we put A123 = ^231 = ^312 — Ì+/123, ^321 = ^213 = ^132 — 

— '§•^ 123 , 


H = HapykdPy, aPy not permuted, 
= h a pyk a py, oifiy permuted. 


(92-4) 
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From this it follows that the transformation (91-15) may be written 


Hjjk Hafi'y 


òxj dx/ dxj/ 
dx a dxp dXy 

dxi dxj' dxk 
dX y ÒXfi dx a 


+ H a 0 y 


dxi' dxj' dxk 
dxp dXy dx a 


+ H t 


apy 


dxj' dxj' dxj/ __ dXj dxj' dx^' 
01 a ^ y dxa dx„ dx* 


òxì' dxj' dxk 

ÒXy ÒX a ÒXft 

ÒXj' ÒXj' ÒXjc' 
al3y * 


ÒXj' ÒXj' ÒXk' 
ÒX a ÒX /3 ÒXy 3 

Hence, 



kjjk hoifly 

and, similarly. 


ÒXj' ÒXj' ÒXjc' 
ÒX a Òxp ÒXy 3 




ÒX a Òx 1$ ÒXy 
ÒXi' ÒXj' ÒXk' 


5 


otpy not permuted, 

ctfiy permuted. 


apy permuted, 

(92-5) 

ijk permuted. 

(92-6) 


By means of the vector product we have been able to construct 
a vector of a rank equal to the sum of the ranks of the two factors. 
Now we shall devise a product, known as the scalar product, whose 
rank is equal to the difference of the ranks of the two factors. As our 
geometrical visualization of a four-dimensional manifold is restricted, 
we must proceed by strictly analytical methods. The fundamental 
formulas which we require are 


ÒXa ÒX a ÒXj ÒXi ^ 

a^'d^/ = ih 17f, = s “ e ’ 


C9 2 — 7) 


where the K.rofiecker delta 8ij is a symbol representing unity when 
i = j and zero when i j, and similarly for ò a p. 

Remembering that the partial derivatives appearìng in (92-^7) 
represent cosines of angles between the primed and unprimed axes in 
accord with (91— 2,), we could infer the relations (92.-7) as the four- 
dimensional generalization of the result of problem $b. However we 
shall give a formal proof. From (91—2) 

ÒX a ÒX a ÒXj òx a 
Òxj ÒXj' ÒX a ÒXj’ 


òxj ÒXi 
ÒX\ ÒXj' 


òxj ÒX 2 
ÒX 2 ÒXj' 


3xj òxg | òxj òx^ 

- q . 


ÒXq ÒXj 


ÒX4 ÒXj' 
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But this is just the total change in x/ per unit change in x/ 9 all the 
other x'*s remaining constant. Consequently, as at/, X2 f > x/, x/ are 
independent coordinates, the sum of products vanishes when i j 
and equals unity when i — j. 

The scalar product of the unit vectors k a and kp of the first rank 
is defined by the relation. 

k-a " kfì — 5 a p. (92 8 ) 

To justify this definition, which ìs identical with that of three- 
dìmensional vector analysis, we must show that when we take the 
scalar product of two four-vectors P and Q we obtain a vector of 
zero rank or scalar. Using (91—5) we have 


P"Q = PaQa 


p.'O •' — - — “ = P'O •' 
F% dx! dx' * % 


from (92-7), which proves the validity of the definition (92,— 8). The 
product 

p.p _ p ^ 2 _j_ 2 p 3 2 _j_ p ^2 


is calied the square of the four-vector P. 

Next we define the scalar product of the unit vector k a p of the 
second rank by the unit vector k 7 of the first rank by the relation 

ka(3 * ky — ky’k a ft = k a 8^y k@ò a y. ( 9 ^ 9 ^ 

To justify this, we must show that the scalar product of a six-vector 
M by a four-vector P is a four-vector. Using (92—1) we find 

M P = P-M = m a pPpk a — m a 0P a kp, a(3 permuted, 

= m a pPpk a — mp a Ppk aì afi permuted, 

= 2m a pPpk ay oì& permuted, 

since m$ a — —m a p. To complete the proof we must show that the 
components of the last expression obey the transformation law of a 
four-vector. From (91—5) and (92—3) we have 


im a pPp = 2 m'ijP 


dx a dx/3 dxp 
dxi dxj' dxk' 


2 m ’ijPj' 


dx a 

dXi' 


with the aid of (92—7). But this is the transformation (91—5) for the 
components of a four-vector. 

The formula (92-9) implies that the scalar product vanishes when 
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the unit vector of second rank does not contaìn the sufììx appearing 
in the unit vector of first rank. If, however, the former does contain 
the suffix appearing in the latter, we arrange the product so that the 
common suffix comes second in k a p and then cross it out in both 
vectors. Thus kz^'k^ = kz and kz±-kz = -k±z-kz — — k±. Con- 
sequently, if M is the six-vector M\ 2 k \ 2 + M 22 k 2 z + Mz\kz\ + 
M 14 fei4 + M 2 4*24 + M 3 4:kzt and P the four-vector P\k\ + P 2 k 2 + 

P zkz + P 4^4 j 

M • P = P-M = ( + P 2 M \2 — PzMz i + P^Mi^ki 

+ ( — P\M \2 + PzM 2 Z + P±M 2 4 )k 2 

+ ( P\Mzi — P 2 M 2 z + PtMzJkz 

+ ( — P\M\4 — P 2 M 2 4 — PzMz 4 )k±. ( 92 ,- 10 ) 


The differential operator in four-dimensional analysis correspond- 
ing to V in three dimensions is 


O = K 


dx. 


Oi 


. d d d 

= k\ f- k 2 — h k 3 — 

dx\ dx 2 dxz 


+ kz 


6x4. * 


(92- 1 1) 


pronounced < ‘lor’ , after H. A. Lorentz. Since 

d dx/ d dx a d 

dx a dx a dx / dx/ òx/ 


by (91-2), we see that the components of 0 transform in accord 
with the law (91—5) for a four-vector, and that 0 is a proper four- 
vector differential operator. 

The scalar product 


0-P = -^ + ^ + y^ + f^ 

ox 1 dx 2 ox 3 0X4. 


(92-12) 


of O with the four-vector P is the four-dimensional divergence of P, 
and the vector product 


. / dP 2 

Oxp=^ 


dx\ 


dx 2 / 


+ 


dx 2 

dP 


^12 + 


(dPz 

\ dx 2 


dP< 


(l ^“^) fel4 +(^ 

\ dx\ 0X4 / \ dX' 


dxz 

dPz 

dx 2 ÒX4 


>V , (dP\ dPz^ 

)^ 23 +\ “ ~ )^31 

ì/ \ OX 3 OX\/ 


) 


k 2 4 + 


dxz 

(dp 4 


dx\ 

dPz 


\ dxs dx 4 


) 


*34 ( 9 ^“I 3 ) 
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is the four-dimensional curl of P. The invariant scalar difFerential 
operator 


d 2 d 2 d 2 , d 

<C> * 0 = ~ 2 T - 2 “t - TT 2 + 


a 2 


ÒAT2 2 

a 


+ 
a 




2 


dx 2 + ajy 2 dz 2 


L 

c 2 dt 2 * 


(92-14) 


known as the d' Alembertian, is the four-dimensional analog of the 
Laplacian V -V. 

Replacing the components of P in ( 92 — 10 ) by those of <C> find 
for the four-dimensional divergence of the six-vector M 


0 -M = ( 


+ 


+ 


+ 


(- 

( 

(- 


+ 

aA /12 

aM 3i aA/i 4 ^ 

1*1 


a ^ 2 

av 3 a ^ 4 / 


dMi2 


, aA / 2 3 , 8M 2 (\ 
+ 1 * , 

| *2 

dxi 


a * 3 a * 4 / 


aA /31 

aA/ 2 3 


) *3 

a^i 

a ^ 2 

av 4 > 


aA/i4 

aA / 24 

aA /34 ^ 

1 fed- 

a.vi 

a.v 2 

av 3 y 

f 


(92-15) 


We note that the scalar 0 • (0 -M) vanishes identically. 

Similarly, if we replace the components of P in ( 90 - 3 ) by those of 
0 we obtain the explicit form of the four-dimensional curl of M. 

It is 


A ( aA/23 , , aA/ 12 

<0 XM = l —7 1 — — r „ 

v \ dxi dx 2 dx 3 


c 123 


+ 


+ 


+ 


^ + 
( 

V a^i 
/om 24 _ 

\ a.vi 


aA /34 aA / 24 . dM 2 s 


a.vo 


av-t 


+ 


av 3 


aA/i4 

a^'2 


+ 


av 4 / 

«234 

aA/m> 

a * 4 / 

1 *341 

oWi 2 > 

av 4 > 

) *412* 

of the third 


( 92 - 16 ) 


the unit vector of the first rank is defined by the relation 

kaQy'ks = kò'kaQy = k a (jÒ y l + k ya Òp8 + kp y 8 a 8- C9 2, 1 T ) 
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Now, if His a vector of the third rank, we have from (92—4) 

H • P = R*H “ HctfìyP kafìyP fìtlya I hafjyP afc\ 3yy Qifò'Y pcrmuted, 

= h a Q y P y k a Q “i - hpyotPykctp — |~ hyctpPykafì) ocfi' y permuted, 

= zhaQyPyka^ apv permuted, 

since h yal 3 = h$ ya = h at 3y . But, from (92-6) and (92-7), 

7 n 7 ' T> t dxp dXy dXy 2/ D > dXg dxp 

3h a pyPy - 3KhPl dx J dxj , dx& , dxi , ~ 3 ijkPk dxi , dxj , * 


As hpayPy = —h a pyPy this is the transformation for the components 
of a six-vector. Therefore the definition (92-17) is justified, since it 
yields a vector of the second rank for the scalar product of a vector 
of the third rank by a vector of the first rank. 

The formula (92-17) follows the same rule as (92-9). If k a p y 
and ks do not contain a common suffix, the scalar product of the 
two unit vectors is zero. If, on the other hand, they do contain a 
common suffix, we arrange the product so that the common suffix 
comes at the end in the former, and then cross it out in both vectors. 
Thus k\2Z‘kz — k\2 and £123*^2 = — ^132*^2 = — &i 3 = ^31- Simi- 
lar rules hold for the scalar product of other unit vectors, but, as we 
shall have no occasion to use them, we shall consider no further cases 
of the single scalar product. 

The double scalar product of two unit vectors of the second rank 
is important, however. We define this product by the relation 

k a p S kyS = $ayà(3& àa&àpy. ( 9 ^ 

To justify this definition we must prove that the double scalar product 
M : N of two six-vectors M and N is a scalar. From (92-1) we have 

M : N = N : M = — m a $np a , permuted, 

= im a pn a p, ol& permuted, 

since n$ a = — n a $. Now, by (92-3) and (92-7), 

, , òx a òx Q òx a Bxq , , . 

im a pn a p = n H> V perrauted. 


which proves that M : N is a scalar. 

Since we employ only the permutations 12, 23, 31, 14, 24, 34 in 
the suffices of unit vectors of the second rank, it follows from (92—1 8) 
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that k a p : k y s vanishes unless -yS is identical with ce/ 3 , in which case 
the product is unity. The product 

M : M = M12 + Mh + Mh + M \ 4 + M| 4 + M| 4 

is known as the square of the six-vector M. 

93. Four-Dimensional Formulation of the Equations of Electro- 
magnetism. — We start by expressing the field equations (62— \ t xa) to 
(62—12^) in four-dimensional vector form. From (92-15) we have for 
the four-dimensional divergence of the field six-vector (91—27) 


0 -M*= - i ( 

->( 

-( 


+ 


dE z 

dy 


dE. 


y 


ÒE Z 

dx 

dEy 

dx 

dB x 

dx 


H” 


dz 

dEx 

dz 


_ dEx 

dy 

+ ^ + 

dy 


dBj 

dz 


1 dB x \ 

LÈ jf) kz 

c dt / 

■)k 3 

) 


+ 


+ 


i dB 


(93- 1 ) 


Comparing with (62-12) we observe that the equation = o 

expresses, in its three space components, Faraday’s law (62— I2r), 
and, in its time component, Coulomb’s law (62-12^). 

Again, the four-dimensional divergence of the field six-vector 
(91-28) is 


0-w = ( 

( 
( 
*( 


+ 


dFj 

dy 


+ 


+ 


dF z 

dx 

dF y dF x 


+ 


dFx 

dz 


1 dD 

c 


dx 

dD* 

dx 


dy 


1 àD y ( dD z 

+ T + ~T 


àFy _ T_ ^ 
dz c dt ) 1 

*) 

) 

) 


dt 

I dDz 
C Òt 


k% 


k Z 


(93-2) 


If we equate this to the current four-vector (91—25) we find that the 
three space components of the equation 0>-N = P represent the 
Ampère-Maxweli iaw (62-12^) and the time component represents 
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Coulomb’s law Incidentally we notice that the equation 

0 -P = o is the equation of continuity (62—1). 

Next we write down the scalar product P-M of the current four- 
vector (91-25) and the field six-vector (91—26). From (92—10) 

P'M = ^ ” pV yB Z — pV. Z By + pE.X^ k\ 

+ - pV X B Z + — pV, Z B X + pE^ k 2 

+ ^ - pV. x B y — — pV. V B X + pE^ k 2 

+ “ ^ pV X E X + pV y E y + pV Z E Z k±. ( 93 - 3 ) 


We observe that the three space components of this four-vector are 
the three components of the force per unit volume (61—iie) on the 
free charge p, the time component being proportional to the rate at 
which the field does work on the free charge. If we understand by 
F this four-dimensional force the electromagnetic equations (62—12) 
assume the simpler form 


0-N = P, (a) 0‘M* = o, (b) 

F = PM, (c) 


( 93 ” 4 ) 


in four-dimensional vector notation. 

By forming the double scalar product of pairs of six-vectors 
selected from (91—26) to (91—29) we obtain a number of invariants 
of the Lorentz transformation, of which the most important are 


M : M = M* : M* = B 2 - E 2 , 

N : N = N* : N* = F 2 - D 2 , 

M : M* i\(E x B x + E y B y + E Z B Z ), 

N : N* ii(D x F x + DyF v + D Z F Z ). 


Since 0*(0*N) vanishes identically, as proved in article 92, it 
follows from (93“ 4 ^) that the equation of continuity 0 ‘F = o is 
satisfied by the electromagnetic equations. 

It is very often convenient, in order to save writing all the com- 
ponents in full, to express the three space components of a four-vector 
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in three-dimensional vector language. Thus we may express the 
current vector (91—2.5) in the form 

P = - V + kiìp 

C 

where V as k\V x + k^V y + ksl /r z . Adopting this notation, (93—1) 
may be written 

0 -M* = — iV XE--B - V Bk 4 

c 

and (93—2,) in the form 

0 -N = VXF--D + iVDki. 

c 

In the same way we may replace (93-3) with 

P-M = p (e + ^V X b) + ^ pV • Efe 4 . 

In this form these expressions have a much more familiar appearance 
and consume considerably less space. 

Now, if we take the scalar product of (93-4^) by N* we obtain 

( 0 -M*)-N* = -V-BF-(VXE)XD-b-I>XB 

+ i {v X E-F + i F-è} fc, - o, 

and, if we take the scalar product of (93-4«) by M and make use of 
( 93 - 4 < 0 > 

(O-N)'M = V-DE + (V X F) XB-^DXB 
+ i jv X P-E - ^Ef>j ki = F. 

Subtracting the first of these equations from the second, we have 

F= — - — (DXB)+ V*(DE -h BF) — VED — VF-B 
c dt 

— - {E D + F-B + pV • (E X F) }fe 4 - (93-6) 

c 

We recognize the space component of this four-vector equation as 
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the equation (70—1) which formed the basis of our discussion of electro- 
magnetic stresses, and the time component as the energy equation 
(69- 1 ). 

Next we shall look for a four-dimensional representation of the 
retarded expressions (50-7) and (50-8) for the scalar and vector 
potentials of a point charge e. Let x, y , z be the coordinates of the 
point occupied by the charge at the time t, and x P , yp, z P , t P the 
coordinates and time at the field-point P. Then 

R = k\(x — x P ) +k 2 (y — y P ) + k z (z — z P ) -f fe 4 i c(t — t P ) (93-7) 

is the fundamental four-vector expressing the space-time interval 
between these two events. Operating with the invariant difiFerential 
operator (91—20) and dividing by the universal constant c we obtain 
the four-vector 

G = kiK— + k 2 K — + k s K — 4- kJK, (93-8) 

c c c 


which is just the four-vector velocity (91—22) divided by c. The 
scalar product of R and G is 


R-G = K 


{x—x P )V x ( y~y P )V y , ( z—zp)V \ 


+ 


+ 


— c(t — tp) \ (93-9) 


Now, if r = k\ (x P — x) + k 2 (y P — y) + ka(z P — z) is the three- 
dimensional position vector of the field-point P relative to the charge, 
the condition for retardation is r — c(t P — t). Also (x — x P )V x 
+ (y — yp)V. y + (z — Zp) V z = — r- V. Therefore the retarded value 
of R*G is 


Da.G ] -[x(r-^]-[jrr ( 1 



(93- 10 ) 


in terms of the velocity c of the moving-elements. If, now, we con- 
struct the four-vector 



k\ 


— + k 2 
c 



V z 

+ fe 3 — + fc 4 i 

c 



(93-1 1) 


we notice that its space component is the vector potential A of a point 
charge e as specified by (50—8) and its time component is the scalar 
potential $ of the point charge as given by (50-7) multiplied by i. 
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Summìng over all the elementary fields which extend to the point P, 
we have then 


W e 


[ (’ iGr 

^r f L 4 7 rR 


77q7J — k.\A x + k 2 A y + hz A z + I14.1&. (93—12) 


If, now, we take the four-dimensional curl of the four-vector 
potential W we find, by (92-13), 

fdA v dA x \, . (dA z 3 AX , (òA x SA,\. 


OXW 


- (2 - f ( 


ry V 1 ( dAx dA *\h 

r+ + v*r - 


33 > 1 dA % 

1 ± 

dy c dt 


^24 +5 


,az c a/ 


^& 34 * 


(93- J 3) 

Referring to (50-5) and (50—6) we observe that the components of 
the six-vector ()XW are H z , Pfj/j — i-Ex» -"iPyj ~^E Z . But these 

are the components of the field six-vector M specified by (91—26), 
since B and H are merely different symbols for the same physical 
quantity. Hence the three-dimensional vector equations H = VXA 
an( i E = — V<I* — (1 /c)À are both contained in the single six-vector 
equation 

M = 0 X W. ( 9 3 -H) 

Finally we shall express the equation of motion (57—12) of the 
Ijorent/. electron in four-dimensional vector notation. If we take 
the scalar product of the ratio G of the four-vector velocity to the 
velocity of light given by (93-8), and the field six-vector M specified 
by (91-26) multiplied by the constant charge e of the electron, we 

g et x 


•M = cK 


+ - VyH Z - - V z Hy + E 

c c 




+ V X H Z + - c V Z H; 

+ ( - V x H v - 1 V v H x 

\ c C 

+ ~ ( V X E X + VyEy + V Z E 
= ^A'|e + -VXH + - V-Eft 4 }, 


+ - V Z H X + Eyj k 2 


+ E z )k 3 


)ft 4 } 


(93 _I S) 
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provided we replace B by H in (91-26). We see, therefore, that the 
left-hand member of (57—12) is not the space component of a four- 
vector, but that it becomes one if multiplied by K. Multiplying 
the entire equation by K , then, and expanding the triple vector prod- 
ucts in the right-hand members, we have, if we omit the subscripts 
on E and H, 

*JC |e+Ìvxh} = mK 2 \t + v} - «AT 3 |f + K 2 ^ v} 

- 3«^ 5 {^ f + K 2 ( f -7?) 2 v) + • • •• (93 -i6) 


The first term on the right is just the space component of the four- 
vector acceleration S given by (91-23), multiplied by the rest mass m. 
The sum of the two remaining terms, however, is not proportional 
to the space component of the four-vector time rate of change of accel- 
eration T specified by (91-24). Evidently a four-vector proportional 
to the four-vector velocity Q must be subtracted from T before we can 
make use of this vector. As the coefficient of Q in the subtrahend 
must be a scalar invariant involving only the components of V and f, 
let us consider the square of S as a possible coefficient. We find 


S 2 = S-S 


= * 4 ( 
= K^ 


+ *K' 


f-V 


+ K 4 


rv 2 v 2 \ _ 

r 2 c 2 / 


K s 


f-W 

c 2 


/ 2 + K 2 


f- 


?) 


Consequently 


5 




V. 


x 


+fca[* ■ ■]H“^b[* * ‘1+^4 'icK 5 \ — 2 — hj-K 


D 


f-V 


<'-?)■)] 


(93-17) 


is the four-vector to the space component of which the sum of the 
second and third terms on the right of (93-16) is proportional. 

The equation of motion (93-16) of the Lorentz electron is given, 
then, by the space component of the four-vector equation 
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If we write f^for the scalar invariant operator ^T^-this may be 
written more significantly in the form 


(&R) -M = m& 2 R—nl & 3 R-- 2 (& 2 R) • (^ 2 R)^R 


fH • (93~ J 9) 


The time component of the four-vector equation (93—18) is 


<?E-V - mKH-y - nK^i -V + 3 K‘- 


f-V' 


+ 


(93-20) 


It is evident from (57—12) that this represents the rate at which work 
is done by the impressed field. 

94. Tensors. — In the language of tensors a scalar invariant is a 
tensor of zero rank and a four-vector a tensor of fìrst rank. The tensor 
of second rank, with which we shall be concerned in this article, is the 
four-dimensional analog of the dyadic in three-dimensional vector 
analysis and, like the latter, can best be thought of as an operator, 
which, when multiplied into a four-vector, yields a new four-vector of 
different magnitude and different orientation, the components of 
which are homogeneous linear functions of the components of the 
first four-vector. 

The general tensor of the second rank is represented by 



*£ = aapkakp, ol[ 3 permuted. 

(94-1) 




= a'jjkjkj', ij permuted. j 

From (91-3) 

we find 



t dx/ dXj' 

a tj a aP 

(94—2) 

and similarly 

a * “ ~ ail dx/ dx/ 

(94-3) 


for the transformation of the elements of the tensor. 

= a a [ 3 the tensor is said to be symmetric, and if ap a = — a a [ 3, 
skew-symmetric. The symmetry properties of a tensor are invariant. 
To prove this, consider a tensor which is symmetric when referred to 
the unprimed axes. Then ap a = a a p. Now, from (94—2), 


, dx/ dx/ dx/ dxj' 

mlarly ~~~ ct(3 * 


<x 


ZJ* 
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Taking the scalar product of the tensor 'J? with the four-vector P 
we get 

^•P = a a pP$k a . 

To show that this a four-vector we have from (91—5) and (94—3) 


a a pP p a^jP k 


f dx a dx$ dxp 
dxi dxj dXk 


a ijP / 


dx a 

àxi 


y 


which is the transformation (91—5) for the components of a four- 
vector. 

The conjugate of the tensor SP is formed by interchanging the 
antecedents and consequents of SP. Thus, if 'P is represented by 

(94-1), 

~ b a fjkoikf3) botfì — ap a . 

By (94-^) 

, , dxj' dx/ dxi dXj' 

a ij a ji = a 0a ~Z ' = a ai 3 ~ ' ~Z * 

oxp ox a dx a dxfj 

Hence, if ^ is a tensor, is also. 

If we construct the array 

= Taafikcckfj 


out of the coefficients m a p of (92—1), defined in terms of the com- 
ponents M a /3 of a six-vector by the relations m i2 = — m^x = 
etc., is a skew-symmetric tensor of the second rank since the law 
(92—2) for the transformation of the quantities m a p is identical 
with the law (94—2) for the transformation of the elements of a 
tensor, and, in addition, m$ a — —m a p. 

The contraction of a tensor NP is the quantity obtained by putting 
a dot (scalar product) between the unit vectors in each term. Thus 
we obtain a aa for the contraction of ^ = a a pk a kp. That this is a 
scalar invariant is proved very simply as follows: 


a ii a a{3 


dxi' dxi' 
dx a dxp 




Therefore the sum of the elements on the principal diagonal of any 
tensor of the second rank is a scalar invariant. 

If we take the scalar product of two tensors ^ = a a pk a k p and 
# = bytkyks we get 

* $ a a jjb0 fìk a kfì . 
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To prove thut this is a tensor we note that 


a a pbpò = 



dx a dxp dxj} dxs 
dxj dx/ dxk àxj 



dx a dx s 
dxj dxj 


Now we shall construct an important tensor known as the stress- 
momentum-energy tensor. First we write down the two skew-sym- 
metric tensors built from the components of the six-vectors M 
(91-26) and M* (91-27). These are: 

@ = ofeifei + \B z k X k 2 \B y k X k 3 2 \E x k X k 4 

— \B z k 2 k X + Ok 2 k 2 + \B x k 2 k 3 — \\Ryk %k± 

+ \Byk3k1 — \B x k 3 k 2 + ofe 3^3 — \\Ezkzk± 

+ \\E x kjk\ + \\Eyk4k2 + \\Ezk4k3 + ok 4 k 4 , (94—4) 

X = ofeifei - \\E z kik 2 + ii£„feife 3 + \B x k ife 4 
-f- \\E z k 2 ki + ok 2 k 2 \\E x k 2 k$ + 2 B y k 2 k4 

— \\Eyk3k1 + \\E x k 2 k 2 + ofe 3 fe 3 + \Bjk2jk4 

- \B x k A k 1 - \B y k 4 k 2 - \B z k 4 k 3 + ofe 4 fe 4 . ( 94 - 5 ) 


Next we write down the conjugates of the two skew-symmetric ten- 
sors built from the components of the six-vectors N (91-28) and 
N* (91-29). They are: 

$ = ofelfel — -i^feife 2 + \Eyk jk z + \\D x kik 4 

+ \E z k 2 k 1 + ok 2 k 2 — \E x k 2 k z + \\Dyk 2 k 4 

- \Fyk 3 fei + \F x k 3 k 2 + ofesfes + \\D z k 3 k 4 

- \\D x k 4 ki - \\D v k 4 k 2 - \\D z k 4 k 3 + ofe 4 fe 4 , (94-6) 

Q = ofeifei + \\D z k x k 2 — \\D v k x k 3 — \F x k ife 4 

- \\D z k 2 k x + ok 2 k 2 + \\D x k 2 k 3 — \F v k 2 k 4 

+ \\D y k 3 k x — \\D x k 3 k 2 + ofe 3 fe 3 — \F z k 3 k 4 

+ \F x k 4 k 1 + \F y k 4 k 2 + \F z k 4 k 3 + ofe 4 fe 4 . 


( 94 - 7 ) 
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The stress-momentum-energy tensor is defined as 

M* as a a pk a kp = 2(X-12 — $•©). (94—8) 

We fìnd for its elements 

«11 = i( E X D X — E y Dy — E S D Z ) + i(F x B x — F v B y — F z B z ) y 
a>\2 = E y D x ■+ F y B X) 

«21 = E X Dy + F ' X By, 


ai 4 = —ì(E v F z — E Z F V ), 

«41 = i(DyB Z D Z By ), 

<344 = i(E x D x + E y Dy + E Z D Z ) + i(F x B x + F y B y + F Z B Z ). 

Comparing with (70-8), we recognize the pure space elements 
a\i, &12) aiz', «21» «22, «23; «31, «3 2) «33 of this tensor as theelectro- 
magnetic stress elements X Xì Y Xì Z X) X Vì Y V) Z y ; X Z) Y zy Z z of the 
three-dimensional stress dyadic. Furthermore, reference to (69—5) 
and to (70—11) shows that the space-time elements <214, «24, «34 are 
the three components of the Poynting flux s multiplied by — i /c and 
that «4i, «42, «43 are the three components of the linear electro- 
magnetic momentum gi per unit volume multiplied by — i c. Finally 
comparison with (69—3) and (69—4) reveals that the pure time element 
«44 is the electromagnetic energy u = + uh per unit volume. In 

terms of these quantities the stress-momentum-energy tensor is 

• 

'P = X x kiki + Y x k ik 2 + Z x kik 3 — - s x k i/e 4 

c 

m 

+ Xyk 2 k 1 + Yyk 2 k 2 + Zyk 2 k 3 Syk 2 k 4 

c 


+ X z k 3 k\ + Y z k 3 k 2 + Z z k 3 k 3 s z k 3/24 

c 

icglxk^ki lCglyk 4^2 Ì^ÌfZ2^4^3 H” uk^k^. (94 9) 

Although the tensor 'F is not in general symmetric, it becomes sym- 
metric in empty space where D = E and B = F. 
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If, now, we form the four-vector 



ÒXy , ÒXi 

— + — 
òy òz 






\M, òZy 3Z, 

i òx òy òz 



i f ÒSx . ÒSy 

m-i ' ' MH 1 

c[òx òy 




we recognize the three space components as the three components of 
the electromagnetic force per unit volume and the time component 
as \/c times the rate at which work is done by the electromagnetic 
field per unit volume. But these are just the components of the 
four-vector P M specified by (93-3). So we have the relation 

(94-10) 


F = P'M = 
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95. Equation of Motion. — In this chapter we shall discuss the 
motion, relative to an inertial system, of a group of charged particles 
of charges *i, <?2, e$, • • • and rest masses m^ #23, * • • placed in an 
external electromagnetic field of scalar potential $ 0 and vector poten- 
tial A 0 , the potentials $ 0 and A 0 being, in general, functions of the 
time as well as of the coordinates y, z. For the kinetic reaction of 
an elementary particle we shall take the mass reaction of the Lorentz 
electron, neglecting the small higher order terms responsible for the 
radiation of energy, but taking into account the variation of mass 
with velocity. In this chapter we shall depart from our previous 
notation to the extent of designating the velocity of an elementary 
particle by v instead of V, since we wish to reserve the letter V for 
potential energy. 

In accord with (57—14), the equation of motion of the zth particle is 

(««vì) = ei \ Ei +%jX h) , (95—1) 


where E t - and Hi are the electric and magnetic intensities at the point 
*i> y%> occupied by the particle at time t , due to external causes 
and to all the other particles of the group, and mt% is the transverse 
mass 


m t i = 



(■9S~ 2 ) 


If and A% are the scalar and vector potentials at x^y^Zi at time t , 
due to external causes and to all the other particles, we can express 
Ei and H i as derivatives of and A% by means of (50-5) and (50-6). 
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Hence, as v* X Hj = X (V» X A») = V a A^*Vf — v$*Vi A iy the 
equation of motion (95-1) becomes 


— (m uVi) = — — y"|”^ “b v **VìAì| 


€ * 

H — " V ìAì-v^ 

c 


But 


dAi 

a/ 


+ Vi-ViAi 


dAj aAj dxj 
a/ a^i dt 


9Aj dy i 9A-i dz-t 
dyi dt dZi dt 


dAi 

dt 


■ (95-3) 


Consequently the equation of motion may be written in the form 



mtiVi 


+ 



- "VìAì*Vì = — eìVi&i. 
c 


(95”4> 


The portions of the scalar and the vector potentials due to other 
particles of the group are given by (56—4) and (56-5), in which it must 
be remembered that the operator dfdt acts on the coordinates and 
velocity components of the particle producing the field. We shall 
retain the first three terms in (56-4) and only the first term in (56-5). 
As A i is everywhere multiplied by i/c in (95-4), this means that we 
are including in the equation of motion all terms in (1 /c ) 2 and lower 
powers. Since we are neglecting the dissipative terms responsible 
for the radiation of energy, we may anticipate that the approximate 
theory which we are developing will be that of a conservative system 
when the external field is static. 

Putting Tij = i(xj — x/) + j(yj — yì) + k(z d — z/) for the posi- 
tion vector of the^’th particle relative to the /th, we have for the scalar 
potential at x^, yj, Zj, 


®i = $0, 




+ 2 
[^irrij %irc 


ej d 2 r 


ij 


dr 


j 9* i. 


(95-5) 


since the time derivative in the third term of (56—4), acting only on 
the coordinates Xj, yj, Zj contained implicitly in the scalar nj, is 
equivalent to the partial derivative with respect to the time in our 
present analysis. The vector potential at xì, yi , z-i is 



= A 0 i + 


Z CjVj ì 


j 5* i. 


(95-6) 
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Now 


dr 






and 


- V, 


dt 

dr i3 ' 


ri 


%3 


dt 


Hence 


« * 

r 


Vj • r ijT ij 
r-- 3 

7 zj 


d^ris = fL jli. _ YìlEIìIìì I 

1 dt 2 dt 1 rij Tij 3 J 

= _ V .. v . \YL _ v r r *i**y l 

dt Wij Tij 3 J a a Irfy r;/ J 


as in (95—3)- So 3 if we put 

= #0; , j ^ i, 

x -T J 4 'Kr %3 


Cj 


(95- 7) 


B, 


£y jv^ _ Vj-r^r^ ' 
” [ rij nj 3 

_ fv v r r ^~ - 

/ V Q J J ^ 

8xtf r;_,- 


( 95 “ 8 > 


the equation of motion (95-4) becomes 
^ (A; + B;) | — — 


{ V i&i - V; + V; • V ;B; } = — <?;V (95-9) 


We can, however, put this in simpler form. For V; X (V; X B z -) 
vanishes since B; is the gradient of a scalar function by (95—8). There- 
fore, expanding the triple vector product, we find that V;-ViB; = 
V;B;-V;. Consequently (95-9) may be written 

j ( \m ti Vi+ j (Aì+Bì)} - VijjVi- (Aì + Bì) - *,+i} = o. (95-10) 


This is the form of the equation of motion on which our subsequent 
analysis will be based. 

The sìmilarity of equation (95—10) to the Newtonian equation of 
motion of a particle in a conservative fìeld should be noted, the 
expression in braces in the first term of (95—10) corresponding to the 
linear momentum of the particle, and the negative of that in braces 
in the second term to its potential energy. 
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96. Lagrange s Equations. — If the group of charged particles 
under consideration is subject to constraints, the totality of rectangu- 
lar coordinates of the particles of the group are not all independent. 
In such an event it is convenient to introduce a set of independent 
generalized coordinates q \ 3 g 2> - • '• q/ equal in number to the / degrees 
of freedom of the dynamical system. Even if we are dealing with a 
single particle subject to no constraints, and therefore there is no 
question of a reduction in the number of coordinates, we may find it 
necessary to employ spherical or other coordinates in place of rec- 
tangular coordinates. Such a purpose is equally well served by the 
introduction of generalized coordinates, which may represent angles or 
quantities of quite involved physical dimensions in place of distances. 

Since the configuration of the dynamical system is completely 
specified by the generalized coordinates qi, q 2> • • • q y, we may express 
the position vector r» = ix^ + jy% + kz^ of the /th particle as a func- 
tion of the generalized coordinates, writing 


Ti — Tiiqi} q 2 y 

Then the velocity of the particle is 


?/)• 


dti . f dr i . , 

Ti — - q\ + — - q 2 + 


, ^Ti . 

+ “ qs 


àqi^ ■ dq 2 *~ ■ ■ dqj 

and, regarding this as a function of the g’s and the q s, we find 

dii dT i 


(96-1) 


(96-2) 


dq* àq. 


(96-3) 


Furthermore, 

± ( ìiì\ _ ■ . 

dt \dq 8 / dq\dq a 1 dq 2 dq s 


d 2 T, 


q 2 + 


+ 


d 2 r. 


X . dr } / /• y 

T ~ t qs = ~r~ ( 9 6 " 4 ) 

dq/dq 8 dq a 


from (96-2). 

Now we take the scalar product of the equation of motion (95—10) 
by dTi/dq a and sum up over all the particles in the group. Writing 
ii for Vi and using (96-3) and (96-4) this gives 




Xi H (Ai + Bj) 

c 


a+1 
* dq a J 

+ 7 (Ai + Bi) } • £ 

• V,- [- ii- (A< + B.) - e&i 


'àq t 


o. 


(96-5) 
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In all, we have j equations of this form, one for each of the f degrees 
of freedom of the dynamical system. 

The sum of the intrinsic kinetic energies of the individual particles 
is, in accord with (57-1 8), 

r. - - ]£} 


V- - 

We need here a related fanction 


(96-6) 


Evidently 

Now 


òTJ rm 

Ò ' q ‘ - tiji 


— yj i 

r »r» 

( 9 6 “ 7 ) 

^mtiii’ii. 

i 


(96-8) 

dii vi 

• — = ZimtiTi • 

dy s * 

dii 

dq a ’ 

(96-9) 


which is just the first part of the expression in brackets in the fìrst 
term of (96-5). Also 

di i = _ s 


dT v ’ 


àq t 


=-£ 


mi 




Ti * 


àq t 


t . _ dii , s v 
imuTi • — (96-10) 


dq f 


is the first part of the second term in (96—5). 

From (95—6) and (95—8) 

Ai + Bi = + X) ù [^i + (96_ii) 

where A 0a - is the vector potential of the external field. Hence 
\ ^ e i /* , -rj \ àij \ ^ 6 % » dii 

> — (A i + B<) • — = > — A oì • 

t—r** C da s C 


òq s C dq a 

, e < e i / 1 • dii , 1 

+ 4- r >' • if. + ry ' r+iy • 


dr, 

d#- 


• > • 
, J ^ 


d f" \ A e i x • , \ ^ (ii'Ìj , r »j * ÌiTij * j . 

~ W. L V + 4^ 1 6^? + ' r,./ J J ’ 
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since Aoì is not a function of the £’s. We call 



(96-12) 


the magnetic kinetic energy of the group of particles, since the vector 
potential A 0 of the external field is responsible for it, and 


m 


-Z 


e %e j 


(* 


13 


— 1 * ZJ. _L 

i6ttc 2 \ r%j 


'ij' r ij * rA 

“7? /* 


j * i. 


(96-13) 


the mutual kinetic energy , since it is due to the interactions of the 
particles in the group with one another. Hence the remainder of the 
expression in brackets in the first term of (96-5) can be expressed in 
the form 

- (A + B,) • p = (T b + T m ). (96-14) 

c dq a dq a 



Now we shall consider the contributions to the second and third 
terms in (96—5) made by the first term A 0l - in the expression (96—11) 
for A % + Bj. In so doing we must remember that V% in the last term 
of (96-5) operates only on the coordinates and not on the velocities 
r%. As 


dr% ^ dx% d dy j d òz% d 
dq a 1 dq a dx% dq a dyi dq a dz% 5 


(96-15) 


it follows that 



_ & i » 

V i A 0 % * r 1 
c 



dTjr 

dq a 3 


(96-16) 


where, in the right-hand member, the q a contained implicitly in the 
r’s is varied as well as the q 8 in the r’s. 

Next we must evaluate the contributions made to these two 
terms in (96—5) by the rest of the expression (96—11). As an aid to 
this calculation we note that 
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and similarly 



Also, remembering that the V’s do not act on the r’s. 



(96— 1 7) 


(96-18) 


(96-19) 


provided r *• and r,- are not varied. Consequently the contribution to 
(96—5) which we are calculating becomes 
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where the q 8 contained implicitly Ìn the i’s is varied as well as the 
q 8 in the r*s. 

Finally, making use of (96-17) again, 


Y) £* • = 2 ^,— • Vì-toi +J2-P- (r) 

L-d dq a * dq 8 ++ 4 w d?* 




a*. ' -V ^ a<? a 


We call 




V = ^ ~ “ > j i> 

* ++ 87TT ij 


(96-21) 


(96-22) 


(96-23) 


the potential energy of the group of particles. Then 

dr^ x 7 f T \ dV 
— • Vi(^ti) = ~ — 

dq 8 

We define the kinetìc potential or Lagrangian junction jSf by 

- T»' + T m + Tj, - F. (96-24) 


z 


Whìle T/, T w and T H are functions of both the q s and the q s, F is a 
function of the ^’s alone. Consecjuently àV /dq 8 — o and equations 
(96-5) become 

d_ 

dt 


(à&S 

d 'q 8 / 


V 




— O, 1 > + 


/• 


(96-25) 


These second order differential equations of motion, of which there 
are as many as there are degrees of freedom, are known as Lagrange' s 
equations. 

For reference we shall set down the explicit expression for the 
kinetic potential. From (96-7), (96-13), (96-12) and (96-22), we 


obtain 



+ U 7 A » < fi - ~ 2 J 

% a 




€ 


87 rr 


(96—26) 




Obviously the kinetic potential must be expressed as a function of the 
generalized coordinates q\. q 2 , -•'<?/ and the generalized velocities 
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qu * • * qf before the partial derivatives appearing in Lagrange’s 
equations are formed. When necessary to avoid ambiguity we shall 
draw attention to this fact by writing (q 3 q ) for this function. In 
cases where the external electromagnetic field varies with the time, 
<£<h* and Aoì are functions of the time, and J^fcontains t explicitly as 
well as qi , qz y • • • qf and q ly q 2 , • • • q/. 

Consider the quantity 


v • v . dT v ' - v dTm 

~ T ‘ + ^‘^f~ T 


m 


From (96—9) and (96—3) 


4 - 2 q 8 — T H — 2 ?« + V. (96-27) 

• àq a * dq 8 



dTJ 

dq 8 



8 

= Swiifi-fi. 

t 


dìj 

àq 8 


qa 



This is just the expression (96-8). Hence 



dTJ 

àq 8 



which represents the total intrinsic kinetic energy of the particles. 

To evaluate the remaining terms on the right of (96—27) we make 
use of Euler’s theorem for homogeneous functions. This theorem 
states that, if F is a homogeneous function of x l3 x 2 , • • ♦ Xf of degree p , 
then 


2 * a 


a F 

dx 8 



Turning to (96-13), (96-12) and (96-22) we observe that T mì 
Th and V are homogeneous functions of q ly q 2ì • • • q / of degree two, 
one and zero, respectively. Consequently 



dT m 

dq 8 




Th — o. 



Hence 
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2 ?» — - -Sf= T v + T m + V. (96-28) 

This quantity is the sum of the intrinsic kinetic energy of the particles, 
the mutual kinetic energy and the potential energy. We shall prove 
next that it is conserved when the external field is static. Then we 
shall be entitled to refer to it as the total dynamicctrl energy of the group 
of particles. 

Taking the total derivative of the kinetic potential with respect 
to the time we have 


v .. ase t v . ase t d££ 

dt * 9 * dq, + « q ' dq, + at 


v .. òJf? v . d 

= + ^q s ~J 

• àq 8 s dt 


(f ) - 


dt ( 


from Lagrange’s equations (96-25). Consequently 


d_ 

dt 


a£e 


n q .~~se\ + 

* òq, 


òJ? 

dt 


= o. 


(96-29) 


If the external electromagnetic field is static, 3 > 0 and A 0 , and there- 
fore J^, do not contain the time explicitly. In such a case òJk?/òt = o 
and (96—29) can be integrated, giving 


2 


a& 



- J£= u y 


where U is a constant independent of the time. 


(96-30) 

Hence the sum 


U = T v + T m + V 


(96-31) 


remains constant during the motion. This is the law of conservation 
of dynarnical energy . 

On the contrary, if the external electromagnetic field is not static, 
energy is heing supplied to, or taken away from, the group of particles 
under consideration, the energy added per unit time from outside 
sources being — d.UJ/òt in accord with (96—29). Referring to (96— 26) 
we find that 


aj£ 

òt 


_ Zicì 


òt 


Z e i òA.qì 
c dt 


= ± (Zrtoi) - -Ze, (vi* oi + - ^) • f f . 

dt * » \ c òt / 
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As the electric 
given by 


intensity Eq of the external electromagnetic field is 


„ 1 dA 0 

E 0 - - V # 0 

c ot 




we can write this in the form 


dt 


= a - (S^* oi ) 

dt » 


+ S^iEoi* r». 

t 


(96-32) 


We recognize in the first term on the right the time rate of increase of 
the portion of the potential energy (96—22) due to the external field, 
and in the second the time rate at which the external field does work on 
the group of particles. Therefore the rate at which the intrinsic 
kinetic energy, mutual kinetic energy, and that portion of the poten- 
tial energy of the group of particles which is due to their mutual inter- 
actions, increases, is equal to the rate at which work is done on the 
particles by the external field. This, of course, is what we should 
expect. 

97. Applications to Circuit Theory. — We shall make some appli- 
cations of the theory developed in the last article to closed circuits 
carrying currents which are either steady or varying so slowly with 
the time that we can consider each current to be the same at any one 
instant throughout its length. 

The intrinsic masses of the free electrons constituting a current are 
so small compared with the masses of the atom cores forming the 
conducting wire in which they move that we need consider only the 
latter in evaluating T v and T v ' . Furthermore the greatest velocities 
acquired by the conductors are so small compared with the velocity 
of light that we may neglect the variation of mass with velocity. This 
enables us to replace both T v and T v by the Newtonian expression 

Tb — 2 (97-i) 

for the intrinsic kinetic energy, where the velocities are only those of 

the gross matter constituting the conductors. The fact that T v and 

T v , when we retain no terms in powers of ii/c higher than the second 

in the binomial expansion of the radical, differ from T 0 by the large 

constant need cause no concern since this constant disappears 

% 

when we form the derivatives (96—9) and (96-10). Finally, as To is a 
homogeneous quadratic function of q\, q^, • • * qf , we get the same 
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expression (96—28) obtained before for the total dynamical energy 
with Tb replacing T v . 

The significant part of the energy of a system of current circuits 
is the mutual kinetic energy T m . First we shall calculate the mutual 
energy of two linear circuits in which currents i\ and i% are flowing. 
If a current i is due to a charge de moving with velocity v in an ele- 
ment of length d\ of a circuit, vde = id\. Consequently the part of 
(96-13) representing the mutual kinetic energy of the two circuits is 


T m M = 


*i?2 
8 ttc 2 


// 


d\\ * d \ 2 
r\ 2 




tl2 * ' d \ 2 

ri 2 3 


( 97 ~ 2 ) 


the doubling of the numerical coefficient being due to the fact that i,j 
in (96—13) take on the values 2. 1 as well as 1, 2. 

Consider the second integral in (97-2). Keeping x\, y\, Z\ con- 
stant, we shall integrate first around circuit (2). Then d\^ = dt\2, 
and 



' d\\T\2 ’ dt\2 


r 12 


3 



d\\ • dt\2 
r 12 



identically. The second loop integral on the right vanishes since the 
integrand is an exact diflerential. Hence, restoring d \ 2 for dfri 2 , 
(97—2) assumes the simpler form 


'd'niM 


Ì\ Ì _2 

47 rC 2, 



d\\ • d \ 2 

r \2 


(97-3) 


valid for closed circuits. 

That this expression is proportional to the magnetic flux through 
either circuit due to a unit current in the other is easily seen from 
(64—1). In accord with this equation, the vector potential due to a 
unit current in (2) is 


A\ 



Consequently the magnetic flux N\ through (1) is given by the surface 
integral 

Ni = f V X Ai -d<T X = <f A, ii\i = — - <f f dX 

J a 1 J 47 rc J J r\2 

The mutual-inductance Af 1 2 o f circuit (1) relative to (2) is defined 
as the flux through (1) due tt^ a unit current in (2) divided by c. 
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Evidently M12 = M 2 i = Mon account of symmetry, where 

= £ £ dx ' ■ 

4.7TC 2 J' / 


M 


(97-4) 


and. 


47TC“ */ / r 12 

T w jvf = Miii% — \ { M12Ì1Ì2 + Mzii^ii}- (97 5) 

To find the mutual kinetic energy of the electrons constituting the 
current i in a single circuit we resolve the current into a large number 




of current filaments i 1, *2> * * 
energy of these filaments is 


such that f = Sifc. The mutual 


/5 




+ 


DTTC ^ 


riz 

ijciid\k- d\i 


n /• /• . . 

S//“ 


f 2 <VXa ■ ^/Xz 




2 = 3 

k 7^ l, 


1 "21 


+ •* 


(97"6) 


where, in the last expression, &, / assume all permutations for which 
k 7^ l. 

Now the magnetic flux /V* through the £th current filament due to 
«// the others, per unit total current /, Ìs 

47T« iT'' J r kl 

and the mean value of all such fluxes, weighted in accord with the 
magnitude of the current filament /*, is 

_i /* ikii d\ k -d\i 

JTCÌ 2 \ // / 




k l. 


47 rc/ 


A:, 2 




The selj-inductance L of the circuit is defined as the mean flux A 7- 
divided by c. Consequently 


* - ^. 5 / /" 






k ^ /, 


and 


= 4i.« 2 . 


(97-7) 


(97-8) 


If we take the current filaments all of the same magnitude, /*, = i/n 


and 


L ~ J*?/ / 


d\k' d\i 

Tkl 


k 7^ l. 


(97-9) 
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Evidently the finite cross-section of the circuit must be taken into 
account in calculating its self-inductance, for the self-inductance of a 
linear circuit is infinite on account of the factor 1 /ru in the integrand 
of (97-7) or (97—9). The self-inductance of a circuit depends not 
alone on its geometry, but also on the distribution of current through 
its cross-section. In the case of a steady or slowly varying current, 
the current density is constant over the cross-section of the conductor 
and L is a function only of the shape of the circuit. This is the case 
which we are considering. 

Finally we must evaluate the kinetic energy of a current circuit 
relative to the external magnetic field. From (96-12) we have 

Th — ~ A 0 ■ — -■ V X Aq • d<r „ = - 7 V, (97—10) 

where N is the flux of the magnetic field through the circuit. This 
expression does not agree in sign with (64-18), since our present result 
represents work done by the electromagnetic forces whereas the earlier 
expression represented work done against these forces. 

Now we are ready to consider a group of n separate rigid circuits 
carrying currents z‘ l5 z 2 , • • • i n - The total mutual kinetic energy of 
the group is 

Tm = \ \L\i \ 2 + M 12 i\i 2 + • * * + Miniiin 

+ M 21 i 2 i\ + L 2 i 2 2 + • • • + M 2 n i 2 i n 

+ M nl i n i\ + M n 2 i n i 2 + • * • + L n z n 2 } (97—11) 

from (97—5) and (97-8), and the kinetic energy due to the external 

magnetic field is 

Tu = ~ {N x n + N 2 i 2 + - • • + NJ n ì ( 97 - 12 ) 

c 

in accord with (97-10), where the N y s are the fluxes due to the external 
field. 

The kinetic potential (96—24) is 

/// — Tq + T m + Tji — V (97 1 3 ) 

with the Newtonian intrinsic kinetic energy Tq replacing T v r . The 
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first n of the generalized velocities q\ , * * * §'n ) ' ' ' ks **iay be taken 

as the currents i\, k, • * * *«, the conjugate coordinates q\, # 2 > ■ ■ * q n 
not appearing Ìn the kinetic potential. The remaining degrees of 
freedom are those of the geometrical configuration of the circuits. 
The/ — n generalized coordinates corresponding to these degrees of 
freedom we shall designate by £1, £ 2 * * * £/— Then Tq is a function 
of the £’s and the |’s alone; T m is a function of the z’s and, through 
the M’ s, of the £’s, but not of the |’s; T H is a function of the V s and, 
through the iSr’s, of the £’s, and also, if the external field is not static, 
of the time t; and Tisa. function of the |’s alone, with t as an added 
variable if the external field is changing. 

Now we can determine the equations of motion from Lagrange’s 
equations (96—25). These equations separate into two groups: 


d_ (d£?\ 

dt \ di $ ) 

d_ (dJ^\ _ d& = o 

dt \ dÌr ) dZr 


S = 1 , 2 , • • • 

r = 1,2 


(97- 1 4) 
(97- 1 5 ) 


The first group specifies how the currents change with the time, 
the second determines the electromagnetic forces acting on the 
conductors. 

Explicitly (97—14) yields the equations 


d_ 

dt 


+ * • * + ]\d s f 8 — \i s — 1 + L s Ì a + M SfS 4.1 i s 4 i + • • • 


+ M sn i n + 


^ Nsj =0, s - 1,2, ••• n, 


(97-16) 


which tell us that in the non-dissipative system which we are con- 
sidering the algebraic sum of the electromotive forces in each circuit 
vanishes at every instant. Equivalently, the integral of this equation 
states that the total magnetic fiux through each circuit remains con- 
stant. If the flux due to exterior causes increases, the current in the 
circuit must decrease sufiiciently to compensate for that increase. 

Next consider a geometrical coordinate, say % r , which specifies the 
position, either linear or angular, of circuit s. Then i~ r and £ r appear 
in To and £ r in V. Also £ r is contained in all the mutual inductances 
having s as one subscript and in N s . Consequently 
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d_ ( dT 0 \ aTp __ 

\a| r / a$ r 


ar 

a^ r 


+ *- 


. àM 8l 
n -r— + 




+ 4 


. dM SìS — 1 . àM s .s-j-i 

+ *«-i — — h *•+! — + 


aM 


sn l dN 8 

d£r C d$ T . 


a^ r ** ri d£ 7 


J = I, 2, • • • (97-17) 


Evidently the right-hand side of (97 — 17) represents the electromag- 
netic force or torque, according as £ r is a linear or angular coordinate, 
on the circuit. The expression in the brace is the total change in flux 
through the circuit per unit change in £ r , divided by c , in agreement 
with (64—13). So far as the magnetic fìeld is concerned, the circuit 
tends to move in such a way as to increase the flux through it. 

Finally, as an example in which the coordinate conjugate to 
the current ì is not absent from the kinetic potential, we shall con- 
sider a single circuit containing capacity C as well as self-inductance 
L, which is subject to an external electromotive force due to changing 

1 <? 2 

magnetic flux. If q is the charge on the condenser, V = ~~p,, and, 

as before, T m — ^Li 2 and T// = — Ni. Therefore the kinetic poten- 
tial is C 

&= T 0 + \L? + - Ni - -L (97-18) 

C 2 L 


Evidcntly <7 is the coordinate conjugate to i since i — q. Conse- 
quently, as T 0 contains neither i nor q , Lagrange’s equation for these 
conjugate varialdes is 


L 

cìt 


Li -\ — N 

c 


+ £ = °. 


(97-!9) 


RearrangÌng terms, we have the familiar equation 

cìi q _ £ dN 

L ~dt + C = ~~c dt 


(97-20) 


of circuit. with self-inductancc and capacitv subject to an external 
electromoti ve force due to changing magnetic flux. 

98. Hamilton’s Principle and the Principle of Least Action. — In 
the /-dimensional confìguration space of which q u £2, ' * * <lf are the 
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coordinates we can represent the geometrical state of a given dynami- 
cal system of f degrees of freedom at any one instant by a single 
point P (Fig. 109). As time goes on, this point describes a curve 
known as a trajectory or path . Let AB be a path described in accord 
with Lagrange’s equations (96— “25), the point A being occupied by the 
generating point P at the time tj l and the point B at the later time /g, 
and let CD be a nearby path not necessarily described in accord with 
the equations of motion, the point C being reached by the generating 
point Q of this path at the time /^ + A t& and the point D at the 

time /jj + A/j}. The first path 
we call a dynamical path and 
the second a varied path. 
Points on the two paths which 
are occupied by their respec- 
tive generating points at the 
same time are known as cor - 
responding points. If F is a 
function of the coordinates 
qu ^2> * * * <lf and the velocities 
qu ?2> • • • qs of the generating 
q-j point and perhaps also of the 
Fio. 109. time /, we indicate by 8 F the 

excess of F at a point on the 
varied path over its value at the correspondingpoint on the dynamical 
path. Since corresponding points are reached at the same time, 
explicit / is constant for this variation. 

If, now, we compare the time integral of the kinetic potential 
j£f(#i, • * * qu ‘ * * ?f> 0 taken over the varied path CD with that 
over the dynamical path AB we fìnd 



f^&dt - f 

Jc J A 


B 

f£dt — J^^fA/jj — jS^A/ji + 



ts 

8 f/?dt 


— J^gA/g — J^lA/j^ 


As AB is a dynamical path. 



dt. 


0j2f_ d_ / ai'fX 

dq a dt \ dq 8 ) 5 


J •••/, 
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everywhere along the path from (96—25). Therefore 

f*&dt - ■Z’aMa +ffj t (j2 jr+J dt 


dq 8 

But, if (A q a )s denotes the increment in q 8 in passing from B to D, 

(A q s )B = (òq s )B + (? 8 )bA^j 

and similarly, if (A^ s )^ is the increment in q s in passing from A to C , 

(A q a ) A = (àq s )A + (q s )A^A- 

Consequently 


/ D B 

^dt-J m- J 2 


.dj? 

^ q 8 


A q a + 




(98-1) 


This is known as the principle of varying action. Hamilton’s 
principle and the principle of least action are special cases of this more 
general result. 

(I) Harnilton' s Principle. If the termini of the varied and dynami- 
cal paths coincide and are occupied by their respective generating 
points at the same time, A q x = &q 2 = • • • = A q s = At = o at both 
A and B. Then 

f SSU - f f£dt = O 
Jc A a 

or, more compactly, ^ 

8 J JZ’dt = o. (98-2) 


This is Hamilton’s principle. It states that the time integral of 
the kinetic potential along a dynamical path has a stationary value as 
compared with this integral along all nearby varied paths which 
(a) have the same termini and (b) are described in the same time. It 
is equivalent to the Lagrangian equations of motion (96-25), which 
can be deduced from it. 


(II) Principlc of Least Action. The principle of least action is 
less general than Hamilton’s principle in that it deals only with 
conservative systems for which 

pff ? 

q s ~ Z = U (a constant). 

ua* 


£ 


(98-3) 
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We compare with the dynamical path only those varied paths 
(a) which have the same termini as the dynamical path and (b) for 
which the energy U is the same. Under these conditions (98-3) gives 

f D -£- *~f dt _ f\- q , ò Jfdt = f D &dt - r&dt + | UAl ' B 
Jc 8 dqa Ja 8 °qs Jc Ja 

But, under the same conditions, (98-1) becomes 


ConsequentJy 


yxJD fB 

/ ££dt — / J£dt = — | UAt |^. 
J C J A 

Jc 8 dqs Ja s QQs 


'c 8 dqa Ja s " 0 q s 
This is the principle 0/ least action , the time integral 


(98-4) 


- f d -fd‘ 

J * dq 3 


(98-5) 


being defined as the action along the path. In terms of S we can 
write (98—4) in the simple form 

5S = o. (98—6) 


The principle of least action states that the action has a stationary 
value along a dynamical path as compared with all nearby varied 
paths which have the same termini and the same constant energy. 
It should be noted that the varied paths are not, in general, described 
in the same time as the dynamical path. In spite of the adjective 
“ least ” in the name of the principle, the action along a dynamical 
path is not necessarily a minimum. 

99. The Canonical Equations. — The generalized momentum 
p s conjugate to the generalized coordinate q s is defined in terms of the 
kinetic potential by the relation 



a&q, g) 



3 


S L 2, ■ • ■ /. 


(99- 1 ) 


Evidently there are as many generalized momenta as there are 
degrees of freedom. Solving the / equations (99—1) for the qf s, we 
are able to express each generalized velocity as a function qs{q> p) of 
the coordinates and the momenta. Substituting these expressions 
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for the appearing in /£(q, q ) we can express the kinetic potential 
as a function ff/(q, p) of the coordinates and the momenta. 

The Hamiltonian function 2 /X(p, g) is defined by the relation 


yf(p, q) = ^Ps'qsiq, p) — Sflq, p). (99-2) 


As p 8 — dc&iq, q)/dq 8 by definition, it follows from (96—28) that 
3 /P( p, q) is the total dynamical energy, that is, the sum of the intrinsic 
kinetic energy, the mutual kinetic energy and the potential energy of 
the group of particles, expressed as a function of the generalized 
momenta and the generalized coordinates and, if the external field is 
not static, of the time as well. 

Let us find the partial derivatives of q) with respect to the 

coordinates and the momenta for a dynamical system obeying 
Lagrange’s equations (96-25) which may be written 


Pr 


q) 

dq r 


L a, •• •/, 


( 99 - 3 ) 


in terms of the generalized momenta. The relations so obtained are 
known as the canonical equations. 

Differentiating with respect to q r we have 


But 


dJtfXptq) dg 8 (q, p) òf//(q,p) 

“ 2 jp 8 .. ~ ' 

dq r « <)q r aq r 

à/Xq, p) _ djgV, g) q) djj/fh P) 

dq r c )q r dq a dq r 


— pr + p t 


p) 

dq r 


by (99-3) and (99-1). Consequently 

D.yfXp, q) 


Pr 


0 q r 


r — 1,2, 


/• 


Next, differentiating . ’/fXp, q) wit.h respcct to p 


ry 


P' Yrip, q) 

Dp r 


qr -h 2 j p a 


V dq H (q, p) d,J(q,p) 

/ 1 fì . — - 1 " • 


Dpr 


dpi 


(99-4) 
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Now 


dJZXq* P) 

dp T 




= 

by (99—1). Therefore 


dJ$f(g, q) dqsi#, p) 
dq 8 dp r 

àqsig, P) 


qr = 


“ àpr 

àjtfXp^ q) 
àpr 3 


r — 1,2, • • • /. 


( 99 - 5 ) 


The /pairs of first order equations, (99-4) and (99-5), are equiva- 
lent to Lagrange’s equations. Evidently the group (99—5) are merely 
definitions, since we used (99-1) alone in obtaining them. The 
equations of motion are contained in (99—4). In future we shall write 
place of p, q ), always understanding by the Hamiltonian 
the total energy expressed as a function of the coordinates and the 
momenta. 

The total derivative of with respect to the time is 


dt 


Z \ à^tf , à^f. 1 à^i? 

T rj qr + ^ pr \ + 


àt 


(99-6) 


by the aid of the canonical equations (99-4) and (99-5). Since 
can contain explicit t only through the potentials of the external field, 
this constitutes another proof of the conclusion reached in (96—29) 
that the dynamical energy of the group of particles remains constant 
if the external field is static. 

100. The Hamilton-Jacobi Equation. — Lagrange’s equations or 
the canonical equations merely enable us to set up, in convenient 
form, the differential equations of motion. Now we shall develop a 
method of obtaining the integrated equations of motion of a conserva- 
tive dynamical system. In doing so we shall make use of Hamilton’s 
principle (98-2). Although Hamilton’s principle requires the time 
integral of the kinetic potential to have a stationary value along a 
dynamical path as compared with all nearby varied paths which 
have the same q’s at the two termini and which are described in the 
same time, we shall consider here only those varied paths which have 
the same p’s in addition to the same q s as the dynamical path at the 
two termini. 
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As thc system is conservative — which means that the external 
electromagnetic field is static — the total dynamical energy remains 
constant during the motion, and therefore 


£F(p u • • - pf, q u • • • qs) = oìi (a constant) (ioo-i) 
along a dynamical path. 

The integral which appears in Hamilton’s principle is 

J£dt = ^ (Sp s ^ a — = ^ ^ (jìapgdqg — jffidt) (iOO— l) 


by (99—2), where we use dq 8 to indicate a differential taken along a 
path, either dynamical or varied, in contrast to bq 8 , which takes us 
from a point on a dynamical path to the corresponding point on a 
varied path. 

The success of our method depends upon our ability to express 

'£ip a dq s as the differential of some functon <S of qi, • * • q f and/ parame- 
8 

ters cl\, • • • ctf which remain constant along a dynamical path but 
which we can vary to form the varied paths needed to make use of 
Hamilton’s principle. Now if 

S p s dq 8 = dS(q u • • • qf , cl u OLf) (100-3) 

8 

along a dynamical path, it follows that 

dS 

P. = T— , •*•/. (1OO-4) 


and consequently S must satisfy the partial differential equation 

dS \ 

dq f / 


\oq 1 


ol\ 


(100-5) 


of the first order, in accord with (100-1). This is known as the 
Hamilton-J acobi partial differential cqualion . Its complete solution 
contains/ arbitrary constants of which one must be additive since S 
itself does not appear in the differential equation. Discarding the 
additive constant, we have, with the inclusion of ai, just the required 
number of paramcters a u «2, • • • «/■ Incidentally, as 


* - / s**. -f S» * 


(100-6) 
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from (ioo — 3) and (99-1), we observe that the function S is just the 
action defined by (98—5) . 

Let us suppose, then, that we have found the desired solution 
S(g\, ’ * * a i> ’ * ’ a f) (ico - 5)- For convenience in notation 

we shall put 

dS 

Qa — ~Z j S = I, 2, • • • /. (1OO+7) 

doi$ 

Then, if we vary both the ^’s and the a’s, 

dS = 2 Zp s dq 3 + 2 Q 8 da 8 (100—8) 

8 8 


in general, the a s being constants and therefore the da s zero along 
a dynamical path, but not so along a varied path. 

Putting the value of Hlp 8 dq 8 obtained from (100-8) in (100—2) and 

replacing ^^by its equal a\, we have, for any path, 



— — f (2 Q 8 da 8 + a\dt) + f 
Ja * Ja 


dS 



+ a\)dt + Sb — Sa , 


where A and B are the termini of the path, as in article 98. 

Now we apply Hamilton’s principle (98—2). Since we are resrict- 
ing the varied paths to those which have the same p' s in addition to 
the same ^’s as the dynamical path at the two termini, it follows from 
(100—4) that the as are the same at the termini for the varied paths 
as for the dynamical path. Therefore òSb — 8 Sa — o and Hamil- 
ton*s principle reduces to 

8 f ( — 2 Q 8 à 3 — a\)dt = o. 

J A 9 


Carrying out the variation, 


f { — 2à s 5j2 s — HlQ 8 8 àt 8 — 8 a\\dt = o 
Ja 6 a 


(100-9) 
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as dt is unvaried. Now 

,B 

Q s àct 


/*-D ^ 

Qsòàsdt = — I -J (Qsà<*a)dt + / Q 
Ja ot Ja 

b r B 

= — [ Q s 8a s | B a + / Q a òoc 8 dt 

A 


r B . 

f Q 8 òoc 8 dt 
Ja 


since 5ac s vanishes at both ends of the path. Moreover each <x a is 
a constant along the dynamical path over which we are integrating, 
and therefore each òc a = o. So (100—9) becomes 

B 

{ (01 “ l) 5 ai + Q2?>ac2 + * * * + Qfà<x/}dt = o. (100-10) 



As the variations 8ai, 5 a 2 , • • • dac j are independent, we may give 
them such signs that (Qi — i) 5 «i, Q2^ a 2y ‘ ‘ ’ Qfà&f are each positive 
everywhere along the path. Then (100— 10) can be true only if 

Qi - L 

Qs = °> s ~ 3 > * ' * /• 


Integrating these / equations and restoring the expressions for the 
Q's as derivatives of S in accord wìth (100—7) we h ave 


dS 


doci 


= t + (3 1, 


as 

dac a 



s = a, 3 » ' 



(100-11) 


where the j 3 ’s are constants in the time. As S is a function of •*•$'/ 
as well as of • • • acj we have herey relations between the coordinates 
and the time. Solving for the q s we obtain 

q H = q„(c<i, ‘ ■ o<f, fii, • • • 0/, /), S = I, 2, • • • /. (ioo-ia) 

These can Vie none other than thc integrated equations of motion. We 
note that the equations ( 100- 1 1) for .r = 1 , 3, • • • / do not contain t. 
l'herefore they constitute the equations of the trajectory. 

d'he soìution of the Haniilton-Jacobi differential equation is 
effected by separating the variables so as to resolve it into/ ordinary 
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differential equations. Therefore the success of the method developed 
in this article depends upon our ability to find coordinates in which 
the variables are separable. The parameters ot^, * * • ot/ appear as 
constants of separation, one being introduced by each of the f — i 
separations. 

We note that if one of the coordinates, say q\, does not appear 
explicitly in the equation, we can always perform one separation of 
variables by solving (100—5) f° r àS/dqi. Then dS/dqi — <*2> a 
constant. Such a coordinate Ìs called ignorable. In accord with 
(100—4) the momentum conjugate to an ignorable coordinate is a 
constant in the time. For example, in the case of a single particle 
subject to a central force, the azimuth 4 > does not appear explicitly in 
the Hamiltonian function. Consequently the conjugate momentum, 
which is the angular momentum about the axis around which <f> is 
measured, does not change with the time. 

101. Motion of a Particle in a Static Electromagnetic Field. — In 
this article we shall discuss, first in general, and then with reference to 
specific fields, the motion of a single particle of charge e and mass m 
in an external static electromagnetic field. 

(I) Rectangular Coordinates. Using rectangular coordinates x>y, z 
the function T v ' defined by (96—7) is 

t’ = - ~\j 1 - y 2 +j, . 2+ H. (101-1) 

c 


Evidently the mutual kinetic energy T m vanishes since only a single 
particle is present. In accord with (96—12) the magnetic energy is 


Th = - (s4q x x ~b A^ v y + AqzZ), 

c 

and in accord with (96—22) the potential energy is 


(101— 2) 


V — e& 0 . (101-3) 

Differentiating = T v ' + Tjj — V partially with respect to 
ìc we find for the conjugate momentum 

mX g g 

px = / 0 - H — Aq x — mtx H — Aq Xì (10 1—4) 

Vi c c 

where |8 2 == (x 2 + y 2 + z 2 )/c 2 as usual and m t is the transverse mass. 
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Similar expressions hold for p y and p z . Combining the three we get 


m 2 c 2 0 


e e 

2. - p -Ao H — o ^ 
c c 


° 2 ) = 7 


P 




— I 


I — 


in terms of p = ip x + jp v + kp z and A 0 = iA 0x + jA 0y + kA 0g . 
Consequently the kinetic energy is 


T v = 


mc 


2 

-f— /•" 



e 

/ 1 + 2 2 

p A 0 

1 m c 

c 


■\/ 1 — /3 2 

This gives for the Hamiltonian function, T v + V , 

'\[Ì + 


(101-5) 


J^= mc 2 




p — a 0 

c 


+ ^o. 


(101-6) 


where A 0 and <E> 0 are functions of the coordinates. As the dynamical 
system is conservative, we can equate J/ifto a constant ol\ representing 
the total energy. Then, rearranging terms, 



+ m 2 c 2 = o. (101— 7) 


Now A 0x , A{\„, Aqs, i^ 0 are the four components of the four- 
vector potential W in accord with (93-12), and p x , p Vì p z , pi 33 '1&1/ c 
are the components of the four-vector linear momentum of the 
particle. In terms of these four-dimensional vectors we can write 
(10 1—7) in the more symmetrical form 

(p x - ~ iv/j + (py - ; + (p* - e - w ) 

+ m^c 2 = o. (101-8) 


As an application of (101— 7) we shall investigate the motion 
of an ion in crossed unitorm electric and magnetic fields E 0 and E 0 , 
the first heing parallel to the Y axis and the second to the Z axis. 
Then <h 0 = — and for A 0 we can take any one of the three vector 
functions -t7/ (0 ', j7/ 0 .v, and + jx), since the curl of each 

of thctn is et[ual to *//»■ Hut, as 'I>o is a function of y, we choose 
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Aq = — iH 0 y so as to make possible the separation of variables in the 
Hamilton-Jacobi equation. Then (101— 7) becomes 


(px 4 — ~ y^ 4 - p y * + p t 


2 


(ot.\ eE 0 V 2 2 / \ 

( — H — y 1 + m 2 c 2 = o. (101— 9) 


Since x and z are ignorable coordinates, p x and p z are constants 
in the time. Therefore 


dS 

dx 

dS 

dz 


— px — 


= pz = 


mx 


Vi - (3 2 

mz 

Vi — / 3 2 


eH 0 a.2 


«3 


(101-10) 


(101— 11) 


where ol 2 and «3 are constants. Consequently we are left with 


dS 


Pv 


my 


dy V I — ( 3 2 

= -V (a\ + eE 0 y ) 2 — (« 2 + eH 0 y ) 2 — (m 2 à + a 3 2 ). (101-ia) 


Hence the action is 




ol 2 x 


+ 




cl\ + eE 0 yY — ( ol 2 + eH 0 yY — (m 2 c* + a 3 z ) dy + a 3 z 

(101-13) 


The integrated equations of motion are obtained from this 
expression by differentiation in accord wìth (100— 11). We shall limit 
our further investigation to the determination of the projection of the 
trajectory on the XY plane. The equation of this projection is 
obtained by equating dS/da 2 to a constant. Differentiating under 
the sign of integration we find 


X + @ 2 



V ( 0:1 + eE 0 yY 


(02 + eHpy)dy 

— (a 2 + eH 0 y ) 2 — ( m 2 c 4 + a 3 ) 


(101-14) 
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Put 7 = Eq/Ho, and, as the position of the origin is a matter of 
no importance, define new coordinates £ and ij by the relations 


£ == * + / 3 2 , y = y + 


Then 

where 

Am 


0=2 

eH 0 


-f 


i)di) 


V~a + ~bÌ) — ~Ci j 2 


(«1 “ 7«2) 2 — «3 2 — 7~i «1 — 702 „ _ 2 


(101-15) 


e 2 H o 2 


, 5 = 27 


<r#o 


, C - 1 - 7 2 . 


The integral (101-15) takes different forms according as C is 
positive or negative. The case of greatest interest is that where 
£0 < Hq and therefore C is positive. Then 


* =- 


“s/ /i “h Brj — Ci / 




B ( B - 2C1) 

IcvS C0s WWTfTc. 


■) 


(lOI-l6) 


Let us introduce the parameter 6 by means of the relations 


B — iCi) . 2V C Vj + Brj — C?] 2 

cos 6 — — 7 - ===== , sin 9 — 7 - • 1 — (101-18) 

V £ 2 + 4 AC VB 2 + 4 AC 

In terms of this parameter (101-16) may be written 


_ R V 1 ? + 4 AC . 

•s/Ci = -7,9 -p sin 9. (101-19) 

2C 2C 

This equation, together with the equation defining 9 , which can be 
written in the form 

R Vr* + 4 Tc „ 

V = 7 T cos 6 , (101-20) 


2C 


2C 


constitute the parametric equations of the projection of the trajectory 
on the XY plane. If, instead of plotting rj against £, we plot ij 
against V C£, the curve is a cvdoid, which is curtate, common or 
prolate according as A is positive, y.ero or negative. 

This is shown very easily by comparìng (101-T9) and (toi-2o) 
with the parametric equations of the cvcloid. I.et 0 (Fig. 110) be the 
center of a circle of radius a rolling along the X axis, and let P be 
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the point attached to the circle which generates the cycloid PPiQ. 
When the circle rolls through an angle 8, 0 moves to Oi and P to P±. 


If OP = b y 


x — aS — b sin 0, 


y — a — b cos 0. 

Therefore the radius of the rolling circle which generates the 
cycloid in - and rj described by (101— 19) and (101—2,0) is B/aC 
and the distance of the point P from the center of the circle is 
\/R 2 + ~\AC/ t iC. Since C — 1 — E 0 2 /Hq 2 , the actual projection of 

Y 


Q 


X 

Fig. iio. 



the trajectory in the rectangular coordinates £ and rj is a cycloid whose 
£ dimensions have been stretched in the ratio 1 : 1 — {u/c ) 2 , where 

u = cEo/Ho is the mean velocity of progression in the X direc- 
tion noted in article 66. 

Next consider the special case where Eq = o. Then B = o and 
C = 1. Consequently £ = — \/~A sin 8 and tj = — ‘\Z~A cos 0, 
giving the circle 


f 2 + V 2 


2 2 2 4 

OLi — olz — mc 


e 2 H o S 


(101-21) 


As ol/ = m 2 c 4 /(i — (3 2 ) and cl/ = m 2 c 2 z 2 /(i 
the radius a of the circular path is 

• 2 1 • 2 

x + y 


a 2 = 


(I - P 2 ) 


£ 2 Hl 

m 2 c 2 


f), the square of 


(101-22) 


in agreement with (66—14). 

Another case of interest is that in which Eq = Hq and therefore 
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C — o. It is convenient to shift the origin by the substìtution 
rj — vj' — A/B. Then (101—15) becomes 



(101-23) 


A typical trajectory for A positive is shown in Fig. 111. This path 
corresponds to the curtate cycloid for 7 < 1, the electric field being 
too strong to permit the ion to make more than a single loop under the 
transverse force exerted by the magnetic field. If A — o the loop 



degenerates into a cusp, the trajectory being the analog of the common 
cycloid for 7 < 1, and if A is negative the curve is tangent to the X 
axis at the origin without any reversal in sense of the X component of 
velocity, as in the case of the prolate cycloid for 7 < 1. 

Finally, if B 2 + 4 AC — o, it follows from (101—20) that rj = B/'lC 
and from (101—12) that y = o. The projection of the trajectory 
on the XY plane is a straight line parallel to the X axis, the force due 
to the magnetic field being exactly equal and opposite to that due to 
the electric field. Botli x and z are constants, and x/c — Eq/Hq. 

(II) Orthogoìial Cnrvilìncar Coordhiales. Using the notation of 
article 19 we have for the square of the velocity of a particle in 
orthogonal curvilinear coordinates 


2-2 I 2*2 I 2*2 

a u u + a v v + a w w 


(101-24) 
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from (19—13). 

T ' 

v 


Therefore 



and 


c 


(101-25) 

(101-26) 


the expression for the potential energy remaining as in (101— 3). Con- 
sequently 

U . C . o • C . . 

= / = — r 1 &u^Ou = Wlt&u U H &u J &Ouy (IOI 2 ,yj 

Vi-j 3 2 f £ 


and similar expressions hold for p v and p w . Hence 



and the kinetic energy is 
T v = 



(101-28) 


Equating the sum of the kinetic and potential energies to a con- 
stant ol 1 , we obtain in place of (101— 7) 



+ m 2 c 2 = o. (101-29) 

We shall confine our attention here to a uniform magnetic field 
of intensity Ho and to an electric field which is symmetrical about an 
axis through the origin parallel to H 0 . Then one of the coordinates, 
say Wy must be taken as the azimuth <f> measured about the axisof 
symmetry. For the vector potential we can take A 0 = ^H 0 X r, 
where r = ix + jy + kz , since 

V X (|H 0 X r) = i(V-rH 0 - H 0 Vr) = fH 0 - |H 0 = H 0 . 

If, then, p is the perpendicular distance of the particle from the axis 
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of symmetry, Aou = = o, Ao<t> — %Hop 3 and = p. Hence 

(101-29) becomes 



eH 0 V ( 011 

“ V7 



+ TTZ 2 ^ 2 


= O. 

(IOI-30) 


(III) Spherical Coordinates . We continue to confine our attention 
to a uniform magnetic field and an axially symmetrical electric field. 
Then, taking the axis of spherical coordinates r, 0, <j!> parallel to 
H 0 , a r — 1, a e = r, p = r sin 6 and (101-30) becomes 


2 + -W + 

r 


( 




r sin 0 2c 




r sin 


e ) "Cr - ,* 0 ) + 


22 _ 

Z72C = O. 


(IOI-31) 


We shall investigate the motion of an electron subject to the 
attraction of a massive atomic nucleus located at the origin, the 
entire structure being placed in an external magnetic field H 0 . Then 



g 2 Z 
47 xcr 


(101-32) 


where Z is the atomic number of the nucleus. In the cases of interest 
eHor sin Ofic is so small compared with e<bo/c that we are justified 
in neglecting its square. Then (101-31) reduces to 


P* + r 2 Vt + ^2 si „2 g P * 


Since <f> is ignorable, 

dS 


eHo ( 


a, +Z V , 2 2 

_J J = o. 


d<j> 


— P<t> = r sin d 


m4> 


+ 


SfTccr. 


eH 0 


) 


V 1 - p 2 le 


(IOI-33) 


a 2ì (101-34) 


where a 2 is a constant in the time. This statement, we may point 
out, is true even when we retain all the terms in the Hamiltonian 
function. 

We can separate the remaining variables in (101-33), obtaining 
dS _ _ mr 2 Ò __ n 

de “ p ° 'V“ 3 ' _ 9’ 


(101-35) 
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mr 

" pr ~ Vi -T 2 

ja/ — m 2 ^ + eHoazC L e 2 Za. 
f + n 


Consequently the action is 

S = f V + J + P àr+j 4 l 


r £ + (- 

' r \i 


g 4 Z 2 

6 % 2 c 2 


a *r? 


(101-36) 


' A + 


-A- a dd + aa 4 >, (101-37) 

sim 0 


■where . 0 

ai 2 — m 2 c A + eH 0 a 2 c D _ e Za 1 r = g Z _ ^2 

A c 2 '2.TTC 2 i6tt z c z 

We shall investigate the orbit. Equating the derivatives of S 
with respect to a 2 and 0:3 to constants, we have 

eHo f rjr^ _ a r ^6 ^ + t = fì 2 . 

ic J Vc + Br + Ar 2 J sin 0 V a 3 2 sin 2 0 — a 2 2 

(101-38) 

/ /ir C sin d dd . N 

7 | + «3 / 7 2 • 2 a 2 = ^ 3 * ( ioi ~ 39 ) 

r VC + Rr + ^r 2 ^ V « 3 2 sm 2 0 — a 2 

Closed orbits occur when A and C are negative. We shall 
consider only such cases. Then, if we carry out the integration indi- 

cated, 


f V C + Br + Ar 2 

B 

( B + 2 Ar \| 

1 A 

— LUo \ 

iaV-a 

W - i,ÀC> J 


( a 2 cot (9 \ _ , N 

( — 7 = == ) + <t> = ^2> (101-40) 

Wa 3 2 - a 2 2/ 


2C + 5 r > 

7 === COS “ I / = = I “T / 5 ò ” ’-'à’ v *r“' 

V — C \rVA 2 — 4AC/ Va 3 2 — «2^ 

Consider equation (101-40) first, writing it in the more significant 
form 


+ cos 


a 3 cos 0 


f 2 2 

«3 — «2 


= &3> (IOI-4I) 


„ V a 3 2 — a 2 _ T ^ o 

COt 0 = cos \ <f> — P 2 

a 2 L 

eH 0 f B fj 


ic X'iA V — A 'V A 2 — \AC 


B + lAr 


ù- 


C+Br+Ar a \~ 

A J J 

(101-42) 



MOTION OF A PARTICLE 487 


Now the relation between 6 and </> which defines a plane through 
the origin whose normal makes an angle 7 with the polar axis is 

cot 0 = tan 7 cos ( <j> — ( 3 '). (101-43) 

If0' as well as 7 is a constant this represents a fixed plane; if, however, 
/3' increases with the time, it represents a plane whose normal precesses 
around the polar axis in the positive sense while maintaining the 
constant angle 7 with this axis. Comparing (101-42) with (101-43) 
we see that the orbit lies in a plane whose normal makes the angle 


_i «2 

7 = cos — 


(x 01-44) 


with the lines of magnetic force and precesses around them at such a 
rate that, when r goes through a cycle of values, /3' increases by 


Aj 3 ' 


e. H q 2 7ri? 

<xA V — A 


(101-45) 


That this precession is the Larmor precession discussed in article 
65 is easily shown. If we neglect | 3 2 as compared with unity and omit 
the term in H 0 , we find, to a first approximation, that A = 'imU , 
where U is the sum of the kinetic and potential energies on the 
Newtonian dynamics. Also B = W£? 2 Z/2tt. Now, for motion under 
an inverse square force of attraction on the Newtonian dynamics, 1 
Ìt is well known that U — — e 2 Z/%Tra, where a is the semi-major axis 
of the elliptical orbit. Substituting these values of A a nd i? in 
(101-45), and using the familiar expression P = iira^ ^ 0^771 / è 1 Z 
for the period, we find 



e _l[o p 
imc 


(101-46) 


agreeing exactly with (65-13) for the Larmor precession. 

Next we investigate the orbit of the electron in the precessing 
plane. If \f/ is the azimuth in this plane, measured from the line of 
intersection of the perpenclicular piane through the origin parallel to 
the magnetic field, 

cos \f/ = sin 0 cos (</> — / 3 ') cos 7 4 * cos 6 sin 7 



cos e 


1 L. Pnge, Theoretical Physics, 2nd Edit. p. 95. 


(101-47) 
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with the aid (101-43) and ( IOI_ 44)- Hence (101-41) becomes 

1 B V5 2 - ~^AC V~^C. 

- = — — H cos — 7 — & ~ 0s)- (101-48) 


iC 


iC 


Oi 3 


Now the equation of an ellipse of semi-major axis a and eccentricity 
6 in polar coordinates r and x> referred to a focus as origin, may be 
written 2 


1 

r 


1 — e cos (x — 5) 
a( 1 — c 2 ) 


(101-49) 


Remembering that ^ and C are negative constants, while B is posi- 
tive, we observe that (101—48) is the equation of an ellipse of semi- 
major axis a — — B/iA and eccentricity e = V 1 — 4 ~ACj^ in the 
variables r and V~—C ^/a 3 . Therefore, when r goes through a 
cycle of values, the increase in \f/ is 

«3 / / 

v^c = 2 v V 1 - 76^7W (ioi -^ o) 


As this increase is greater than Itt , the orbit precesses Ìn the plane 
in which it lies, as indicated in Fig. 112. This precession, which 



Fig. iia. 


is entirely independent of the presence of the magnetic field, is due 
to the variation of mass with velocity. Had we solved the problem 

2 L. Page, Theoretìcal Physics, and Edit. p. 91. 
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on the basis of the Newtonian mechanics with constant mass, no such 
precession would have been found. 

102. The Magnetron. — This instrument consists of a straight 
filament of radius a coaxial with an evacuated cylindrical tube of 
much larger radius b, placed in a uniform magnetic field H§ parallel 
to the common axis of the two cylinders. A current i through the 
filament raises it to a temperature high enough to produce emission of 
electrons which are driven toward the outer cylinder by a potential 
difference 3> 0 & = 3 ?& — maintained between the two electrodes. 

Taking the common axis of the two cylinders as the Z coordinate 
axis, it is evident that cylindrical coordinates p, <£, 2: are indicated for 
the solution of the problem. We have two magnetic fields to con- 
sider; the uniform external field of vector potential J// 0 p4>i and 
the field due to the current along the Z axis of vector potential 
— { ( i/'iirc ) log p}k. Since the space charge due to the electrons be- 
tween the two electrodes is unknown, all we can say of the scalar 
potential 4> 0 is that it is a function of p only. Consequently (101-29) 
becomes 




Since both <f> and z are ignorable. 



+ m 2 c 2 = o. (102— 1) 


dS cHq 2 

— = p* = 1 /- ===== + — P = «2 

d<f> V 1 — 


(102-2) 


dS mz 

dz V 1 — / 3 2 


ei 


log p = a 3y 


(102-3) 


where a 2 and 0:3 are constants. Consequently 

dS mp 

— = P P = — 

dp 


vV'- V 




— ?n 2 c 2 . 
(102-4) 


As the external magnetic fìeld is increased the ion paths become 
more curved until finally the electrons are unable to reach the outer 
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electrode. The condition for cut-off is that p — o for p = b. Then 

(t - ; *0' - ^ ■ + (? - - f ■ *)'+(■*+ A 1 * *)'• 

The constants ai, ot 2 , oìq must be determined by the initial condi- 
tions. In actuality the electrons leave the filament with negligibly 
small velocities. Therefore oti = mc 2 + <?3>a, ot 2 = ( eHo/ic)a 2 , 
ciz = — (« /2.7r<r 2 ) log ^z. Consequently the condition for cut-offbecomes 






2 -2 
<? Z 


0 (^ 2 — <* 2 ) 2 + —5-4 log 2 7' 


(102,-6) 


4 c 2 }?^ 47r“c* " # 

The magnetic flux between the electrodes is N = 7t(£ 2 — a 2 )Ho. 
Hence, if we solve (102-6) for 


^ab 


-t 4-V 


1 4- 


2 4 

47rc 


^(^ + ? ,og2 !)}- (ioa ^ 


Obviously this condition is independent of the presence of space 
charge. 

By measuring <I> 0 6, N and i at cut-off the ratio of charge to mass 
of the electron can be determined from the formula 


e 

m 


l®ab 


&ab 


2 


1 (N 2 , i 2 2 A 

4 .xV»L* + r 2 og J 


(102-8) 


103. Cosmic Ray Trajectories. — In this article we shall investi- 
gate the motion of an ion in the field of a uniformly magnetized sphere 
at rest in the observer’s inertial system. This is essentially the prob- 
lem of the deflection of cosmic rays by the earth’s magnetic field. 
Unfortunately we cannot separate the variables completely, but we 
can carry the analysis far enough to obtain some interesting results. 

The vector potential was obtained in article 58. Using spherical 
coordinates r, 0, <t> with the polar axis along the magnetic axis of the 
sphere, we have 

. . . Ph sin 0 

Hqt Ho < f > 2 5 (103 ^) 

47TT 

from (58-10), where p H is the magnetic moment of the sphere. 
Therefore (101—29) takes the form 

2 ( P<t> ep H s\nd \ 2 «i 2 22 

--z+mc -o, (103-a) 


, 2 + 


Pe' 


r 


4- 
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where the total energy <xi consists solely of the kinetic energy 


mc 


«1 = 


V 1 — / 3 2 


(103-3) 


As <f> is an ignorable variable, 


dS 

= sin* 0 


?nr 2 <f> 


V 1 — 


+ 


£p#l 

4Kcr. 


— 0<2, 


(103-4) 


where is a constant in the time. If we put £ == r 'V / Ix^Jc 2 
the Hamilton-Jacobi equation in the remaining variables is 


dS\ 

.3$) 


^ dS 


H : 


«2 


sin 2 e 




k 2 sin 2 0 

+ — p o, 


mPc 1 , 


(103-5) 


where k = {epn/A^Ò ^/ o< 2 / c 2 — m 2 c 2 . 

On account of the last term in (103—5) we cannot separate the 
variables. However, if we omit this term we can get a solution which 
is valid at distances from the sphere for which £ 2 » k. Unfortunately 
this solution fails to describe the motion of cosmic rays approaching 
the earth at distances less than several hundred earth radii, since 
k/i ; 2 at the surface of the earth is of the order of magnitude of 30 even 
for rays with energies as high as (10) 10 electron-volts. 

Neglecting the last term in (103-5) we § et 



(103-6) 


OQ3-7) 


l’he constants and «3 admit of a simple interpretation Ìn terms 
of the motion at great distances from the sphere. From (103—4) it is 
clear that is the component 

P<t> ~ r 2 sin 2 6<f> 

V 1 - (3 2 

parallel to the polar axis of the mechanical angular momentum at 
intinity. Now the mechanical linear momentum at infinity is 


P 1 


7)1 

's/ r — fi 2 


{ X\ r T* 0 i rè + 4 >ir ^in 0 <j>} 
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and the mechanical angular momentum is 


P a = r X Pz = / mr ~- = % { — -Bir sin 6 $ + farè}. 

V I — j3 2 f; 

Hence the square of the total mechanical angular momentum is 

Pa - - { r 2 0 2 r 2 sin 2 e ^2 J 

^ P 

_ m 2 r 4 g 2 a 2 2 
_ i — / 3 2 + sin 2 0 

Comparing with (103-6) we see that ce 3 = P a . 

From (103-4), (103-6) and (103-7) we find for the action 


S = Ol2<t> + 


làs 2 - ^ \~ e dQ + J \ l + 2 ^^* ( io 3 “ 8 ) 


Hence the equations of the orbit are 

r r 


k f ‘ 
-« 3 / 


k J ( 2 V$ 3 - a 3 2 a *f sin 9 V «3 2 sin 2 9 - a 2 2 * (103-9) 


+ «3 


£\/£ 2 - a 3 2 + 2 


/ 


sin 6 dd 


's/ o: 3 2 sin 2 0 — q-2 2 


“3 -r- ^ (103-10) 

where we have omitted the term in k in the integrand of the first 
integral in (103-9) since the entire integral is multiplied by the small 
quantity k. Carrying out the integration of (103-9) we S et 

cot 6 = ~ — cos (</> - Pa + -\/i - ^r) • (103-1 1) 

This equation Ìs similar in form to (101-42), and signifies, as was 
shown in detail in article 101, that the orbit lies in a plane whose 
normal makes an angle cos~ 1 (q: 2 /q: 3 ) with the polar axis. In this 
case the phase angle / 3 ' of (101-43) is 


/ 3 ' = P 2 - 


1 — 


(103-12) 


For positive k , /3' increases as the particle approaches the origin and 
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the normal to the orbital plane precesses in the positive sense about 
the polar axis, and vice versa as the particle recedes. 

The second integral in (103-10) was evaluated in article 101. 
Put J for the first. Then, making the substitutions £ = olz/x, 

k = /«3 3 /«2> 

r r dx 

/= ~“V 7T: TZ~J V 7 


7 


£ 'SJ £ 2 — «3 2 + a 


kcLi 

T 


— x 2 + i!x z 

dx 

"s/ i — {x — lx 2 ) 2 
through terms in the flrst power of /. Continuing, 

d(x — lx 2 ) , , f d{x 2 ) 


■/ 


r d(s - ix*) r *(*') 

J "\/ i — (a: — /v 2 ) 2 v a/ i — a ; 2 

provided we omit terms in / in the integrand of the second integral. 
This is justified as the integral is already multiplied by /. Therefore 

/ = — cos -1 (x — lx 2 ) — l vTT, 

and (103-10) leads to 




«3 

>-2 


_L «« COS g _ « 

+ cos 7 = = = — P3 


- 


(103-13) 




Now, if \Js is the azimuth measured in the orbital plane, we find, 
with the aid of (101-47), 


«3 

Ì 


(* - Stì = cos (* - * ~ 5 ù' - y)' (io3_i4) 


To a first approximatìon «3/$ = cos ( \f/ — ^3), the equation of a 
straight line. Using this relation to express the coefficients of k in 
(103-14) in terms of cos (yp — /3 3 ), we obtain 

- = k + — cos (ìf/ — 0 3 ) (103-15) 

£ ot 3 «3 

for the equation of the orbit. This is the equation of a hyperbola 
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referred to one focus as origin. For positive £, which is all that is 
physically allowable, the equation represents the near branch of the 
hyperbola for positive koL 2 and the far branch for negative koL 2 . This 
Ìs in accord with qualitative expectations. For, if pn and e are posi- 
tive, a particle approaching the sphere with a positive component of 
angular momentum about the magnetic axis is subject to a force 
( ejc)v X H 0 tending to deflect it toward the sphere, whereas one pos- 
sessing a negative component of angular momentum is subject to a 
force tending to deflect it away Jrom the sphere. 

From (103—15) we find for the nearest distance of approach of the 
ion to the center of the sphere 
koL 2 

~3 


£0 




(103-16) 


for any given values of the constants ol 2 and «3. The effect of the 
magnetic field is to diminish this distance when koL 2 is positive, and to 
increase it when koL 2 is negative. For our approximation to be valid, 
it is evident that we must have | k/oL 3 2 | <$C 1 . 

Next we shall consider trajectories lying in the equatorial plane. 
In this case we can separate the variables in the Hamilton-Jacobi 
equation without making any approximation. As dS/dd vanishes 
and sin 0 = i, (103—5) teduces to 


and the action is 


dS _ I / «2 k \ 2 

^ 1 V £ f) * 

S = ol 2 4> + / *\j 1 ~ ~ d£. 


This gives for the equation of the orbit 

(ol 2 £ — k)d% 


<t> 


~ h -f 


£ V — (<2 2 £ — ief 5 


or, in differential form, 

di £ V { 4 - (« 2 { - k ) 2 


d<j> 


ol 2 £ — k 


(103-17) 

(103-18) 


(103-19) 


(103-20) 


We have three cases to consider, depending on the magnitude of 
ol 2 . Throughout we shall suppose the polar axis to be so directed as 
to make k positive. This involves no loss of generality. 
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Case I. The constant <x 2 is positive. Put y = %/cl 2ì e es k/a 2 2 . 
Then (103-20) becomes 


dy 

d<f> 



(103-21) 


Thezeros of the function f(y) =y 4 — (y — e) 2 appearing under the 
square root sig n are^i = |(— 1 — Vi + 4 € )>^2 = § (— 1 + V 1 + 4«), 

yz = §(1 — Vi — 4«), jy 4 = J(i + Vi — 4e) and the zero of the 
denominator is yo = e. Hence we can write (103—21) in the form 


dy 

d<t> 


y V(jy — jiKj — yz)(y — yz)(y. ~ Zàl 

y - y 0 


(103-22) 


As £ is essentially positive, only positive values of y have physical 
significance. The zero yi of/(jy) is negative, the zero y 2 is positive, 
and j3 and y± are positive or complex according as € < ^ or > \. 
Also /( o) = — e 2 and /(°° ) = . So, if we plot f(y) against y we get 


f(y) 



Fio. 113. 


the curve shown in Fig. 113*2 if « < J- or that in Fig. 113^ if € > \. 
Since f(y) must be positive in order that dy/d<)> may be real, we have 
in the first case both the closed orbit extending between the libration 
limits y 2 and y 2 and the open orbit reaching from y 4 to 00. As 
y 2 < yo < j>'3 the derivative d<fr/dy vanishes during the course of y 
from V2 to V3 and again during the return of jy from jy3 tojy^- There- 
fore the closed orl>it does not, in general, encircle the sphere until it 
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has made a nuinber of loops. In the second. case only the open orbit 
extending from y 2 to oo exists. 

In connection with cosmic rays it is important to find the nearest 
distance to the sphere which can be attained by a particle of given 
energy a i coming from infinity. When e ^ 4 this nearest distance is 
given by £4 = “b i *V 0:2 2 — jk. As d%jda 2 is positive for all 
values of a 2ì the smallest £4 occurs when a 2 has its minimum value 4&. 
Then, however, £ 3 and £4 coalesce, and the particle can proceed to the 
nearer distance given by | 2 - So the nearest ap proach occurs for 

e > J, being given by £ 2 = “ è a 2 -h i V a 2 2 +- \k. Since d% 2 f da 2 is 
negative for all values of a 2 , the smaliest £ 2 corresponds to the greatest 
a 2} namely that for which a 2 — 4L Then £ 2 = (V® ~ x ) V^> or 
the nearest distance to the sphere which can be attained by a particle 


of velocity v is 


T'iam 


= (VS - !) 


'epH 


V7 




4 Trcmv 


(103-23) 


Next we shall integrate the equation (103-21) of the path. First 
consider the closed orbit extending from y 2 to j 3 for e < J. Making 
the substitution y = §(y 3 + J2) + 2, (10 3-22) gives 


<t> — $2, — 



(2: + d)dz 

(z+J) V(a a -z 2 )(»4-2)(/-z) ’ 


— a^z^a, (103-24) 


where 

a = — J2) = ì {' 2 ~ Vi + 46 — Vi — 4e}, 

b — i( J's “h J2) = Ì{V 1 + 4 € Vi 4 e K 

^ = Ì(y3 -h J2) — Jo = è{ Vi + 4e — Vi — 4e} — e, 
e — Ì(jV3 “h J2) “ Ji = Ì "h Ì Vi + 4« — i Vi — 46, 

j = ~ i( JV3 -h yj) = i ”h i Vi — 46 4 Vi + 4e. 


Evidently e and / are of order unity, b of order e, a of order e 2 , 
and d of order e 3 . We shall carry the integration only through terms 
of order e 2 . As z is never greater than a in magnitude, we can con- 
sider it to be of order e 2 . Hence we can neglect z as compared with e 
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and / in the last two factors in the denominator, and express the 
factor z + b as a power series in z/£, obtaining 



(103-25) 


Therefore, when 2 runs through a cycle of values, the azimuth increases 
by the amount 


A <t> = 


I-jt 


of order e 2 . 


bVef 


If, for instance, € = 2/17 = 0.1176, th en A</> = B.°3 and 
0 _ p 2 = 0.023 sin” 1 (672) — 8.65(1 — 4.122) V / o.ooo222 — z 2 when 
2 is increasing with </>. When 2 is decreasing the sign of the right-hand 
side must be changed and the constant /3 2 adjusted to make the curve 


o 

0 



Fig. ii 4. 


continuous. The same purpose is served by aliowing the arc sine to 
increase continuously and changing the sign of the radical at each 
turning point of z. A few loops of the trajectory are drawn to scale 
in Fig. 1 14, where the sphere is at 0 and MN is the circle about which 
the ion oscillates at the same time that it revolves around the sphere. 
It should be noted that the curvature of the path increases as the ion 
comes into the more intense field nearer to the sphere. 



498 


GENERAL DYNAMICAL METHODS 


Next consider the open orbit extending from y± to oo for e < 

As yo, y2 and yz in (103— 22) are of the order of e, we shall neglect them 
as compared with y± and y± whìch are of the order of unity. Then 
(103—22) gives 


where 




dy 

Vjy 2 + ~fb — ~g 2 * 


(103-27) 


b = ì(VTT7e — Vl — 4€), 


g 2 = 5(1 ■+■ V 1 4e)(l -f- V I — 46). 


Evidently b is of order e and g of order unity but slightly larger 
than j/4. Integrating (103-27) we find the trajectory to be the 
hyperbola 


1 

y 



COS g{<b — p 2 ) 


(103-28) 


in y and g<j>, of eccentricity V 1 + g 2 /£ 2 . 

We have investigated the trajectories for which e < J. Now let 
us consider the case e = Then jy3 = j4 = % and the curve in 
Fig. 1 13^ touches the axis of abscissas tangentially without crossing it 
at this double zero. From (103-22) we have for the equation of that 
portion of the orbit along which y increases with <j> , for values of y 
less than ■§, 


4 > — &2 — 


(y — i)dy 


•f y(y - 2) Vy 2 + y — i 

- */, v>' + v - i " h f 


dy 


(y ì) Vjy 2 + jy 


1. 

4 


We can integrate this exactly, obtainìng, 


(103-29) 


<l> — &2 — COS 




+ 


V2 



-Vàf* (103-30) 


When jy = y% = i(— 1 + V^), <f> — P2 = o, and, when y = y B = 

0 — j3 2 = 00 . 
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The portion of the orbit along which y decreases as <l> increases is 
given by (103-30) with the sign of the right-hand member changed. 
Evidently the ion spirals inward from the circle of radius given by 
to the circle of radius given by and then spirals outward to the 
first circle, which it approaches asymptotically but never surpasses. 

Similarly, for values of y greater than J, the portion of the orbit 
along which y decreases with <f> is given by 


4> — & 2 





+ V^[- (103-31) 


Here <t> — ■ j 0 2 is finite when y — 00 but increases without limit as y 
approaches J. The ion, therefore, spirals in from infinity, its path 
approaching asymptotically the circle of radius given by jy 3 . 

This circular path of radius specified by y 3 is one in which the ion 
can remain indefinitely. In fact we can easily show from first princi- 
ples that it is a possible orbit. Since the magnetic intensity 


H 0 


pH 

a ».3 
/\TVT 


(103-32) 


is a function of r only, it follows at once from (66-12) and (66-14) 
that an ion can describe a circular orbit of radius 


m vc 




with angular velocity 


eH a Vi - /S 2 


* = - - 


cH 0 


V7 


mc 




Substituting in (103—12) with sin 6 — 1 we find 

„ cH 0 ep H i k 

0L2 = — 'ir z = 2 = 2 - 

£ 


(103-33) 


(103-34) 


(103—35) 


c 47 rc r 

But, if we eliminate Hq between (103—32) and (103-33), we 

cpu V 1 — /3 


2 


r 2 = 




01 1 2 2 
2 - m c 


mv 


(103-36) 
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and r~2 

Z = r \j-~ — m 2 c 2 = Vk. (103-37) 

Hence } from (103-35), a 2 — 2 an< i € ~ &/<*2 2 = i- But this 
is just the case we were discussing. Furthermore, y = %/oì 2 = 
agreeing with the value found for the limiting circular orbit in our 
more general theory. 

Since/(jy) as plotted in Fig. 113^ is positive both sides of the 
double zero y 2 = = J, the circular orbit is unstable. This is evi- 

dent at once from physical considerations, since, if the ion recedes 
ever so little from the sphere into the weaker portions of the field, the 
curvature of its path becomes less and it never returns to the circular 
orbit. On the other hand, if it approaches nearer to the sphere, 
thereby passing into a region of stronger magnetic intensity, the 
curvature of its path becomes greater and it departs farther from the 
circular orbit. 

We shall not investigate the open orbit existing when « > J 
further than we have already done in our preliminary analysis of the 
trajectory with positive a 2y but shall proceed to the next case. 


Case II. The constant a 2 is zero. In this case the ion has zero angular 
momentum at infinity, and therefore is headed directly for the center 
of the sphere. As is evident from (103—4), however, it acquires an 
angular velocity in the negative sense as it approach.es the sphere on 
account of the force exerted by the magnetic field. 

We cannot use (103—21) since both y and e become infinite, but 
must resort to (103-20), which reduces to 


\ Vg 4 - k? 

d<f>~ k 


(103-38) 


when a 2 is made zero. The integral of this is 


e 


k 

sin 2 (<t> — /3 2 ) 9 


( io 3~39> 


which represents the equation of the orbit. Evidently £ = 00 when 
<f> “ /3 2 == o and again when <f> — /3 2 = ^/2, and has its smallest value 
Vk when <j> ~ P2 = ^/4. This distance of nearest approach is not 
so small as that found previously for positive a 2 . 
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Case III. The constant a 2 is negative. It will be convenient in this 
case to put jy e- %/a 2 . Then, in place of (103-121), we have, when 
£ increases with <j>, 


dy y Vjy 4 - (y + e ) 2 
d<j> y “j" t 


(103-40) 


The zeros of the function f(y) = jy 4 — (y + c) 2 a re y 1 = 

|(-i - V 1 - 4 e),jy 2 = 2^” ' 1 + Vi 4 6 ))J3 = ^ 1 + 4 € )> 

jy 4 - 3(1 + Vi + 4e). As € is essentially positive, j>i, y 2 and J3 are 



y 


negative or complex and therefore of no physical significance. 
As /(0) =— € 2 and /( 00) = 00 the curve obtained by plotting 
f(y) against y is as shown in Fig. 115 for positive values of y. 
The only trajectories possible are open orbits extending from y± 
to infinity. The dist ance of nearest approach to the sphere is given by 

£4 = i(-«2) + 2 oL'fjf + 4^, which has its minimum value 
when -a 2 = 0. This is not so small, however, as the nearest dis- 
tance of approach for positive a 2 . 
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